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Abstract—In this article we present a new class of modules which is named as a principally Rad 4-lifting modules.
This class termed by Principally Rad 4-lifting in this work which defined as, a module M is called Principally Rad ;-
lifting if for every cyclic submodule ¥ of M with Rad ;(M) S Y, there is a decomposition M = R@p such that X <
Yand Y n B isg-smallin B. Thus, a ring R is called Principally Rad 4-lifting if it is a principally Rad 4-lifting as R-
module. We determined it is structure. Several characterizations, properties, and instances are described of these

modules'. M
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INTRODUCTION

In this article, all rings Rare associative with unity, and
all modules are left unitary. We will go through some of the
key definitions that we will require in our work. Let p be a
module and S a submodule of y, denoted by g < M. Also, we
refer to the direct summand S of M by g <® M. Principally
semisimple module is a module in which all its cyclic
submodules are direct summand [1]. An essential submodule
B in M symbolized by g 2 M, is a submodule which
satisfying S NnY = 0 implies Y = 0 for any submodule Y in
M [2]. As dual, a submodule g of M is called small in M,
denoted by B « M if, whenever M =8 +Y for Y <M
implies Y =M [1]. Zhou and Zhang [3] recalled that, a
submodule Y of M is called generalized small, denoted by
Y Ly M, if for p 2 M with M =Y + g implies § = M. We
have found in [4] that if any proper cyclic submodule of M is
g-small, then M is called principally g-hollow. Again Zhou
and Zhang gave the definition of Jacobson generalized radical
of an R-module M as; Rad, (M) = L{Y|Y «, M} =n{Y =
M| Yis maximal in M'}. A g-coclosed submodule is defined
as a submodule g < M, if Y < 8 such that g K % thenY =

B [5].Let Y, w be two submodules of M.Y is called a
supplement of w in p if it is minimal in M =Y + w [6]. If
M=Y+pand Y NP K, p,then g is called a g-supplement
of Y in M [7]. Let M be amodule, Y, <M and M =Y + 8
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such that Y n 8 < Rad,(B), then B is called a generalized
radical supplement, briefly g-radical supplement of Y in M

[8]. A module M is called principally generalized lifting if for
every cyclic submodule Y < M, there exists a decomposition
M =RDP and YN K, B where X <Y [4]. In [9] Mirza
and Ghawi gave a definition of Rad,-lifting modules as, if for
every submodule Y of u such that Rad,(M) < M , there
exists a decomposition M = X®p and Y N g K, M where
X < Y. In this paper, we are going to define the concept of a
principally ~Radg-lifting modules and give equivalent
statements of this definition. Next some of the numerous
properties of this class of modules and their relationships to
other types of modules also given.

2. DEFINITION OF PRINCIPALLY Radg-LIFTING
AND SOME CONNECTIONS.

Definition 2.1. A module M is called principally Rad,-lifting,
briefly P-Rad,-lifting, if for every cyclic submodule @ of
McontainsRad, (M), there is a decomposition M = w®f
such that w <@ and @ N f K, B. In other words, for any
a € Msuch that aR < Mwith Rad,(M) < aR, there are
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submodules w, B of M such that M = w®f, w < aR and
aRnp <K, p.

Remarks and Examples2.2.

(1) A principally semisimple module is P-Rad,-lifting, so that
for any semisimple ring R, all right R-modules are P-Rad,-
lifting modules, and each submodule of any principally
semisimple module so is P-Rad,-lifting.

(2) If M is a principally g-lifting module then M is P-Rad,-
lifting. Moreover, if Rad,(M) = 0, clearly, the reverse is
true.

(3) If M is a cyclic module over a PID, then we know that
every submodule of M is also cyclic. Hence, any cyclic P-
Rad,-lifting module over a PID is Rad,-lifting.

(4) The P-Radg-lifting modules not inherited by its
submodules. As we see in (3), the Z-module Q is P-Radg-
lifting, while Z < Q as Z-module is not P-Rad,-lifting.

(5) If M is a module such that Rad,(M) is a non-cyclic
maximal submodule of M, then M is a P-Rad,-lifting
module.

