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The Cyclic Decomposition of cf(Q2g X C;,)/ R(Q2gs X Cp)
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Abstract— In this paper, we propose the cyclic decomposition of the factor group cf(Qzs X Cp),Z)/RQ2s X
Cp), and the group cf(Q2s X Cp) is Z-valued class functions of the direct product group (Q2s X Cp) under the
operation of addition, and R(Q2s X Cp)is the subgroup of the generalized characters of the group cf(Q2zs %
Cp, Z).Then cf(Q2s X Cp)/(Q28 X Cp) is an abelian factor group denoted by K(Q2s X C») When Qzs the
quaternion group |Qzs| = 56, and|C,| = p. Also, we find the rational valued characters table of the group (Q2zs %
Cp) When p is prime numbers is given as following:

= (Qz8 X Cp) = =" (Q28)® =" (C) (1)

and find the cyclic decomposition of group (Q2s X Cp) in this paper and prove that

K(Q28 X Cp) = @?:1 [K(Q28)] @?:1 K (Cp) )

Keywords— matrix representation, character tables, Quaternion groups, the cyclic decomposition of group)

I. INTRODUCTION
I" -conjugate contains all elements of a finite group that

generate equivalent conjugate cyclic subgroups in G, which 1995, N. R. Mahmood [6] studied the factor group K(Qazum)
defines an equivalence relation on G; its classes are called I'- and foun = (Q;
= m-

classes."The number of T — classes of G isequal to the rank

of cf(G.Z) is cf(G.Z) n R(G) = RG which is a normal “The aim of this paper to find" =* (Q2s X C,) "and to
subgroup of cf(G. Z), then, cf(G. Z)/RG) is a finite abelian  collect the cyclic decomposition of the group” K(Q2s x Cp),
factor group denoted by K(G)". when p is prime numbers

"Vy € RQ2s X Cp) then y = v101 + v202 + -+ + vrr The group G which is |G| # oo, the conjugacy classes of it
"where r is the number of I' — classes. v1. v2. ... vr € Z and , are finite and a finite number of deferent k-irreducible
when yi is an irreducible character of the group G and ¢ is any representations, the characterr of a representation is constant on
element in Galios group Gal (Q(xi)/Q)". a (ionjug?c%/ clarl]ss CL a. (1 <a< k), =(G) isthe (';able of the

M. S. K 4 h K In 1994, values of the characters , Let T,: G, — GL(n.K) and Ty: G, =
H. H. Abass [2] studlgd thlgdlg% ; (P I%%r% e K ) n % GL(m.K) are two matrix represaentztlons of the groups G, and
= (Dn) Gp. xoand y, be two characters of T, and T}, respectively,

then the character of T,®T}, is Xaxs -
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1. BASIC CONCEPTS

Definition (2-1):[1] The character whose values are in Z,
which is0 (g)e Z.Vge G
Is called A rational valued character 6 of G

Proposition (2-2):[4]

0;

>

o€ Gal(Q(x1)/Q)
6, is the rational valued characters

o(xi)

form basis for RG), where y; are the irreducible
characters of G and their numbers are equal to the number
of all distinct I'- classes of G.

Proposition (2-3): [4]
The rational valued characters table of the cyclic group C,

of the rank 2 where p is a prime number which is denoted by
(= (Cp)), is given as follows:

Table 1. The Rational Valued Characters Table Of The
Cyclic Group Cp,

I' — classes [1] [7]
04 1 1
6, p—1 -1

where its rank 2 represents the number of all distinct I"-
classes.

Definition(2-4): [6]

The generalized Quaternion Group Qam of order 4m, the
Qom generator bay x and y satisfies x™ = y2, ylxm y-1 =
x~m  which implies xm = y* =1

thenv d €Q.m can be expressed uniquely in the form

Qm={d=x"y*|0<h<2m-1,k=0,1}

Lemma (2.5) [6]

The rational valued characters table of the group Q2 in
table(1)

21

I'-classes of C2m
X2t X2t+1 [ [x
yl ky]
01 1 1 1 1 1 1 1 1
11 -
02 11 1 1 1 11 1
-1 -1
0 0
0 0
=*(C2m)
01
1 0 0
01 0 0
01 N
1 1 . 1 1 . 1 1 -1
01 - -
+2 1 . 1 1 11 1 -1
table(1)

