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Abstract— This paper is concerned with the differential subordination properties of the multivalent functions

involving by generalized integral operator. We investigate some applications of a differential subordination results for

12 f(2)
zb

a normalized multivalent analytic function ( ) 9,0 > 0 and I" is a generalized integral operator on the class
of all analytic p — valent functions. Some of our results generalized previously known results.
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l. |NTRODUCTI

Let N(p) be the class of all analytic p-valent function in
the open unit disk U = {z:z € C, |z| < 1} and have the
form:

f(z) =2zF +
t=zp-:l—1
Let f,g be analytic functions in U. If there exists a
function I(z) analytic in U (Schwarz function), such that
1(0) = 0, |I(2)| < 1 and satisfies f(z) = g(I(2)), then f
is said to be subordinate to g in U and writtenas f < g or
f(2) < g(2), (z€).
In particular, if w is univalent function in U, then f < w
if £(0) =w(0),and f(U) c w(U) ([4,13]).
We will denote the set of all analytic injective functions h
onU /E(h) by Q, where
E(h)y={6€0dU :h(z) =}
and H(&) # 0 for & € AU \ E(h) (see [14]).
In [7] the authors con§ider the following problem
@ (2), 21f(2), 2*1(2); 2) < k(2) (1.2)
where @:C3x U — C, and k a univalent function in U.
They set the necessary conditions on admissible function @
such thatthe problem (1.2) impliesn(z) < w(z), where
w € Q and for all functions n(z) € H[a,n] that satisfy the

a;zt, (a,=0,p€eN=1{1,23,...}).(1.1)

This paper has been retractegdroblem (1.2). Additionally, they derived the required

conditions such that w is the smallest function , in this case
the function w is said to be the best dominant (b.d) of the
subordination (1.2).

In [8,9] Miller and Mocanu investigated the dual problem
k(z) < A (2), z1(2), 21(2); 2) (1.3)

where A: C3xU - C,and k € Hwithw € H[a,n], and
they set the necessary conditions on A4 such that the problem
(1.3) implies w(z) < n(z), for all functions n € Q that
satisfy the superordination (1.3) They also derived the
required conditions such that the function w is the largest
function , in this case the function o is said to be the best
subordinate (b. s) of the superordination (1.3).

1. MATHEMATICAL TOOLS:

In this section, we will mention and lemmas necessary to
present our main results.

Lemma (2.1) [4]: Let w be univalent functionin U, & € C* \
{0} and let

Re {1 + Z(fj(z)} > max {0, —Re (%)} . (2.1)

W(2)
If n(z) is analytic function in U, with 1n(0) = w(0) and
n(2) + {z1j(2) < w(2) + {zd(2), (2.2)

then n(z) < w(z), and w(z) is the b.d.
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Lemma (2.2) [5]: Let w(z) be a univalentin U, and 9, y m+2 !
are analytic functions in a domain D containing w(U) @+p)z (Ip f(z))
with y(w) # 0 when w € w(U). Assume = (ap +p) (IZT“f(Z))
Q(2) = zé(2)x(0(2)) and h(z) = I(w(2)) + Q(2). _ (a#
Assume that
1. Qis starlike univalentin U. +p(1-@+ :3))) (I;,"”f(z)) -(2.8)
zH(2) Special cases:
2. Re{gp}>0forzeu. - 1"(4,000)f () = ;™f(z)  ([12])
2- I7(1,1,0,1)f(2) =1°f (2) ([6D).
If n is analytic with n(0) = «w(0),n(U) € D and 3- I'(1,1,0,1)f (2) = I*f (2) ([14]).
I(n(2)) + z1i(2)x(n(2)) 4- 1"(1,1,0,1)f (z) = D™ f (2) ([11]).
< 19((»(2)) + Za)'(z))((w(z)), (2.3) 5- II"(L,1,0,1)f(2) =I™f(2) ([5D.
then n < w, and w(z) is the b.d. 6- 17"(1,0,0,0)f(z) = I"™f(2) ([13D.
Lemma (2.3) [2]: Let w(z) be convex in U, w(0) = a and Also, we note that:
£ € C,Re(é) > 0. 1. 1;*(1,0,0,0)f(2) = Jp'f(2)
If n € H[a,1] and n(z) + &z1j(z) is univalent in U then
w(2) + ézd(2) < n(2) + &z1(2), (2.4) d ™
Implies w(z) < n(z) and w(z) isthe b.s. ={f(@): )5 f(2) =2zF + z (E) axz*,m € Ny, z
Lemma (2.4) [3]: Let w(z) be convex is univalent in the k=n+p