Proof. Assume a € M such that Rad,(M) < aR. Since
Rady (M) is a non-cyclic submodule, then Rad, (M) # a%R,
that implies Rad, (M) < aR. Since Rad, (M) is maximal of
M, thus aR = M, a trivially, M = M@ (0) such that M <
aR and aR N (0) K, (0). Therefore M is a P-Radg-lifting
module. O

Proposition 2.3. For a module M, the following statements
are equivalent;

(1) M is a P-Rad,-lifting module;

(2) for any cyclic submodule @ of M with Rady (M) € @,
there is a decomposition M = w@®pf such that w < @ and
@ N S isg-small in M;

(3) for any cyclic submodule @ of M has Radg(M) can be
written as @ = @G, where gis a direct summand of M and
G Lg M;

(4) for any cyclic submodule @ of M has Rad, (M), there
exists a direct summand n of Msuch that n <@ and
@/n Y M /n;

(5) for any cyclic submodule @ of M has Radg (M), w has a
g-supplement g in M such that @ N B is a direct summand of
w,

(6) for any cyclic submodule @ of M has Radg(Jvr), there is
an e = e? € End(M) with eM < w and (1 — e)w is g-small
in(1—-e)M;

(7) for any cyclic submodule @ of M has Rad, (M), there
exists a direct summand w of Mand a g-small submodule g of
M suchthatw < wandw = w + §;
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(8) for any cyclic submodule @ of M has Radg(M), there is
a submodule g of M inside @ such that M = o@®p and 8 a g-
supplement of @ in M;

(9) for each a € M with Rad, (M) S afR, there are principal
ideals I and J of R such that aR = al @ a/, where al <® M
and aj <, M.

Proof.(1) = (2) Clear.

(2) = (3) Let @ be a cyclic @ < Mwith Rad,(M) € @.
By (2), there is M' = w®p where w < w and @ N f K,z M.
By the modular law, @ = w®(w N B)witht w <® M and
@NP KLy M.

(3) = (4) Assume w is any cyclic submodule of M such
that Rad, (M) € w. By (3),w = n@®G, where n <® M and
G Ly M. Define a natural map m:M — M /n. Since
G K4 M, we deduce that m(G) <, M/n, ie, m+G)/n=
w/n Kg M /7.

(4) = (5) Assume that @ is a cyclic submodule of M with
Rad,(M) € w. By (4), there exists n <® M such that n <
wand @w/n K, M /n, where M = n@p for some f < M.
Therefore, M = @ + . By the modular law, @w = n@® (@ N
B). So, w/m=wnf and M/n=p. Therefore, wn
p <, B. Hence @ has a g-supplement 8 in M and @ N is a
direct summand of @.

(5)=(6) Let w be a cyclic submodule of M with
Rad,(M) € w. By hypothesis, if we assume @ has a g-
supplement g in M suchthat w N <® @, then M =@ +
and @ N B KL, B. Also, @ = (w N f)De for some ¢ < w.
Thus, M = o®p. Assume that e: M — g; e(h + k) = h and
(1—-e):M — B;(1 —e)(h + k) = k are projection maps for
all h+k € M. Obviously, e =e? in End(M). Therefore
eM<wad(l-e)w=oNf K p=(1-e)M.

(6) = (7) Suppose that @ is a cyclic submodule of M such
that Rad,(M) € @w. By (6), there is an e = e* € End(M)
such that eM <@ and (1 —e)w K, (1 —e)M. We know
that M =eMB(1—-e)M. Thus w=ownNnM=wn
(eMd(1l—-e)M)=eMB(@n (1l —e)M) =eMB(1 — e)w.
We put w=eM, y=(0—-e)w and B=(1—-e)M.
Therefore, w < @ and @ = w +y where y K, B (so in M),
and w <® M.

(7) = (8) Assume that @ is a cyclic submodule of M such
that Rad,(M) S w. By (7), there exists w <® M and
p <y M such that w and @ = w + . Thus, M' = w®p for
some B < M. Therefore g is a g-supplement of w in M, so
([4], Lemma 2.3) implies B is a g-supplement of @ = w + B
in M.

(8) = (1) Clear.

