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Abstract— In this paper, we propose the cyclic decomposition of the factor group ¢f(Q24 % €10).Z)/R(Q24 %
Cw), and the group cf(QZq X ClO,Z) is Z-valued class functions of the direct product group ((Q14 X C19)) under
the operation of addition, and R((Q14 X C19)) is the subgroup of the generalized characters of the group cf(QZq X
C10).Z).Then cf(Q24 % €10.Z)/R(Q24 X C1¢)) is an abelian factor group denoted by K(Qz4 X C10)) Where (Q14
is the quaternion group of order28 and €y is the cyclic group of order 10. Also, we find the rational valued
characters table of the group (qu X C10) when p, and g prime numbersand s € Z* is given as follows :

=" (Q2¢ X €10)) = = ((Q14)® =" (C19) @)

and find the cyclic decomposition of group (qu X C1o) in this paper and prove that

K(Qzq X C19) = @1 [KQ24] ®-1 K (C19) 2

Keywords— matrix representation, character tables, Quaternion groups, the cyclic decomposition of group)

I. INTRODUCTION

I -conjugate contains all elements of a finite group that 1995, N. R. Mahmood [6] studied the factor group K(Qzm)
generate equivalent conjugate cyclic subgroups in G, which  and foun =" (Qzp).
dlefines an equivalence relation on G; its classes are called I'- "The aim of this paper to find" =" (Q, X C10) "and to
classes

determine the K(Qp4 X Cq9)), When p and q are primes
"The number of I — classes of G is equal to the rank of ~ numbers and se z* .

cf(G.Z) is the intersection of cf(G.Z) with the group R(G)

which is a normal subgroup of cf(G. Z), then, cf(G.Z)/R(G) is

a finite abelian factor group denoted by K(G)".

The number of conjugacy classes of G and number of
deferent k-irreducible representations of G ,are a finite if the
group G is a finite character of a group representation is

"Each element in R((Q4 X C;0)) can be written as"  constant on a conjugacy class CL «. (1 <x< k), the values of
v101 4+ v202 + ---+ vrOr ,"where r is the number of the characters can be written as a table known as the characters
I — classes.v1.v2.....vr € Zand , where yi is an irreducible ~ table which is denoted by =(G)." Let T,: G, = GL(n.K) and
character of the group G and o is any element in Galios group ~ Tp: G, = GL(m.K) are two matrix representations of the
Gal (Q(x1)/Q)". groups G, and G, . x, and y; be two characters of T, and T},

“In 1982, M. S. Kirdar [4] studied the K(C,). In 1994,  coPectively, then the character of T, ®T, is Xaxs
H. H. Abass [2] studied the K(D,) and found =* (D). In
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11. BASIC CONCEPTS

Definition (2-1):[1] A rational valued character 6 of G is a
character whose values are in Z, which is 6 (g)e Z.for all g

Proposition (2-2):[4]
The rational valued characters

a(xi)
g€ Gal(Q(x)/Q)

form basis for R(G), where x; are the irreducible characters
of G and their numbers are equal to the number of all
distinct T'- classes of G.

Proposition (2-3): [4]
The rational valued characters table of the cyclic group C,

of the rank 2 where p is a prime number which is denoted by
(=" (Cp)), is given as follows:

Table 1. The Rational Valued Characters Table Of The
Cyclic Group C,

0; = 3)

I' — classes [1] []
0, 1 1
0, p—1 -1

where its rank 2 represents the number of all distinct I'-
classes.

Definition (2-4): [6]

The generalized Quaternion Group Q., of order 4m, the
Q2m generator bay x and y satisfies

x™ =y?%, ylx™ y~1 = x~™ which implies
xM=yt=1

thenv d €Q,, can be expressed uniquely in the form
Qum ={d=x"y*|0<h<2m-1,k=0,1}
Proposition (2.5): [6]

If m is an odd number the table =* (Q,,,) is given as
follows:

I — classes of Cyp,
er x2r+1 [
y
]
01 1 | B 1 | B 1
1 1
62 0
=" (Cw) =" (Cw)
0 0
(172)
0 0

15

(112)
0 1 1 ... 1 1 ... -
1 1 1
(112)+1
0
0 = () H
(112)+2
0 0
| -1
0 0
|
0 0
» 2 2 2
.
Table (1)

When 0 < r < m—1, I is the number of I'- classes of,

6; such that 1 < J' < I+ 1 are the rational valued characters
of group Q,,, and if we denote c;; the elements =" C,,, and
if i=1
if i#1
and where I is the number of T" — classes of C,,,.

Theorem (2.7) :- [6]

Cij

h;jthe elements of H as defined by : h;; = {_C
i

If mis an odd number , then K(Q,m)= K(C,p) ® C4.

I11. THE MAIN RESULTS

We study the rational valued characters table of (qu X
C10). and find the cyclic decomposition  of K( Q4 X Cy).

