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Abstract— In this work, we compute the decomposition matrix to the spin characteristics of S_28  for a given field 

of characteristic p=11, the connections between the irreducible modular spin characters and the irreducible spin 

characters of S_28. The technique employed in this study is (r,r ̅ )-inducing, which creates projective characters for 

S_28 by using the projective characters of S_27. Maple was used to seeing all available columns and then choosing 

the potentially appropriate columns of them. In order to explore irreducible modular spin characteristics, general 

correlations and theorems will be discovered as a result of this research. 
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I. INTRODUCTION  

     The spin representations of S_n are representations without 

Z in their kernel, as shown in [11], and are created by a central 

subgroup Z={-1,1} in the representation group ¯S_n of the 

symmetric group S_n. The various components of the n-

partitions serve as labels for the spin characters of the spin 

representations of S_n, and they are indicated by 〈α〉. In fact, 

there is one irreducible spin character represented by 〖〈α〉〗^* 

that is self-associate if α=(α_1,α_2,…α_m) and n-m is even. If 

n-m is odd, there are two associate spin characters denoted by 

〈α〉  and 〈α〉' see [11,6]. The relationships between the 

irreducible spin characters and the irreducible modular spin 

characters of S_n serve as the decomposition matrix for spin 

characters. The number of rows corresponds to the number of 

projective characters, and the number of columns to the 

number of (p,α)-regular classes [9]. Any spin characters of 

S_n can be written as a liner combination using the irreducible 

spin character's non-negative coefficients [5]. The method 

(r,r ̅)-inducing (restricting) is used to distribute the spin 

characters into p-blocks see [4,10]. Numerous individuals 

have made contributions to this area of study and do research 

on this subject [13,14,1,12,3,2]. In this study, we identify the  

spin character decomposition matrix for the S_28 over fields 

of characteristic p=11. Let's establish certain notations and 

terminologies before we state any results. The terms "p.s." 

(p.i.s.) and "m.s." (i.m.s.) stand for "principal spin character" 

(indecomposable) and "modular spin character" (irreducible), 

respectively. "d_i" stands for "p.i.s." of S_n, "D_i" stands for 

"p.i.s." of S_(n-1), and 〈  〉^no is the number of i.m.s. 

 

II. PRELIMINARIES 

 

For the study, some important conclusions were needed. 

 

Theorem 2.1 [11] Degree of the spin character 〈𝛼1, … , 𝛼m〉 

= 2[(𝑛−𝑚)/2] 𝑛!

∏ 𝑚
𝑖=1𝛼𝑖!

∏ 1≤𝑖<𝑗≤𝑚

(𝛼𝑖−𝛼𝑗)

(𝛼𝑖+𝛼𝑗)
 

 

Theorem 2.2 [7] Let 𝐵 be a p-block G of defect one |G| =
m0𝑝

a and let 𝑏 be the number of 𝑝-conjugate classes to the 

irreducible ordinary character χ of G then:  

1. There exists a positive integer number 𝑁 such that 

the irreducible ordinary characters lying in the block 

𝐵 can be partitioned into two disjoint classes:  

𝐵1 = {𝜒 ∈ 𝐵|𝑏,𝑑𝑒𝑔𝜒 ≡ 𝑁𝑚𝑜𝑑𝑝𝑎}, 
𝐵2 = {𝜒 ∈ 𝐵|𝑏,𝑑𝑒𝑔𝜒 ≡ −𝑁𝑚𝑜𝑑𝑝𝑎}. 

2. Each coefficient of the decomposition matrix of the 

block 𝐵 is 1 or 0.  

 

 

DOI: http://dx.doi.org/10.31642/JoKMC/2018/110112  

Received Mar. 28, 2023. Accepted for publication May. 26, 2023 

 

mailto:ahmed_h.jassim@uobasrah.edu.iq
mailto:saeed.taban@uobasrah.edu.iq
https://orcid.org/0000-0003-2133-6817


Journal of Kufa for Mathematics and Computer             Vol.11, No.1, Mar., 2024, pp 70-82 

 

71 

 

Theorem 2.3 [8] Let G be a group of order m0𝑝
a, where 

(𝑝,m0) = 0. If c is a principal character of sub group H of G, 

then deg c ≡ 0mod𝑝a 

 