(6) = (9) Let a € M such that Rad,(M) € aR. By (6),
there is an e = e? € End(M) such that eM < a®R and
(1-e)aR <, (1 —e)M. Notice that M = eMD(1 — e) M.
Let r € R such that ar = (1 — e)a’ for some a’ € M, then
a =ea +ar €aR, since eM <aR, and so aRn
(1—e)M < (1—-e)aR. It follows that aRN (1 —e)M =



Rasha Najah Mirza

Thaar Younis Ghawi

(1 —e)aR. By the modular law, we have that aR =aRn
(eMd(1—e)M) =eMD@RN (1 —e)M) =eMB(1 — e)aR.
Putl ={seRias€eeM}and] ={r e R:ar € (1 — e)aR}.
Then aR = al®aj, where al =eM <® M and af = (1 —
e)aR <, (1 —e)M, hence in M.

(9) = (1) By (9), for any cyclic submodule @ of M has
Rad, (M), there exists two ideals I and Jand @ = 1@/, where
1<® M and ] <, M. Thus, M = I®p for some B < M.
Hence w = I®(wNp), by the modular law, and so w N B =
] Ky M. Since wnNP<w<®M, then wnp K, B, by
([10], Lemma 2.12). Therefore, M is a P-Rad,-lifting module.
O

Corollary 2.4. Let M be a P-Radg-lifting module.Then for
any indecomposable cyclic submodule w of M has
Rad, (M), either @ is a direct summand or g-small.

Proof. As @ is a cyclic submodule of M with Rad,(M) <
@, S0 by Proposition 2.3, @ = o®G where ¢ <® M and
G Ky M. Since w is indecomposable, thus either @ = o or
w=6.0

Proposition 2.5. Let M be a P-Rad,-lifting module with
Rady, (M) # M is cyclic. Then there exists a decomposition
M = o®w such that w is a g-supplement of Rad, (M) in M,
Rady(w) <4 w and gis a g-radical.

Proof. Suppose Rad, (M) # M is a cyclic submodule. Since
M is a P-Radg-lifting module andRad, (M) € Rad, (M), sO
by Proposition 2.3(8), there is a submodule ¢ of M in
Radgy (M) such that M = o@w and w a g-supplement of
Rady(M) in M, i.e., M = Rady,(M) + w and Rad,(M) N
w K4 w. Since w <® M, so it is a g-suppléement and so
Rady(M) N w = Rad,(w). from ([10], Lemma 2.12), we get
Rady(w) <4 w. By ([11], Corollary 2.3), M' = Rad,(M) +
w = Rad,(0)®w. By the modular law, we have ¢ =g n
(Rad,(0)®w) = Rad,(0)®(w N @) = Rady(g). Therefore,
o is a g-radical.

The reverse of above proposition need not be correct, in
general, for instance, for the Z-module Z, we have Rad,(Z) =
0 # Z is cyclic and a decomposition Z = Z&@(0) such that Z is
a g-supplement of Rad,(Z) = 0, Rady(Z) = 0 <, Z and (0)
is a g-radical, while Z is not P-Rad,-lifting Z-module.

Proposition 2.6. Let M be an indecomposable module such
thatRady, (M) # M is cyclic. If M is a P-Rad,-lifting
module, then Rady (M) <, M.

Proof. Assume M is an indecomposable P-Rad,-lifting
module. Since Rad,(M’) € Rad,(M) is cyclic, then by
Proposition 2.5, there exists a unique decomposition M =
M@0 whereM is a g-supplement of Rad, (M) and 0 is a g-
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radical. Hence,
required.O]

Rady(M) = Rady(M) N M <K, M, as

Corollary 2.7. Let M be an indecomposable module such that
Rad, (M) is cyclic. If M is a principally Rad,-lifting module,
then either

(1) M is a cyclic module, or

(2) Rad, (M) is a g-small submodule of M.

Proof. Suppose M is an indecomposable and principally
Rad,-lifting module such that Rad, (M) = aR for some a €
M. If M is not cyclic, therefore M #aR and so
Rad, (M) # M. That means Rad,(M) is a proper cyclic
submodule of M, so by Proposition 2.6, Rad, (M) is g-small
in M.

Proposition 2.8. Let M' =71 + w be a P-Rad,-lifting module
such that n < M and w <® M. If n N w is a cyclic submodule
of M such that Rad,(M) S n Nw, then w containing a g-
supplement of n in M.