Where 0 <t <m-1, | is the number of I"-classes of Cz2,,, 0j
suchthat 1 <j<I+2

I11. THE MAIN RESULTS

We study the rational valued characters table of (Q2g %
Cp,) which denoted bay=* (Q.s x C,) . and find the cyclic
decomposition of K(Q2g X C;) the group of Q28X Cp) is
the direct product of Qg and C,

(@28 X Cp )| = 56p

Theorem(3,1)

when n = p,m = 2q, where p, and g are prime numbers,
then =* (Q2s X C,) has the following form

= (Qs X Cp) = =*(Q28) Q@ =*(Cp)
Proof
For each element gg, € (Q4q X Cp), We have gqn = g4ghr

such that gq € Quq.81n € Cp, =<1 > Then g4 = xty*, 0 <

t <4q,k =0,1, and each irreducible character of ?Q 8 X Gp)
IS xij = xix, where y; 1s an irreducible character of g, x' 1S
J J

an irreducible character of C,,
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6:j=0j(gan)= [ > (gan )]
o(xij
og Gal(Q(xij(gkn1))/Q)

= > o (xi(gd)) [ > o (x’j (&)1l

og Gal(Q(x;(84))/Q) og Gal(Q(xj(gn)) /D)

1) Ifj=1, then for all g, € C, such that 6';(gy) =
T xlen) = 1. Then

Oijgan=1 2 o(xij(gan))]

og Gal(Q(xij(gkn))/Q)

=1 > o (x(84)) [11]

o8 Gal(Q(1i(8d))/Q)
= 0,(ga) = 07 (gn)

If , and is the identity ofC, thate =
5 %(g)—2{21=§f+1+---+ 1520 T =
(p—1) times
Bijgam=1[ 2. o(xij(ga))]

og Gal(Q(xij(dh))/Q)

=[ > o (x,(g) [p — 111
og Gal(Q(xy(8d))/Q)
= 0i(ga)(P — 1) = 0:(ga) * 9'j (gn)

If j=23,...,p, and g, is not identity of G that
020gn) =21, x(gn) = (e + 2+ 2+ -+ e ). —1
Then

Bij(gan)= [ 2. o(xij (8a)]
og Gal(Q(xij(dh))/Q)

= > o (x,(g0) [-111

og Gal(Q(x;(8a))/2)
= 0i(g)(—1) = 6i(ga) * 0:(ga)
Where 6;;(gan) , 0:(gq), and 6;(gq)are the rational valued
characters of the groups (28 x Cy), (28)and (C,) respectively

Then we get (0;(gan) = 0i(ga) * 0" ;(gn) for all ij, gan €
(Q28 X Cp), 84 € Q28 gn € Cp

= (Q28%X Cp) ==*(Q29) ® =* (Cp) D
To calculate the =* (Q25 X Cp)

P
011 = vy 012 = Zi:Z Y10 021= Wy , 022
2

=21 VY,
i=2
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p

071 =y, ,072 = Zi=2 W, 081 = Y3, , 082
P

=21 VY,
i=2

p
051 = X51 ,052 =3 X5
=

sine's (Gal(x1:)/Q) ={ 01i ,03i, - ,02¢-1i }
o) =x & () = y e O02g—1 i) =

X2q-1i

and i=1,2,3,...,p

06i = 01(x11) + 03:(x1) + -+ 029-1:(x1),  Oe1=
X+ xsit o+ x2q-11 =061 = Y11+ xzi + -+
Xog-11 862 = X1, 0,000 +a () + -+

02¢-1 (1

04 = 02i(10) + 06i(x1) + -+ 02921, +

X2q-2i,» =

10 041= Y21 + Xei + -+

X2g—2i» 042 =¥, 00001 + & () + -+

02¢—4 i1 )

03 = 04i(x1) + 0810 + -+ + 02920010, =
O1 = ya 4+ t "t X0y, , B3 =3 0ui(yy) +

o5i(x1) + -+ 02940010
We can write Q g X C;,) as follows:

=Q
28

XC)_ _*Q )®_*(C)

