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Abstract— This paper is concerned with the differential subordination properties of the multivalent functions 

involving by generalized integral operator. We investigate some applications of a differential subordination results for 

a normalized multivalent analytic function (
  
    ( )

  )       and   
  is a generalized integral operator on the class 

of all analytic           functions. Some of our results generalized previously known results. 
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I. INTRODUCTION  

     Let  ( ) be the class of all analytic   -valent function in 

the open unit disk   *      | |   + and have the 

form:  

 ( )     ∑

 

     

   
     (         *        +) (   ) 

     Let        be analytic functions in  . If there exists a 

function  ( ) analytic in   (Schwarz function), such that  

 ( )    , | ( )|     and satisfies   ( )   ( ( )), then    

is said to be subordinate to   in         written as      or 

 ( )   ( ),  (   ). 

     In particular, if   is univalent function in  , then     

if   ( )   ( ), and  ( )   ( )  ([4,13]). 

We will denote the set of all analytic injective functions   

on    ( )  by     where 

 ( )  *        ( )    +  
and    ( )    for          ( ) (see [14]). 

In [7] the authors consider the following problem  

  ( ( )    ( )      ( )  )   ( )                  (   ) 
where         , and   a univalent function in    
They set the necessary conditions on admissible function   

such that the problem (1.2) implies  ( )   ( ), where 

     and for all functions  ( )   ,   - that satisfy the 

problem (1.2). Additionally, they derived the required 

conditions such that     is the smallest function , in this case  

the function   is said to be the best dominant (   ) of the 

subordination (1.2). 

In [8,9] Miller and Mocanu investigated the dual problem 

 ( )   ( ( )    ( )      ( )  )                         (   ) 
where           , and       with      ,   -, and 

they set the necessary conditions on   such that the problem 

(1.3) implies  ( )     ( )  for all functions       that 

satisfy the superordination (1.3) They also derived the 

required conditions such that the function    is the largest 

function , in this case the function ω is said to be the best 

subordinate (   ) of the superordination (1.3). 

II. MATHEMATICAL TOOLS: 

In this section, we will mention and lemmas necessary to 

present our main results. 

Lemma (2.1) [4]: Let   be univalent function in         
* + and let  

  {  
    ( )

  ( )
}     {     (

 

 
)}               (   ) 

If  ( ) is analytic function in  , with   ( )   ( ) and 

 ( )      ( )   ( )      ( )                   (   ) 
then  ( )   ( )  and  ( ) is the b.d. 

mailto:hebahesham558@gmail.com
mailto:hh1071985@gmail.com
mailto:afnan2iraqi@gmail.com
http://dx.doi.org/10.31642/JoKMC/2018/090102
This paper has been retracted

This paper has been retracted

This paper has been retracted

This paper has been retracted



 

Heba Suheil Kadhim
                                               

Husham Hatem Kareem Oroba Mohsin Mahdi 

 

7 

 

Lemma (2.2) [5]: Let  ( ) be a univalent in  , and       

are analytic functions in a domain   containing  ( )  

      ( )    when    ( ). Assume 

 ( )     ( ) ( ( )) and  ( )   ( ( ))   ( ). 

Assume that 

1.   is          univalent in  . 

2.   {
   ( )

 ( )
}    for    . 

       If   is analytic with  ( )   ( )  ( )    and  

 ( ( ))     ( ) ( ( ))

  ( ( ))      ( ) ( ( )) (    ) 

then    , and  ( ) is the b.d.  

Lemma (2.3) [2]: Let  ( ) be convex in    ( )    and 

      ( )   .  

If     ,   - and  ( )      ( ) is univalent in    then  

 ( )      ( )   ( )      ( )                  (   ) 
Implies  ( )   ( ) and  ( )  is the  b. s. 

Lemma (2.4) [3]: Let  ( ) be convex is univalent in the 

unit disk   and       are analytic functions in a domain D 

containing  ( )  Assume that  

1.   {
  ( ( ))

 ( ( ))
}            . 

2.    ( ) ( ( )) is starlike univalent in   . 

If  ( )   , ( )  -     with  ( )    and  ( ( ))  
   ( ) ( ( )) is univalent in  , and  

 ( ( ))     ( ) ( ( ))   ( ( )) 

    ( ) ( ( )) (    ) 

then  ( )   ( ),  and  ( ) is the b. s.  