Proof. Let nnNnw be a cyclic submodule of M and
Rad,(M) S n Nw. Since M is a P-Rad,-lifting module, we
deduce by Proposition 2.3(3), n N w = w®S where w <® M
(hence in w) and f <, M. Write w = w®w, for some @ <
w. Thus, nNw = w®MNw). Consider m:w — w is the
natural projection. As w <® M and B «, M, we have that
B <4 w and hence m(B) <, @w. But nNw = n(w®nNw)) =
t(nNw) = n(w®p) = n(B), 0 nNw K, @w. Moreover, M =
n+w=n+w+w=n+@. Therefore w contains @ as a g-
supplementof n in M. 0O

Corollary 2.9. Let M =n + aR be a P-Rad,-lifting module
over a PIDR such thatn 2 M and a € M. If Rad,(M) S n N
D for each D <® a%R, then aR containing a g-supplement of 7
in M.

Proof. Let M =n+aRandn 2 M and a € M. Since M is a
P-Rad,-lifting module, so by Proposition 2.3(3), we can write
aR = w @ w, where w <® M and w «; M. So M =7+
aR=n+w+w, and as n I M implies n+w = M, and
hence M’ = n + w (because w K, M), where @ is cyclic and
@ <® M, thus nNw is a cyclic submodule of M has
Rad, (M) (by hypothesis), and so by applying Proposition 2.8,
@ (S0 that, a®R) containing a g-supplement of w in M.0

Proposition 2.10. An indecomposable R-module M is a P-
Rad,-lifting module if and only if for a €M with
Rady(M) € aR # M, aR is g-small in M.

Proof. =) Let Rady(M) S aR + M and a € M. As M is a
P-Rad,-lifting module, by Proposition 2.3(8), there are
submodules o, G of M such that G < aR, M =aR+po =
G®e and aR N g K, 0. Now, if o = 0 then aR = M which
is a contradiction. By assumption, o =M and G = 0.
Therefore aR <, M.



Journal of Kufa for Mathematics and Computer

Vol.10, No.1, Mar., 2023, pp 119-124

<) Let a € M such that Rad,(M) € aR. If aR =M,
trivially, there is a decomposition M = M@ (0) such that
M < aR and aR n (0) = (0) K, (0). Suppose aR # M, by
hypothesis, aR <, M. Trivially, M = (0)®M such that
(0) <aR and aR N M = aR K, M. From two cases, (1)
holds.

Corollary 2.11. For a uniform R-module M is a P-Rad,-
lifting module if and only if for a € M with Rad,(M) <
aR = M, aR is g-small in M.

Proof. From ([12], Lemma 3.2.9] every uniform module is
indecomposable. Then by Proposition 2.10 the result comes. [

Proposition 2.12. Let M’ be a P-Rad,-lifting module has a
cyclic generalized radical. Then M = X;@®X, such that
Rad,(X;) is g-small in X; and Rad,(X;) = X,.

Proof. It follows by Proposition 2.3 and ([13], Proposition
3.1.10)).

Proposition 2.13. Every principally generalized hollow
module is P-Rad,-lifting.

Proof. Let M be a principally generalized hollow module, and
@ a cyclic submodule of M with Rad,(M) € w. If w = M,
then there is a decomposition M = M'@(0) such that M <
wand @ N (0) <, (0). Letw = M, by hypothesis, @ <, M,
then there is a decomposition M = (0)@M such that (0) <
@w and wNM =w K,z M. Hence M is a P-Rad,-lifting
module.O

As an application of proposition 2.13, For any p and any
natural n, the Z-module Z/p"Z = Zpn is P-Radg-lifting as a

Z-module, because Zpn is a generalized hollow module.
While Z as Z-moduleis not P-Rad,-lifting.

The reverse of above Proposition is not correct, in general,
instance; in Remarks and Examples 2.2(3) the Z-module Z,,
is P-Radg-lifting, while Z,, is not principally generalized
hollow as Z-module, in fact, 3Z,, is a proper cyclic
submodule which not g-small in Z,,.

Also, as application example of Proposition 2.13; since
every finitely submodule in @ as Z-module is small, then all
cyclic submodules are g-small in Q as Z-module, that is Q as
Z-module is principally generalized hollow, so that it is P-
Rad,-lifting.