Theorem 2.4 [6] Let p be odd and n be even. If 𝑝 ∤ 𝑛, then 

〈𝑛〉 = 𝜑〈𝑛〉 and 〈𝑛〉′ = 𝜑〈𝑛〉′ are distinct irreducible modular 

spin characters of degree 2(𝑛−2)/2.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

III. DECOMPOSITION MATRIX FOR THE SPIN 

CHARACTERS OF 𝑺𝟐𝟖 

Decomposition matrix for 𝑆2̅8 of degree (332,276), and it is 

decomposed in to blocks of character it consists of 52 blocks 

which are 𝑩𝟏,𝑩𝟐,𝑩𝟑,𝑩𝟒 of defect two, 𝑩𝟓, 𝑩𝟔, ⋯ , 𝑩𝟏𝟖 of 

defect one the others block of defect zero. 

case 1. The decomposition matrix for the blocks 𝑩𝟏 of type 

associative as shown in the Tables 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table1. Block 𝐵1 

spin characters Decomposition matrix 

〈28〉 1                                        

〈28〉′  1                                       

〈22,6〉∗ 1 1 1 1                                     

〈21,6,1〉   1  1                                    

〈21,6,1〉′    1  1                                   

〈20,6,2〉     1  1                                  

〈20,6,2〉′      1  1                                 

〈19,6,3〉       1  1                                

〈19,6,3〉′        1  1                               

〈18,6,4〉         1  1                              

〈18,6,4〉′          1  1                             

〈17,11〉∗ 1 1 1 1         1 1                           

〈17,10,1〉 1 1 1  1        1  1                          

〈17,10,1〉′ 1 1  1  1        1  1                         

〈17,9,2〉     1  1        1  1                        

〈17,9,2〉′      1  1        1  1                       

〈17,8,3〉       1  1        1  1                      

〈17,8,3〉′        1  1        1  1                     

〈17,7,4〉         1  1        1  1                    

〈17,7,4〉′          1  1        1  1                   

〈17,6,5〉           1          1                    

〈17,6,5〉′            1          1                   

〈15,7,6〉                   1  1  1                  

〈15,7,6〉′                    1  1  1                 

〈14,8,6〉                 1  1    1  1                

〈14,8,6〉′                  1  1    1  1               

〈13,9,6〉               1  1        1  1              

〈13,9,6〉′                1  1        1  1             

〈12,10,6〉 2            1 1 1            1  1 1           

〈12,10,6〉′  2           1 1  1            1 1 1           

〈11,10,6,1〉∗             1 1             1 1 1 1 1 1         

〈11,9,6,2〉∗                         1 1 1 1 1 1 1 1 1 1       

〈11,8,6,3〉∗                       1 1 1 1       1 1 1 1     

〈11,7,6,4〉∗                       1 1           1 1     

〈10,9,6,2,1〉                             1    1    1    

〈10,9,6,2,1〉′                              1    1    1   

〈10,8,6,3,1〉                               1  1  1  1  1  

〈10,8,6,3,1〉′                                1  1  1  1  1 

〈10,7,6,4,1〉                                   1    1  

〈10,7,6,4,1〉′                                    1    1 

〈9,8,6,3,2〉                               1        1  

〈9,8,6,3,2〉′                                1        1 

〈9,7,6,4,2〉                                     1  1  

〈9,7,6,4,2〉′                                      1  1 

〈8,7,6,4,3〉                                     1    

〈8,7,6,4,3〉′                                      1   

 𝑑1 𝑑2 𝑑3 𝑑4 𝑑5 𝑑6 𝑑7 𝑑8 𝑑9 𝑑10 𝑑11 𝑑12 𝑑13 𝑑14 𝑑15 𝑑16 𝑑17 𝑑18 𝑑19 𝑑20 𝑑21 𝑑22 𝑑23 𝑑24 𝑑25 𝑑26 𝑑27 𝑑28 𝑑29 𝑑30 𝑑31 𝑑32 𝑑33 𝑑34 𝑑35 𝑑36 𝑑37 𝑑38 𝑑39 𝑑40 
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Proof. Using (6,6)-inducing of p.i.s. method on 𝐷1for 𝑆27 to 