The group(of( Q4 X Cy9) is the direct product of
the Quaternion groupQ,,of order 28 (number), and the group
Cyo- Which is cyclic of order 10 the order of(Q,, X Cyg).is
= 40q

Theorem (3.1)
=" (Qz4 X Cyqgy has the following form
=" (QZq X Clo) = = (QZq) ®

Proof

=" (C10)

For each element gyp; € (Qzq X Cq9), We have gy =
8r8rg;, such that gy € Q14.8, €C, =<1, >=<-1> |
g €ECs=<r>and r= e”™s Then ge=xyf,0<t<
14,f = 0,1, and each irreducible character of Q,, X Cqq is
Xijk = XiXjXx» where x; is an irreducible character of Qyq, x;
is an irreducible character of C,, and y; is an irreducible
character of Cs

By Proposition (2-2) we get
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Bij = (D(=1) = 6;(g)(D(-1)
= 0;(ga) * ef(gh) * 0 (81)

6:j1c=Bijk (gnp) = Z o (Xijk (8an)) If j=2and k=1, g, is the identity of C, and for all
o€ Gal(Q(xijk(8an))/Q) g €Cs
DIRIVACH) 0g) = Y xga) . 6(en) = xiew) = 1,
(Q(f«,-w)) 00 (g) = xi(g) =1
o€ Gal
0
= Z Y (Xl(gd))
o€ Gal(Q(r;(8a))/2) 01k (aan)= Z o(Xijic (8ant))
o(xr (8)) o€ Gal(Q(X ik anD)/Q)
| \oe Gal(Q(xy (8D))/9)
=l > o(ueo)ny
o€ Gal(Qr;(8a))/Q)

1) Ifj=1, and k = 1, then for all g; € C,and for all
g €Cs such that 0 (gn) =X xj(gn) = 1,0, (g) =

Xxi(g) =1 Then = 0;(ga) (VD) = 6;(ga) = 6 (gr) * 0, (g81)
If j=2andk =2,3,4,5 , is the identity of C, and
Oijk(gan= z o(Xijk (8ant)) is the i{jentity of Cs o ! e
o€ Gal(Q(Xijk(8an1))/Q) 5
= Z o (1,(80)) [1{1}] 0:(ga) = ZXi(gd): 0;(gn) = Z xj(gn) = 1, 6;(g)
o€ 6al(Q(y(8a))/Q) 5 =2
= 0:(8a) * 0] (81) * 0"x(g) =D xie)= Y1 =4
k=2 k=2

2) Ifj =1, and k = 2,3,4,5, for Avery g, € C,and g; is
the identity of Cs that 6;(gn) = X x1(gn) = 1,60/ (g) =
Y=z Xk (g) = 4 Then Bijk(gan= z o(Xiji (8an)
o€ Gal(Q(xijk(8an1))/Q)

=1 > o(uGo) @

Ok (gann= Z o(Xiji (8an)) o€ Gal(Q(x;(84))/9Q)
e GOy Ean/e) = 8i(2) (D) = 0:(8a) * /() * 6 (2)
=l > o(uEo)nm
o€ Gal(Q(x;(8a))/Q) If j =2and k = 2,3,4,5, g is the identity of C, and g, is

not identity of Cg

8a 8d i \8n k81 0:(ga) = Z}(i(gd), i (gn) = ZX}(gh) =1,
k=2

5
Ifj=1, and k = 2,3,4,5, for Avery g, € C,and g; is not iy _ .,
identity of  Cg that 6i(gy) =X xi(gn) = 1,6/ (g) = 6 (81) = Zxk (g
Yha Xk (@) = (e+e? + &3 +e*)- -1 = (e + gzk_zl_zgg +eb)=-1
Hifk(gdhl)= Z G(Xijk (8an))
o€ Gal(Q(xijk(8an))/Q)
= z o (Xi(ga)) [1{-1}] Oijk(gann= Z o(Xijk (8an))
o€ Gal(Q(x;(8a))/Q) o€ Gal(Q(Xijk(8an))/Q)
=1 > o(uo)n-
o€ Gal(Q(x;(84))/D)
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0k (8ant), 0:(84).6/ (gr)and 6;/(g,) are the rational valued

= 0,(8)(1)(=1) = 6;(g,) * 0!(gy) * 6L (2)) character of the group (Qzq X C10),( Q2q ).(Cz )and,(Cs)
/ respectively and e is the identity of group
If j=2andk =1, g, isthe not identity of C, and for all
g €Cs Bijk (8an1)

0,(gq),ifj =1, ANk = 1, A Vg, € C,AVg; € Cg
D xi(g),ifj =1, Ak =2,34,5Avg, €EC,\g; = e
—0,(gq),ifj =1,Ak = 23,45 AVvg, €EC,N\g, # e
0,(gq),ifj =2,Ak=1,g, =e AVg, € Cg
o) (g)) = Z W) =1 = @Wxiga) ] = 2, Nk = 2345,Ag, = e Agy = e
—xi(gq) ifj =2,ANk =2345Ag,=eNg #e
—Xi(8a),ifj = 2,Ak = 1,8, # eAVg, € Cs