3. SUBMODULES AND DIRECTSUMMANDS

As we see in Remakes and Examples 2.2(6), that P-Rad,-
lifting module doesn’t inherited by their submodules. Below,
give some conditions for it to be inherited by their
submodules.
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Proposition 3.1. Let M be a P-Rad,-lifting %-module. Then,
a submodule @ of M with Rad,(M) € @ is P-Rad,-lifting
if, one of the following cases is hold;

(1) @w is a direct summand of M.

(2) w is a cyclic g-coclosed submodule of M.

Proof. (1) Let a € @ with Rad,(w) S aR, where @ <® M.
By ([14], Lemma 3.16), we have Rad,(M) = Rad,(w). Thus,
Rady(M) S aR <M. As M is a P-Rad,-lifting module,
there is a decomposition M = p@®p such that p < aR and
aRNp K, p. As p<w, so by modular law, @ =@ N
(p®p) = p®(@Np). Also aRN(@NpP)=aRnp <K, M.
As aRn(@np)<wnp<®m, ([10], Lemma 2.12).
implies aR N (@ N p) <, @ N p. Hence @ is P-Rad,-lifting.
(2) Let w be a cyclic g-coclosed submodule of M with
Rady,(M) < w. Since M is a P-Rad,-lifting module, so by
Proposition 2.3(4), there exists n <® M such that n < @ and
w/n Ky M /7. Since @w is a g-coclosed submodule of M,
n = @, that means w <® M. By (1), w is P-Rad,-lifting. O
Corollary 3.2. IfM is a P-Radg-lifting ®R-module such that
Rad, (M) is a direct summand of M, then Rad,(M) is P-
Rad,-lifting.

Proof. Since Rad, (M) <® M and Rad,(M) S Rad, (M),
Proposition 3.1(1) implies Rad, (M) is P-Rad,-lifting. O

Recall [15] If all submodules of a module M are fully
invariant,then M is called a duo module. A submodule A of a
module M is called distributive if An(B+C)=(AnNB) +
(AnC)orA+ (BnC)=(A+B)n (A4+C) for all submodules
B,C of M. A module M is said to be distributive if all
submodules of M are distributive [17].

In general, we expect that the sum of two P-Rad,-lifting
module is not P-Rad,-lifting, but we could not find an example
to confirm this. However, we now gives a condition that make
the class of a principally Rad,-lifting modules is closed under
finite direct sums.

Theorem 3.3. Let M be a duo (or, distributive) R-module and
M =@, M;, where {M;| i = 1,2, ..., n} a finite family of P-
Rad,-lifting modules. Then M is a P-Rad,-lifting R-module.
Proof. We will prove this in the case when n = 2. Let U be
any cyclic submodule of a duo R-module M = M; @M, and
Rady, (M) < n. Since n is a fully invariant submodule of M,
([15], Lemma 2.1) implies n = (M; Nnn)®M, Nnn). We
have that Rad,(M;) € M;nn and M;nn is a cyclic
submodule of M; for i = 1,2. Since M;; is P-Rad,-lifting, for
i = 1,2, then there are decompositions M; = p;@w; such that
pi<M;nnand (M;Nn) Nw; =nNaw; L5 w;. Then M =
(01©02) B (w1 Ow,), p1®p, < (M; NNB(M, Nn) =n and so
NN (wBw) =M Nw)dM Nwy) K w,Ow,, by ([3],
Proposition 2.5(3)). Hence, by mathematical induction, M is a
P-Rad,-lifting R-module. Similarly, when M is a distributive
R-module. O
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Proposition 3.4. Let M be a P-Rad,-lifting $R-module and
y # 0 a submodule of M. If y N Rad,(M) =0, then y is
principally semisimple.

Proof. Let a € y. Since M is a P-Rad,-lifting R-module, there
is a decomposition M = w®p such that w < aR and aR N
B <4 B,s0in M. It follows that a N g € Rad,(M). By the
modular law, we have y=yNnM =yn @R+ B) =aR +
ynp). AsaRn(ynp)<SpnRad,(M) =0, we get y =
aR®(y n B). Therefore, aR <® y and hence y is principally
semisimple. [

Proposition 3.5. Let M be an $R-module, consider the
following statements:

(1) M is a principally semisimple R-module.

(2) M is a principally g-lifting R-module.

(3) M is a principally Rad,-lifting R-module.