Now we define the following integral operator 

  
 (       )   ( )   ( )  

                         as follows: 

  
 (       ) ( )   ( ) 

  
 (       ) ( )    

 (       ) ( )

 (
    

   
)  

  (
    
   

)
∫

 

 

 
(
    
   

  ) (   )
 ( )   

  
 (       ) ( )

 (
    

   
)  

  (
    
   

)
∫

 

 

 
(
    
   

) (   )
  
 (       ) ( )   

and, in general  

  
 (       ) ( )

 (
    

   
)  

  (
    
   

)
∫

 

 

 
(
    
   

) (   )
  
   (       )( )   

( ( )   ( )         )                       (   ) 
For a function     ( ) we can see that  

  
 (       ) ( )

    ∑

 

     

(
    

     (   )(   )
)
 

   
  

(    )     (   ) 
From (2.7), its clearly that  

(   ) .  
    ( )/

 

 (    ) .  
    ( )/

 .  

  (  (   ))/ .  
    ( )/  (   ) 

Special cases: 

1-   (       ) ( )    
   ( )              ( ,  -) 

2-    
 (       ) ( )     ( )                 ( , -).   

3-    
 (       ) ( )    

  ( )               (,  -). 

4-    
 (       ) ( )     ( )              (,  -). 

5-    
 (       ) ( )     ( )                  (, -). 

6-    
 (       ) ( )     ( )               (,  -). 

Also, we note that: 

1.   
 (       ) ( )    

  ( ) 

 { ( )   
  ( )     ∑

 

     

.
 

 
/
 

   
        

  }  

2.   
 (       ) ( )    

 ( ) ( ) 

 { ( )   
 ( ) ( )     ∑

 

     

(
   

   
)
 

   
   

           }  

3.   
 (       ) ( )      

  ( ) 

 { ( )     
  ( )     ∑

 

     

(
 

   (   )
)
 

   
   

           }  

4.   
 (        ) ( )    

 (     ) ( ) [1]  

{ ( )     
  ( )    

 ∑

 

     

(
    

      (   )
)
 

   
   

           } 

In this work, we will determine some properties on the 

admissible functions defined with operator   
 (       ). 

Our results are a generalization of some results of [1]. 
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III. MAIN RESULTS: 

Throughout this study, we will assume that          
          * +         , unless otherwise 

stated. 

Theorem (3.1): Let  ( ) be univalent in   with  ( )  
      and suppose that  

  {  
    ( )

  ( )
}

    {     (
 (    )

   
)}                                     (   ) 

If    ( ) satisfies the subordination  

(
  
    ( )

  
)

 

 (
  
    ( )

  
)

 

(
  
    ( )

  
    ( )

  )

  ( )  
   

 (    )
   ( )         (   ) 

then  

(
  
    ( )

  
)

 

  ( ) 

and  ( )  is the b. d. 

Proof: Let us consider the analytic          function  

 ( )  (
  
    ( )

  
)

 

              (   ) 

By differentiating the function (3.3) with respect to variable, 

we get that   

   ( )

 ( )
 

 (   )

   
(
  
    ( )

  
    ( )

  )              (   ) 

that is 

   

 (    )
   ( )  (

  
    ( )

  
)

 

(
  
    ( )

  
    ( )

  ) 

Therefore,  

 ( )  
   

 (     )
   ( )

  ( )

 
   

 (     )
   ( )                           (   ) 

That is equivalent to the subordination (3.2)  

Using Lemma (2.1), with   
   

 (    )
. This completed the 

proof of Theorem (3.1).  

If we take the convex function ( )  
    

    
 , in the 

theorem (3.1), we get the following result. 

Corollary (3.2): Let           | |      
        ( )   . If  ( )   ( ) satisfies the following 

subordination  

(
  
    ( )

  
)

 

 (
  
    ( )

  
)

 

(
  
    ( )

  
    ( )

  )

 
    

    
 

   

 (    )

(   ) 

(    ) 
 

Then 

(
  
    ( )

  
)

 

 
    

    
 

and 
    

    
 is the b.d. 