0;(g4) —le(gd) 0;(gn) —Zx,(gh) = -

B )= o Ut Ban) CHxilea it = 2 A= 2345, % e = ¢
o€ 6al(Qijk (8an)/2) 7i(a) 18] =2, N = 23,45, 81 # e, # ¢
then
_ . 1{1 _ = =*
Z G(Xl(gd))[ {1}] = (QxCi) = =(Qy) ® ="(Cyp) O

o€ Gal(Q(x;(8a4))/9)
= 0;(8x)(—1(1) = 6;(gq) * ejl(gh) * 0/ (g1

If j=2andk = 2,3,4,5 , g, is not identity of C, and g,
is the identity of Cg

6:(80) = ) 1), 6 (&) = 1) =

(gl)—zx (gl)—z = 4

ijk(gan)= Z G(Xijk (g8an))
o€ Gal(Q(xijk(8an1))/Q)

= > o(n)) -1

o€ Gal(904;(80))/Q)
= (=1)(4) 6:(ga) = 0:(84) * 6 (gn) * i (1)

Then, =~ (qu X C1o) is given in the following table :

0

If j =2and k =2,3,4,5 , g, is not identity of C, and g,
is not identity of Cs

0:(g0) = ) xi8a). 0j(en) = x3(en) = —1,

5
60(8) = ) (gD = (e + &2+ &% +e) = -1
k=2

9ijk(gdm)= Z G(Xijk (8an))

o€ Gal(Q(Xijk(8an))/Q)

=l > o(ueo) -1

oe Gal(Q(x;(8a))/9)
0:(ga)(=1)(—1) = 0;(ga) * gjl(gh) * 0, (81)

We have 0, (8an) = 0i(8a) * 0;(gn) * 0/ (gy) forall
i,j,k and for all 84,8181 where
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—*

=" (Qax10) =="(Q14) ® =" (Cyp)
Theorem (3.2)

the cyclic decomposition of the group (Q,4 X Cy0)is given
by

K(QZq X C10) =@7; K(Cia) ®2y € B2 C, D12, Cs
K(QZq X Clo) =@i-; K(Q14) @is=1 K(Cyo)

Proof : Let A and B be matrices defining as follows:
[1 0 1 0 1] [ 1 0 0 0 0]
01 0 1 0 0 1 0 0 0
=1 0 1 0 O ,B=1-1 0 1 0 0
l0 1 0 0 0J l0 -1 0 0 0J
1 0 0 0 O 0O 0 -1 -1 1
A A A A B 0 0 0
0 A 0 A|_-« B B 0 0
0 0 4 4= (@QqxCu) l43 0 B 0
0 0 0 4 4B 4B B B
E; 0 0 0
_|[0 E2 0 0
0 0 E O
00 0 E

Such that Eq E; ,E,, E3 of degree A and B the invariant
factors of the matrix="(Q,, X Cyo) it's the same invariant
factors of the matrices E, E; , E,, E, so as will the proof

-4 —4 0 0 0
2 2-2q 0 0 0
Eo=1]0 0o -2 =2 0
0 0 1 1-q 0
0 0 0 0 -1

such as (E; = —10E,), (E, = —5E,), (E; =
2E,) And we will defined two matrices Lp and Wp , such that

[1 2 0 0 0]
[0 1 0 0 0
Lq={0 01 2 0|,Wq
000 10
000 0 1
[[q—l 1 0 o o]l
| 1 0 0 0 o
=1 o 0 g-11 0
|l 0 0 1 0 off
L o 0 o o 1
Such
that; Lq.Eg. W, = diag(—4q,2,—2q,1,-1)

Ly Ey.W, = diag(—8q,4,—4q,2,—2)
L. E;. Wy = diag(20q,—-10,10q, —5,5)
Lq.E5. W, = diag(40q,20,20q,—10,10)

19

[1]

[2

(31

(4]

[5]

(6]

[71

Then: KQaq X Cqo =
i=1 K(C29) @1 G4 B2 G5 B2y G

K(Qzq X C10) =B, K(Qzq) ®i=; K(Cro)

REFERENCES

C.Curits and L.Reiner ," Methods of Representation
Theory with Application to Finite Groups and Order ",
John wily& sons, New York, 1981.

H.H. Abass,"” On The Factor Group of Class Functions
Over The Group of Generalized Characters of Dn", M.Sc
thesis, Technology University,1994.

J. P. Serre, " Linear Representation of Finite Groups "
,Springer- Verlage, 1977.

M.S. Kirdar , " The Factor Group of The Z-Valued Class
Function Modulo The Group of The Generalized
Characters” , Ph.D . thesis, University of Birmingham
,1982 .

M. S. Mahdi ,( 2008) "The Cyclic Decomposition of The
Factor Group cf(Dy,Z)/ R (Dn) When n is an Odd
Number”, M.Sc. Thesis, University of Kufa.

N. R. Mahamood " The Cyclic Decomposition of the
Factor Group cf(QumZ)/R(Qzm)", M.Sc. thesis,
University of Technology, 1995.

N. A. Rahi ,( 2013) "On Cyclic Decomposition of The
Group cf(QunxCs,Z)/ R(Q.mxCs) When m is An odd
Number"”, M.Sc. Thesis, University of Kufa.