𝑆28 we have  

𝐷1 ↑
(6,6) 𝑆28 = (〈27〉∗ + 〈22,5〉 + 〈22,5〉′ + 〈16,11〉 + 

〈16,11〉′ + 2〈16,10,1〉∗ + 2〈12,10,5〉∗) ↑(6,6) 𝑆28 

= 〈28〉 + 〈28〉′ + 2〈22,6〉∗ + 2〈17,11〉∗ + 2〈17,10,1〉 + 

2〈17,10,1〉′ + 2〈12,10,6〉 + 2〈12,10,6〉′ = 𝑐1 
 

Similarly, using (r, r) −inducing of p.i.s. for 𝑆27 to 𝑆28 gives 

𝐷111 ↑
(0,1) 𝑆27 = 𝑑3,𝐷112 ↑

(0,1) 𝑆27 = 𝑑4,  𝐷3 ↑
(6,6) 𝑆27 = 𝑐2, 

𝐷4 ↑
(6,6) 𝑆27 = 𝑐3, 𝐷5 ↑

(6,6) 𝑆27 = 𝑐4, 𝐷6 ↑
(6,6) 𝑆27 = 𝑐5, 

𝐷113 ↑
(0,1) 𝑆27 = 𝑑13,𝐷114 ↑

(0,1) 𝑆27 = 𝑑14,𝐷8 ↑
(6,6) 𝑆27 = 𝑐6, 

 𝐷9 ↑
(6,6) 𝑆27 = 𝑐7, 𝐷10 ↑

(6,6) 𝑆27 = 𝑐8,𝐷11 ↑
(6,6) 𝑆27 = 𝑐9, 

𝐷12 ↑
(6,6) 𝑆27 = 𝑐10, 𝐷13 ↑

(6,6) 𝑆27 = 𝑐11,𝐷14 ↑
(6,6) 𝑆27 = 𝑐12, 

𝐷115 ↑
(0,1) 𝑆27 = 𝑑29,𝐷116 ↑

(0,1) 𝑆27 = 𝑑30,𝐷16 ↑
(6,6) 𝑆27 =

𝑐13, 𝐷117 ↑
(0,1) 𝑆27 = 𝑑33, 𝐷118 ↑

(0,1) 𝑆27 = 𝑑34, 

𝐷119 ↑
(0,1) 𝑆27 = 𝑑35, 𝐷120 ↑

(0,1) 𝑆27 = 𝑑36, 𝐷19 ↑
(6,6) 𝑆27 =

𝑐14, 𝐷20 ↑
(6,6) 𝑆27 = 𝑐15,  

respectively. Now that 〈28〉 and 〈28〉′ are distinct irreducible 

modular spin characters (Theorem 2.4), 𝑐1 must divide into 

𝑑1 , 𝑑2 .Since 〈20,6,2〉 ≠ 〈20,6,2〉′ are distinct irreducible 

modular spin characters so 𝑐2 or 𝑐3 is  split. Suppose 𝑐2is split 

to 𝑑5, 𝑑6, but 〈19,6,3〉 ≠ 〈19,6,3〉′ then 𝑐3split to 𝑑7, 𝑑8. If 

𝑐3split to 𝑑7, 𝑑8, and frome (11, 𝛼)-regular classes 

〈20,6,2〉 − 〈19,6,3〉 + 〈18,6,4〉 ≠ 

〈20,6,2〉′ − 〈19,6,3〉′ + 〈18,6,4〉′ 
 

(1) 

then 𝑐2also split to d5, 𝑑6. So in both cases we get 𝑐2 and 𝑐3 

are splits. A split is made in 𝑐4 or 𝑐5 because of 〈18,6,4〉 ≠
〈18,6,4〉′. If 𝑐4is divided into 𝑑9 and 𝑑10, However, 

〈17,6,5〉 ≠ 〈17,6,5〉′ split 𝑐5 to 𝑑11, 𝑑12 after that. If 𝑐5split, 

and frome(11, 𝛼)-regular classes 

〈17,7,4〉 − 〈17,6,5〉 ≠ 〈17,7,4〉′ − 〈17,6,5〉′ (2) 

then 𝑐4 split , so in both cases we get 𝑐4 and 𝑐5 are splits. 