Then (1) = (2) = (3). If Rad, (M) = 0, then (3) = (1).
Proof. (1) = (2) = (3) Clear.

(3) = (1) If Rady,(M) = 0, then M N Rady,(M) = 0 and
then M is a principally semisimple -module, by Proposition
34. 0

Corollary 3.6. Let M be a P-Rad,-lifting R-module such that
Rady(M) = 0, then every nonzero submodule of M is
principally semisimple.

Proof. Directly by Proposition 3.5.

4. FACTOR MODULE OF PRINCIPALLY Radg-
LIFTING

Theorem 4.1. Let M be aP-Rad,-lifting module and assume
@ < M. If for every direct summand n of M, (n + @) /w is a
direct summand of M /w. Then M /w is a P-Rad,-lifting
module.

Proof. Let w<aR<M such that aeM and
Rady(M /@) € aR/w. Consider the natural map m: M —
M /@. From Rad, (M) € M, we deduce that m(Rad,(M)) <
Rady(M /@), i.e., (Rady(M)+w)/@ < Rad;,(M /w),
so(Rad,(M) + w)/w < xR/w, and hence Rady,(M) <
aR. Since M is a P-Rad,-lifting module, then by Proposition
2.3(3), there exists o<®M where po<aR and
aR/o <, M /o. By the hypothesis, (¢ +@)/w <® M /w.
Clearly, (¢ + w)/w < aR/w. Consider a projection map

M M/e % .
S Since aR/g <, M /o then pvh By that

. . aR/w M /@ .
implies reye K9 rmye Therefore M /@ is a P-Radg-
lifting module.O

Theorem 4.2. Let M be a P-Rad,-lifting module and @ < M
that satisfies one of the following:

(1) If @ is a distributive submodule of M.

(2) If w is a fully invariant submodule of M.
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(3) If Y is a submodule of M has Rad, (M) such that M’ =
wdY.

Then M /@ is a P-Rad,-lifting module.

Proof. (1) let M = n@®n for some 77 < M. By Theorem 11,
we prove that (n + @)/@ <® M /w. It is obvious to ensure
that M/w = ((n + @w)/@) + () + @)/@). Now, as @ is a
distributive submodule of M, (W+@)nNn@+@) =
mnp+w=w. So ((n+w)/@)n((+w»)/w)=0,
therefore M /@ is a P-Rad,-lifting module.

(2) Let o <® M, then M = oo for some ¢ < M. As @ is
a fully invariant submodule of M, therefore, M/w =
(e +@)/®)® ((¢' + w)/w), by ([16], Lemma 3.3), i.e.,
(n+@)/w <® M/w. Hence M/w is a P-Radg-lifting
module, by Theorem 4.1.

(3) By Proposition 3.1(1), Y is a P-Rad,-lifting module. Thus,
M /@ =Y, and then M' /@ is a P-Radg-lifting module. O

Corollary 4.3. Let M be a P-Rad,-lifting module, then:

(1) If M is a distributive (or, duo) module, then every factor
module of M is also P-Rad,-lifting.

(2) If f:M — M is a homomorphism has distributive (or,
fully invariant) kernel, then f(M) is P-Rad-lifting.
Moreover, if f is an epimorphism, then M is P-Rad,-lifting.
Proof. (1) Clear from Theorem 4.2(1) and (2), respectively.
(2) let f: M — M is a homomorphism. By 1 isomorphism
theorem, we have that M /Kerf = f(M). From Theorem
4.2(1) or (2), M /Kerf is a P-Rad,-lifting module. Hence
f (M) is P-Rad,-lifting. [

Recall [15] If all direct summands of a module M are
fully invariant, then M is called a weak duo module.

Proposition 4.4. Let M be a weak duo module and X a direct
summand of M. If M is a P-Rad,-lifting module then X and
M /X are both P-Rad,-lifting modules.

Proof. Suppose that M is a weak duo module and X <® M.,
then M = X@®n where X, n are fully invariant submodules of
M. By Theorem 4.2(2), M'/X and X = M /n are P-Rad,-
lifting modules.O

Proposition 4.5. Let M be an R-module and X a direct
summand of M. Then M is a P-Rad,-lifting module if and
only if X and M /X are both P-Rad,-lifting modules if one of
the following conditions hold:

(1) ™ is adistributive module.

(2) M isaduo module.