containing w(U). Assume that ev

1. Re {f;ﬁiiiii} >0, for ze U. This paper has bger)nr@ltrgﬁ%) 0@

2. Zaj(z))((a)(z)) is starlike univalent in U.

unit disk U and 9, y are analytic functions in a domain D i

— .ym — N p_+l " k
If1(2) € Hlw(0), 11NQ, with n(U) € D,and 9(n(2)) + - [f(z)']p Of@ =27+ kZ (k + z) hZ", M
211(2)(n(2)) is univalent in U, and e
8(w(®) + 26x(0() < 9(1) €Nyl 0,7 € U].
+21j(2) x(n(2)), (2.5) m
then w(z) < 1(z), and w(z) isthe b. s. 3. 13(4,0,00)f(2) = Jpaf (2)
Now we define the following integral operator
I;n(l'a'ﬁ'#)N(p) = N(p)' > p m
me Ny, Aa,B,u €R,A+ B # 0 as follows: =1{f@):Jpaf (2) = z¥ + Z (m) az*,m
Iy, a,B,Wf (2) = f(2) k=n+p
LA a,B,mf(2) = (4 a, B, 1)f (2)
(p + (X[l) p— (p;'—_a;zi J-z (p};_a; )—(p+1) € Ny,1=0,z€Uy.
s f(s)ds
A+B 0 4. IM(A,ad,0)f(2) = (A, a,8)f(2) [1]

(@, B,0)f @)
_ (Bt 2 &) f sHF) P p 0,8, (s)ds
B o

[f (2):Jpaf (2) = 27

A+
and, in general o .
I'A,a, B, f (2) Z ( p+as ) -
ptau p—(pm”) ? (M>—(p+1) p+aé + A(k —p) o
= ( Frn )Z A+B f s\A+B ];Jn_l()q a, B, 1) (s)ds k=n+
0
(f(z) EN(p);m € Ny;z € U) (2.6) ENO,AZO,ZEU}
For a function f € N(p),we can see that
", ap, #)f(z) In this work, we will determine some properties on the
ta m admissible functions defined with operator I;*(4, a, B, 11).
=z7P + Z ( pTak ) a.zt, Our results are a generalization of some results of [1].
Lt Wwrant A+ p)k—p)

(meNy). (2.7)
From (2.7), its clearly that
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1. MAIN RESULTS:

Throughout this study, we will assume that > 0,4 > 0, u >
1;me Ny=NU{0},p € N;z € U, unless otherwise
stated.
Theorem (3.1): Let w(z) be univalent in U with w(0) =
0,y > 0 and suppose that

R {1 + Z“j(z)}
‘U7 6@

> max {O, —Re (

LGRE) 6

B+
If f € N(p) satisfies the subordination

BN (@ (B @
zZP zZP n+2f(z)
A

za5(z), (3.2)

<w(z)+ —J(a,u )

Im+2 g

and w(z) istheb. d.
Proof: Let us consider the analytic p — valent function

n(@) = (—I’r’mzf(z)

then

,0>0, zeU (33)

By differentiating the function (3.3) with respect to variable,

we get that
zij(z) _o(a+p) (1{,”“f @ 1)
n(z) A+B \IF+*f(z) '
that is
+B M2 f(2)\° (I f (2)
olan+p) 1 =< 2 ) <1,s"+2f<z> B 1)
Therefore,

A+ B i
n(z) +WZU(Z)

< w(z)
At p )

That is equivalent to the subordination (3.2)

Using Lemma (2.1), with & = i This completed the
proof of Theorem (3.1).