Since 〈17,9,2〉 ≠ 〈17,9,2〉′ so 𝑐6 or 𝑐7 is split. Suppose 𝑐6is 

split to 𝑑15, 𝑑16, but 〈14,8,6〉 ≠ 〈14,8,6〉′ then 𝑐7split to 

𝑑17, 𝑑18. If 𝑐7split to 𝑑17, 𝑑18 , and frome  (11, 𝛼)-regular 

classes 

〈17,9,2〉 − 〈17,8,3〉 + 〈17,7,4〉
≠ 〈17,9,2〉′ − 〈17,8,3〉′ + 〈17,7,4〉′ 

 

(3) 

then 𝑐6split, so in both cases we get 𝑐6 and 𝑐7 are splits. Since 

〈17,7,4〉 ≠ 〈17,4,4〉′it follows that either 𝑐8 or 𝑐9 is  split. 

 

Suppose 𝑐8 is split to 𝑑19, 𝑑20, but 〈17,6,5〉 ≠ 〈17,6,5〉′ then 

𝑐9split to 𝑑21, 𝑑22.If 𝑐9split, and frome (11, 𝛼)-regular classes 

〈17,7,4〉 − 〈17,6,5〉 ≠ 〈17,7,4〉′ − 〈17,6,5〉′ (4) 

then 𝑐8 split, so in both cases we get 𝑐8 and 𝑐9 are splits. 𝑐10 

or 𝑐11is split because of 〈14,8,6〉 ≠ 〈14,8,6〉′. Suppose 𝑐10 is 

divided into 𝑑23 and 𝑑24. However, 〈13,9,6〉 ≠ 〈13,9,6〉′ then 

split 𝑐11to 𝑑25, 𝑑26. If 𝑐11split, and frome (11, 𝛼)-regular 

classes 

〈14,8,6〉 − 〈13,9,6〉 + 〈12,10,6〉 ≠ 

 〈14,8,6〉′ − 〈13,9,6〉′ + 〈12,10,6〉′ 
 

(5) 

then 𝑐10 split, so in both cases we get 𝑐10 and 𝑐11 are splits. 

Since 〈13,9,6〉 ≠ 〈13,9,6〉′ so 𝑐12 = 𝑑27 + 𝑑28or there are two 

columns 𝜑1,𝜑2 such that 

𝜑1 = 𝑎1〈13,9,6〉 + 𝑎2〈12,10,6〉 + 𝑎3〈11,10,6,1〉
∗ + 

𝑎4〈11,9,6,2〉
∗ + 𝑎5〈11,8,6,3〉

∗ + 𝑎6〈11,7,6,4〉
∗ + 

𝑎7〈10,9,6,2,1〉 + 𝑎8〈10,8,6,3,1〉 + 𝑎9〈10,7,6,4,1〉 
+𝑎10〈9,8,6,3,2〉 + 𝑎11〈9,7,6,4,2〉 + 𝑎12〈8,7,6,4,3〉 
 

𝜑2 = 𝑎1〈13,9,6〉
′ + 𝑎2〈12,10,6〉

 + 𝑎3〈11,10,6,1〉
∗ 

+𝑎4〈11,9,6,2〉
∗ + 𝑎5〈11,8,6,3〉

∗ + 𝑎6〈11,7,6,4〉
∗ +

𝑎7〈10,9,6,2,1〉
′ + 𝑎8〈10,8,6,3,1〉

′ + 𝑎9〈10,7,6,4,1〉
′ 

+𝑎10〈9,8,6,3,2〉
′ + 𝑎11〈9,7,6,4,2〉

′ + 𝑎12〈8,7,6,4,3〉
′ 

to find are since  〈13,9,6〉 ↓ 𝑆27 = 〈12,9,6〉∗
2
+ 〈13,8,6〉∗

2
+

〈13,9,5〉∗
4
= 8 of i.m.s., then we have 𝑎1 ∈ {0,1,2,3,4}. In the 

same way we got 𝑎2, 𝑎6 ∈ {0,1, . . . ,6}, 𝑎3 ∈ {0,1, . . . ,8}, 𝑎4, 

𝑎5 ∈ {0,1, . . . ,12}, 𝑎7, 𝑎9 ∈ {0,1, … ,4}, 𝑎8 ∈ {0,1, … ,7}, 
𝑎10, 𝑎11 ∈ {0,1,2,3}, 𝑎12 ∈ {0,1, }. let 𝑎1 = 1 (if 𝑎1 = 0 then 