Proof. (1) let M be a distributive module and X a direct
summand of M, so M = X@p for a submodule g of M. By
Corollary 4.3(1), M /X is P-Radg-lifting. However, X =
M /B, again by Corollary 4.3(1), X is P-Rad,-lifting.
Conversely, as M = X®(M /X), the result is included by
Theorem 3.3.
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(2) Since any duo module is weak duo, then the result is
follows by Proposition 4.4 and Theorem 3.3.0

Corollary 4.6. Let M =@}, M; be a duo module. Then, for
any i = 1,2,..,n, M; is a P-Rad,-lifting module if and only if
M is a P-Rad,-lifting module.

Proof. It follows directly from Theorem 3.3 and Proposition
4.5(2).0

Proposition 4.7. If M is a P-Radg-lifting module then,
M /Radg (M) is principally semisimple.
Proof. Let a € M’ and Rad, (M) < aR. By hypothesis there
is M = nen for some n < aR and aR N1} K, 7, SO in M.
Therefore, M = aR + 7 and aR N ) € Rad,(M). It follows
that » __ A+Radg (M) and so (L>
" Radg(M)  Radg(M) Radg(M) ' Radg (M)
f]+Radg(M) aiRn(f]+Radg(M)) Radg(M)+(a§Rm‘1) .
( Radg (M) ) = Radg(M) = Radg (M) =0 8.,
aR/Rad, (M) <® M /Rad,(M). Therefore M /Rad,(M)
is a principally semisimple module. O

Corollary 4.10. Let M be a P-Radg-lifting module then,
M /Rad, (M) is a P-Rad,-lifting module.
Proof. From Propositions 3.5and 4.7. O

ACKNOWLEDGMENT

The researchers would like to acknowledge the referee(s)
for their supportive and important recommendations that
enhanced the article.

124

REFERENCES

[1] A. Tuganbaev, Semidistributive modules and rings, Kluwer Academics
Publishers, Dordrecht (1998).

[2] F. Kasch, Modules and rings module, 1982.

[3] D. X. Zhou, and X.R. Zhang, small-essential submodule and morita
duality, South-east Asian Bull. Math. 35(2011) 1051-1062.

[4] T.Y. Ghawi, On a class of g-lifting modules, Journal of Discrete
Mathematical Sciences & Cryptography , 24 (6)(2021), 1857-1872.

[5] H. K. Marhoon, Some generalizations of monoform modules, Ms.C
Thesis, Univ. of Baghdad, (2014).

[6] R. Wisbauer, Foundations of module and ring theory, Gordon and
Breach, Reading, (1991).

[7] B. Kosar, C. Nebiyev, and N. Sokmez, G-supplemented modules,
Ukrainian mathematical journal 67(6)(2015), 861-864.

[8] B. Kosar, Nebiyev, C., and Pekin, A., A generalization of g-
supplemented modules, Miskolc Mathematical Notes, 20(1)(2019), 345-
352.

[9] R.N.Mirzaand T. Y. Ghawi, Rad,-lifting modules, submitted.

[10] T.Y. Ghawi, Some generalizations of g-lifting modules, Quasigroups

and Related Systems, 2022, to appear.

L. V. Thuyet, Tin, P. H., Some characterizations of modules via

essentially small submodules, Kyungpook Math. J. 56, 1069-

1083(2016).

M. M. Obaid, Principally g-Supplemented modules and some related

concepts, Ms.C Thesis, Univ. of Al Qadisya, (2022).

N. M. Kamil, Strongly generalized é@-radical supplemented modules and

some generalizations,Ms.C Thesis, Univ. of Al Qadisya, (2022).

N. M. Kamil and T. Y. Ghawi, Strongly generalized @-radical

supplemented modules, Journal of Discrete Mathematical Sciences &

Cryptography, to appear.

[15] A. C. Ozcan, A. Harmanci and P. F. Smith, Duo modules, Glasgow
Math. J., 48(3) (2006), 533-545.

[16] B. Ungor, S. Halicioglu and A. Harmanci, On a class of §-supplemented
Modules, Bull. Malays. Math. Sci. Soc., (2) 37(3) (2014), 703-717.

[17] V. Camillo, Distributive modules, J. of Algebra 36, 16-25(1975).

[11]

[12]
[13]

[14]