If we take the convex function (z) =

theorem (3.1), we get the following result.

Corollary (3.2): LetC,D € C,C #D,|C| < 1, 0 >

0 and Re(&) > 0. If f(z) € N(p) satisfies the following
subordination

I f(2) U+ 172 f (2)\’ 1{;"“/‘(2)_1
zP zP n+2f(z)
1+Cz A+B (C—-D)z

< +
14+ Dz o(au+p)(1+ Dz)?

(1{,’”2f(z)>(r Cz+1

(3.4)

Then

zP Dz+1

Cz+1 .

and |s the b.d.

Settlng m = 0 in theorem (3.1), we have the next result:
Corollary (3.3): Let w(z) be univalent function in the unit
disk U, with w(0) = 1,8 € C*, o > 0, and assume that (3.1)
holds. If f(z) € N(p) satisfies the subordination

2f(2) f@\° (I (2)
“"”( ) B( ) (If%f(zfl)

zd5(2),

<w(z)+ —J(au pipn)

then

I;f(2)
This paper has bee(w rétgacteg)

and w(z) isthe b. d.

Setting A = u = a = 1in the theorem (3.1), we get the
following result .

Corollary (3.4): Let w(z) be univalent function in the unit
disk U, with w(0) = 1,8 € C*, 0 > 0, and assume that (3.1)
holds . If f(z) € N(p) satisfies the following
subordination

B @\ (B @\ (B @
zP zP I2f (2)

<w(z)+

1+p (@)
—2zw(2),
o(u+p)

m+2 o
(]71’ f(z)) < w(2).
VAL

and w(z) is the b. d.
Theorem (3.5): Let w(z) be univalent function in the unit
disk U, with w(0) = 1 and w(z) # 0 forall z € U, let

o,A € C*, f € N(p) and assume that f and g satisfy the
following conditions:

Iy f @ (3.6)

Z:((Z)) :(())} >0, (zeU) (3.7)
A+ B)zd(z)
o(ap +plw(z)’

Im+2f(z) g
(pT) < w(z)
and w(z) is the b.d of (3.6).
proof: Let

n(z) =

Then the function n(z) is analytic in U. By differentiating
(3.9) with respect to the variable z, we get that
£ m+1
zj(z) _o(ap+p) <1p f@) 1>’ (310)
n(z) A+B \IF**f(2)
To prove our theorem, we shall use Lemma (2.2). in this
lemma we consider

then

and Re {1 +
If
" f(2)

172f(z)
then

(3.8)

(CiCy
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A+B
o(au + p)w
then 9 is analytic function in C and y(w) # 0
is analytic in C*. Also, if we let

2 )
u(z) = zd(@)x(w(2) = %

and
A+ B)zu(2)
h(z) =19 Z + Z) = —

(@) = 9(a@) +u@) = 1+ s
from (3.7), we see that u(z) is a starlike function in U. We
also have )

zh(z) zi(z) zd(2)
Re(2MD) _ pef14 250 _

u(z) d(z)  w(2)
and then, by applying Lemma (2.2) we see that the
subordination (3.6) implies

n(z) < w(z)
and the function w(z) is the b. d of (3.8).
Seething w(z) = 2= - (-1 <T <5 <1)inTheorem

(3.5),itis observably that the assumption (3.5) holds, hence
we obtain the following result.

Corollary (3.6): Let ¢ € C*. Let f(z) € N(p) and assume
that

dI(w) =1land y(w) =

}>O, (zeU)

studied some applications of differential subordination
results. We proved under different conditions that the

function iz—:i (-1 <T<S§<1) isbhestdominant of the
m+2 o
function <M) .
zP
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