𝑐12 is split). since 〈13,9,6〉 ↓ 𝑆27 ∩ 〈11,7,6,4〉∗ ↓ 𝑆27 has no 

i.m.s so 𝑎6 = 0, the same way we get 𝑎7, …, 𝑎12 are equal to 

zero, , we must discuss all probabilities such that the degree 

𝜑1, 𝜑2 ≡ 0𝑚𝑜𝑑112, that’s difficult, so we do the algorithm 

by maple program in appendix to help us and we find it are 

equal to 352  probabilities, therefore, we aim to limit the 

number of possibilities, since inducing m.s. is m.s. we have: 

(〈14,7,6〉∗ + 〈10,7,6,3,1〉∗ − 〈11,7,6,3〉) 

↑(4,8) 𝑆28 = 〈15,7,6〉 + 〈15,7,6〉′ + 〈14,8,6〉 + 

〈14,8,6〉′ + 〈10,8,6,3,1〉 + 〈10,7,6,4,1〉′ 
−〈11,10,6,1〉∗ − 〈11,7,6,4〉∗ℎ𝑒𝑛𝑐𝑒𝑎5 = 0 

 

 

 

(6) 

 

Similarly in the following equations 

(〈11,8,6,2〉 − 〈13,8,6〉∗ + 〈17,8,2〉∗) ↑(3,9) 
ℎ𝑒𝑛𝑐𝑒𝑎4 ≥ 𝑎1 

 

(7) 

(〈13,8,6〉∗ − 〈11,8,6,2〉 − 〈10,8,6,2,1〉∗) 

↑(3,9) 𝑆28ℎ𝑒𝑛𝑐𝑒𝑎1 ≥ 𝑎4 ∴ 𝑎1 = 𝑎4 

 

(8) 

then we get degrees𝜑1, 𝜑2 ≡ 0𝑚𝑜𝑑112 only when  

𝜑1 + 𝜑2 = 𝑚(𝑑27 + 𝑑28), m ∈ {1,2,3,4} in order for "𝜑1, 𝜑2 

is split the 𝑐12". Since 〈9,8,6,3,2〉 ≠ 〈9,8,6,3,2〉′ so 𝑐13 or 𝑐15 

is split. Suppose 𝑐13 is split to 𝑑31, 𝑑32, but 〈9,7,6,4,2〉 ≠
〈9,7,6,4,2〉′ then 𝑐15 split to 𝑑39, 𝑑40. If 𝑐15split and frome 

(11, 𝛼)-regular classes. 

〈9,8,6,3,2〉 − 〈9,7,6,4,2〉 + 〈8,7,6,4,3〉 ≠ 

 〈9,8,6,3,2〉′ − 〈9,7,6,4,2〉′ + 〈8,7,6,4,3〉′ 
(9) 

then 𝑐13 split, so in both cases we get 𝑐13 and 𝑐15 are splits. 

Finly, since 〈8,7,6,4,3〉 ≠ 〈8,7,6,4,3〉′ so 𝑐14 divided or there 

are two columns 𝜑1,𝜑2. Suppose 𝑎12 = 1, but block 𝑩𝟏 is 

associate so there must be another column associate with 𝑐14 

then 〈8,7,6,4,3〉 has 3 i.m.s. , but 〈8,7,5,4,3〉 ↓ 𝑆27 has only 

two of i.m.s. so this contradicts the hypothesis , then 𝑐14 =
𝑑39 + 𝑑40. Using the information above, we divide 𝑐1 into 𝑐15 

and then turn to Table 1. 

Case 2. Table 2 shows the decomposition matrices for the 

spin block 𝑩𝟐of the double type. 
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Proof. Using (r, r)- inducing of p.i.s. 𝐷21, 𝐷2, 𝐷3, . .., 𝐷11, 

𝐷185, 𝐷45, 𝐷47, 𝐷49, 𝐷16, 𝐷162, 𝐷55, 𝐷19, 𝐷20, for 𝑆27 to 

𝑆28,and on (11, 𝛼)-regular classes:   

1. 〈22,5,1〉 = 〈22,5,1〉′ 
2. 〈16,11,1〉 = 〈16,11,1〉′ 
3. 〈12,11,5〉 = 〈12,11,5〉′ 
4. 〈11,9,5,2,1〉 = 〈11,9,5,2,1〉′ 
5. 〈11,8,5,3,1〉 = 〈11,8,5,3,1〉′ 
6. 〈11,7,5,4,1〉 = 〈11,7,5,4,1〉′ 
7. 〈9,7,5,4,2,1〉∗ = 〈8,7,5,4,3,1〉∗ + 〈11,7,5,4,1〉 −