+
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I- 6 6 6 6 (p-
classes| 1 |[p-1| 6 | (p-| 6 | (-] 1 |p-1| 6 | (p-| 6 1;0 14 | 14p-14 | 14 | 14p-14
| 1) 1) 1)
011 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
012 p-1| -1 |p1| -1 |p-1| -1 |p1]| -1 |p-1] -1 |p1] -1 |p-1 -1 p-1 -1
021 1 1 1 1 1 1 1 11 -1]-1] -1 -1 -1 -1 1 1
022 p-1 | -1 |p1| -1 |p2| -1|P1} -1 )1p| 1 |2p| -1 |121-p 1 p-1 -1
031 6 6 | -1]-1]-1]-1] 6 6 | -1]-1] 6 6 0 0 0 0
0 || 6 |1p| 1|10l 2| 6]6|1[%®]1q]0] o |o] o
6 6 6
011 6 6 | -1 -1 -1} -1] 6 6 1 1] -6 -6 0 0 0 0
6p- 6p- 6-
012 5 6| 1p| 1 |1p] 1 6 6 | p-1] -1 - 6 0 0 0 0
051 2 2 | -2 ) -2 2 2 |1 -21-2] 0 0 0 0 0 0 0 0
2p- 2- 2p- 2-
) -
Os2 5 2 2 5 2 2 2 0 0 0 0 0 0 0 0
Os1 12112 | 2 2 | 2| -2]-12|-12] O 0 0 0 0 0 0 0
12 12-
Os2 0- 12112 -2 |12 2 (12|12 O 0 0 0 0 0 0 0
12 P
011 1 1 1 1 1 1 1 1 1 1 1 1 -1 -1 -1 -1
072 p-1| -1 | p-1| -1 |p-1| -1 |p1]| -1 |p-1] -1 |p1] -1 |1p 1 1-p 1
Os1 1 1 1 1 1 1 1 11 -1]-1] -1 -1 1 1 -1 -1
Oz |[p-1) -1 |p1f -1 |p1l) -1 ]pl|-1f1lp| 1 |1p 1 p-1 -1 1-p 1
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Theorem (3,2) If m = 14, p is prime numbers and p # 7,
then the cyclic decomposition of K(Q2s X Cp) is:

KQ xC)=@? KQ )@ ¢
28. 14 i=1 28. i=1

p
Proof:

Let A and B be matrices defined as follows :

1 0
pd 4 - 8.8 oo
I H H M H

A= 0 0 1 ol 00%,
I
o 0 0 1) o o
I o 1 0 00 1 ol
[ 0 -1 00 o0 1]
e 9 86 8§
I : : : :

B=10 0 1 ol o of

0 0 01 0 0

Ih ) I
11 10 .. 0 1 ol
[ 1 10 .. 0 o0 1]

When the dimension of = (C5g). equal to f then the
gnat?n%'OE % délwn #e are equal to f+2 We will define two

1 1 . 1 1
L=l 1 =1(Cp)o_[p_1 -,
= ]

p—1 -1
L= €)W, =[]

0 1

we get: E isa matrix of degree =* (C;p), and if we
denote c;;as the

elements of =+ (C,,,) which defined by:
(A X Lp) =* (ng X Cp) (B X Wp)

the invariant factors of the matrix(4 X L,).=* (Qzm X

Cp). (B x Wp)will be the same invariant factors of the
following matrix :

(A X Lp) =" (ng X Cp) (B X Wp)
0 0

FF FO 51 11
I —pE Io 0
I I::: B 0 I
Io 0 |
}IO 0 l—2p 01 I
1o 0 I
0 —2p]
=1 0 0 I
| F Fo _qu
I I F Io o lI
I 0 I Li:: 1
I I Io oll
I Io 0 2 oll
[ [0 o lo 211

@¢

(1

(2

31

(41

(5]

6]

[71

-2 -2 -2 =2 =2 =2
F1 6 1 -6 1 —61
Then E,= 1 1 -1 -1 -1 -1
-1 0 1 -6 1 -6
10 0 2 2 -2 =21
0 0 -2 -2 12 -12]
-1 -2 -2 -2 =2 =2
Fo 1 0o 1 o 1!
Suchthat L _ O 0 0 0 1 1
a= 0 0 1 0 0 -1
10 0 1 1 1 11
[0 0 0 -1 0 -1l
12 2 -6 -1 6 1
2 0 -1 0 1 ol
6 1 6 1 0 0
Wa="1 01 00 0
16 1 0 0 0 01
[1 0 0 0 0 o]
L .E.W = diag{56,4,14,2 7,1 },2,2
q q q
Ly (—p Eg). W,
= diag{—56p, —4p, —14p, —2p, —7p, —p }, 2p, 2p
K(Q2. xXCp) =
8 Cp, D¢ C,D* Cg D? (4 EDS Cz)
i=1 i=1 i=1 i=1
,K(Q28 X
11 (C28 11C®11C8®11C2/®11C4)

2 8

K(Q28 X Cp ) =;=1 K(Q28) Di=1 K (Cp)
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