Setting                (3.1), we have the next result: 

Corollary (3.3): Let  ( ) be univalent  function in the unit 

disk  , with  ( )            , and assume that (3.1) 

     . If  ( )   ( ) satisfies the subordination  

(   ) (
  
  ( )

  
)

 

  (
  
  ( )

  
)

 

(
  
  ( )

  
  ( )

  )

  ( )  
   

 (    )
   ( )  

then  

(
  
  ( )

  
)

 

  ( )  

and   ( ) is the b. d.  

Setting        in the theorem (3.1), we get the 

following result . 
Corollary (3.4): Let  ( ) be univalent function in the unit 

disk  , with  ( )            , and assume that (3.1) 

      . If  ( )   ( ) satisfies the  following 

subordination   

(
  
    ( )

  
)

 

 (
  
    ( )

  
)

 

(
  
    ( )

  
  ( )

  )

  ( )  
   

 (   )
   ( )  

then 

(
  
    ( )

  
)

 

  ( )  

and  ( ) is the b. d.  

Theorem (3.5): Let  ( ) be univalent function in the unit 

disk   , with  ( )    and  ( )    for all    , let 

            ( ) and assume that   and   satisfy the 

following conditions: 

  
    ( )

  
                                                        (   ) 

and   {  
    ( )

  ( )
 

   ( )

 ( )
}        (   )    (   ) 

If  

  
    ( )

  
    ( )

   
(   )   ( ) 

 (    ) ( )
                          (   ) 

then  

(
  
    ( )

  
)

 

  ( ) 

and  ( ) is the b.d of (3.6). 

proof: Let 

 ( )  (
  
    ( )

  
)

 

                                (   ) 

Then the function   ( ) is analytic  in  . By differentiating 

(   ) with respect to the variable   , we get that  

   ( )

 ( )
 

 (    )

   
(
  
    ( )

  
    ( )

  )         (    ) 

To prove our theorem, we shall use Lemma (2.2). in this 

lemma  we consider  

This paper has been retracted



 

Heba Suheil Kadhim
                                               

Husham Hatem Kareem Oroba Mohsin Mahdi 

 

9 

 

 ( )          ( )  
   

 (    ) 
 

then   is analytic function in   and  ( )    

            in   . A   , if    let  

 ( )     ( ) ( ( ))  
(   )   ( )

 (    ) ( )
 

and 

 ( )   ( ( ))   ( )    
(   )   ( )

 (    ) ( )
 

from (3.7), we see that  ( ) is a starlike function in  . We 

also have  

  {
   ( )

 ( )
}    {  

    ( )

  ( )
 

   ( )

 ( )
}       (   ) 

and then, by applying Lemma (2.2) we see that the  
subordination (3.6) implies  

 ( )   ( ) 
and the function  ( ) is the b. d of (   )  

Seething   ( )  
    

    
 (        ) in Theorem 

(3.5), it is observably that the assumption (3.5) holds, hence 

we obtain  the following result. 

Corollary (3.6): Let     . Let  ( )   ( ) and assume 

that  

  
    ( )

  
        (   )  

If  

  
    ( )

  
    ( )

   
(   ) (   )

 (    )(    )(    )
 

then 

(
  
    ( )

  
)

 

 
    

    
 

and  ( )  
    

    
 is the b. d. 

In particular, set  ( )  
   

   
  in theorem  (3.5), it is 

observably that the assumption (3.5)      . Therefore, we 

obtain the  following result. 

Corollary (3.7): Let     ,   ( )   ( )    assume that  

  
    ( )

  
        (   )  

If  

  
    ( )

  
    ( )

   
 (   ) 

 (    )(   )(   )
 

then 

(
  
    ( )

  )
 

 
   

   
        and  ( )  

   

   
 is the b. d. 

IV. CONCLUSIONS. 

The theory of analytic functions has piqued the attention of 

several researchers. A review of previous research reveals a 

wide range of studies on various forms of multivalent 

analytic functions. The interplay of geometric structures is 

crucial in complicated analysis. The differential 

subordination properties of multivalent functions employing 

the generalized integral operator have been the focus of this 

work. For a normalized multivalent analytic function, we 

studied some applications of differential subordination 

results. We proved under different conditions that the 

function 
    

    
  (        )   is best dominant of the 

function (
  
    ( )

  )
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