〈12,7,5,4〉∗ + 〈15,7,5,1〉∗ − 〈16,7,4,1〉∗ + 〈18,5,4,1〉∗ 
8. 〈11,7,5,4,1〉 = 〈11,8,5,3,1〉 − 〈11,9,5,2,1〉 +

〈12,11,5〉 − 〈16,11,1〉 + 〈23,5〉∗ − 〈27,1〉∗ 
9. 〈12,8,5,3〉∗ = 〈12,7,5,4〉∗ + 〈12,9,5,2〉∗ −

〈12,10,5,1〉∗ + 〈12,11,5〉 + 〈16,12〉∗ − 〈23,5〉∗ 
10. 〈16,7,4,1〉∗ = 〈16,6,5,1〉∗ + 〈16,8,3,1〉∗ −

〈16,9,2,1〉∗ + 〈16,11,1〉 − 〈16,12〉∗ + 〈27,1〉∗ 
11. 〈12,10,5,1〉 = 2〈9,8,5,3,2,1〉∗ − 2〈9,7,5,4,2,1〉∗ +

2〈8,7,5,4,3,1〉∗ + 2〈12,11,5〉 − 2〈27,1〉∗ −
〈13,9,5,1〉∗ + 〈14,8,5,1〉∗ − 〈15,7,5,1〉∗ +
〈16,6,5,1〉∗ − 〈18,5,4,1〉∗ + 〈19,5,3,1〉∗ −
〈20,5,2,1〉∗ + 〈22,5,1〉∗ − 〈23,5〉∗ − 〈27,1〉∗. 

12. 〈9,8,5,3,2,1〉∗ = 〈11,8,5,3,1〉 − 〈8,7,5,4,3,1〉∗ −
〈12,8,5,3〉∗ + 〈15,7,5,1〉∗ − 〈16,7,4,1〉∗ + 〈18,5,4,1〉∗ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Then the matrix contains at most 32 columns since the number 

of the i.m.s. is equal or less than the number of the spin 

characters, but Table 2 contains at most 20 columns since 

there are 12 equations corresponding the spin characters of 𝑆28 

in 𝑩𝟐.Then we get Table 2. 

 

 

Case 3. The decomposition matrix for the spin block 𝑩𝟑 of 

type double is aTable 3. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 2. Block 𝐵2 

Spin character Decomposition matrix 

〈27,1〉∗ 1                    

〈23,5〉∗ 1 1                   

〈22,5,1〉  1 1                  

〈20,5,2,1〉∗   1 1                 

〈19,5,3,1〉∗    1 1                

〈18,5,4,1〉∗     1 1               

〈16,12〉∗  1     1              

〈16,11,1〉 1 1 1    1 1             

〈16,9,2,1〉∗   1 1    1 1            

〈16,8,3,1〉∗    1 1    1 1           

〈16,7,4,1〉∗     1 1    1 1          

〈16,6,5,1〉∗      1     1          

〈15,7,5,1〉∗          1 1 1         

〈14,8,5,1〉∗         1 1  1 1        

〈13,9,5,1〉∗        1 1    1 1       

〈12,11,5〉 1      1 1       1      

〈12,10,5,1〉∗       2 1      1 2 2     

〈12,9,5,2〉∗             1 1 1 2 1    

〈12,8,5,3〉∗            1 1    1 1   

〈12,7,5,4〉∗            1      1   

〈11,9,5,2,1〉               1 1 1  1  

〈11,8,5,3,1〉                1 1 1 1 1 

〈11,7,5,4,1〉                  1  1 

〈9,8,5,3,2,1〉∗                1    1 

〈9,7,5,4,2,1〉∗                   1 1 

〈8,7,5,4,3,1〉∗                   1  

 𝑑41 𝑑42 𝑑43 𝑑44 𝑑45 𝑑46 𝑑47 𝑑48 𝑑49 𝑑50 𝑑51 𝑑52 𝑑53 𝑑54 𝑑55 𝑑56 𝑑57 𝑑58 𝑑59 𝑑60 
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Proof. Using (r, r)-inducing of p.i.s. 𝐷21, 𝐷23, 𝐷25, 𝐷27, 𝐷29, 

𝐷31, 𝐷33, 𝐷35, 𝐷79, 𝐷38, 𝐷41, 𝐷43, 𝐷218, 𝐷87, 𝐷89, 𝐷53, 𝐷55, 

𝐷124, 𝐷57, 𝐷59of 𝑆27 to 𝑆28, and on (11, 𝛼)-regular classes:   

1. 〈22,4,2〉 = 〈22,4,2〉′ 
2. 〈15,11,2〉 = 〈15,11,2〉′ 
3. 〈13,11,4〉 = 〈13,11,4〉′ 
4. 〈11,10,4,2,1〉 = 〈11,10,4,2,1〉′ 
5. 〈11,8,4,3,2〉 = 〈11,8,4,3,2〉′ 
6. 〈11,6,5,4,2〉 = 〈11,6,5,4,2〉′ 
7. 〈15,6,5,2〉∗ =

〈15,7,4,2〉∗ − 〈15,8,3,2〉∗ + 〈15,10,2,1〉∗ − 〈15,11,2〉 +
〈15,13〉∗ − 〈26,2〉∗ 

8. 〈13,6,5,4〉∗ =
〈13,8,4,3〉∗ − 〈13,9,4,2〉∗ + 〈13,10,4,1〉∗ − 〈13,11,4〉 −
〈15,13〉∗ + 〈26,2〉∗ 

9. 〈11,6,5,4,2〉 = 〈11,8,4,3,2〉 − 〈11,10,4,2,1〉 +
〈13,11,4〉 − 〈15,11,2〉 + 〈22,4,2〉 

10. 〈10,6,5,4,2,1〉∗ = 〈11,6,5,4,2〉 + 〈8,6,5,4,3,2〉∗ 
−〈13,6,5,4〉∗ + 〈15,6,5,2〉∗ − 〈16,6,4,2〉∗ + 〈17,5,4,2〉∗ 

11. 2〈8,6,5,4,3,2〉∗ = 2〈11,10,4,2,1〉 − 〈12,10,4,2〉∗ −
〈13,9,4,2〉∗ + 〈13,10,4,1〉∗ − 〈13,11,4〉 + 〈14,8,4,2〉∗ −
〈15,7,4,2〉∗ − 〈15,10,2,1〉∗ + 〈15,11,2〉 + 〈15,13〉∗ +
〈16,6,4,2〉∗ − 〈17,5,4,2〉∗ + 〈19,4,3,2〉∗ − 〈24,4〉∗ +
2〈26,2〉∗ 

12. 〈11,8,4,3,2〉 = 〈10,8,4,3,2,1〉∗ + 〈8,6,5,4,3,2〉∗ −
〈13,8,4,3〉∗ + 〈14,8,4,2〉∗ − 〈15,8,3,2〉∗ + 〈19,4,3,2〉∗ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Then the matrix contains at most 20 columns since there are 

12 equations corresponding the spin characters of 𝑆28 in 𝑩𝟑. 

Then we get Table 3.  

 

Case 4. The block 𝑩𝟒 of type associate's decomposition 

matrix, as given in Tables 4. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 3. Block 𝐵3 

Spin character Decomposition matrix 

〈26,2〉∗ 1                    

〈24,4〉∗ 1 1                   

〈22,4,2〉  1 1                  

〈21,4,2,1〉∗   1 1                 

〈19,4,3,2〉∗    1 1                

〈17,5,4,2〉∗     1 1               

〈16,6,4,2〉∗     1 1 1              

〈15,13〉∗  1      1             

〈15,11,2〉 1 1 1     1 1            

〈15,10,2,1〉∗   1 1     1 1           

〈15,8,3,2〉∗    1 1     1 1          

〈15,7,4,2〉∗     1  1    1 1         

〈15,6,5,2〉∗       1     1         

〈14,8,4,2〉∗          1 1 1 1        

〈13,11,4〉 1       1 1     1       

〈13,10,4,1〉∗        2 1 1    1 1      

〈13,9,4,2〉∗          1   1  1 1     

〈13,8,4,3〉∗            1 1   1 1    

〈13,6,5,4〉∗            1     1    

〈12,10,4,2〉∗        2      2 1 1  2   

〈11,10,4,2,1〉              1  1  1 1  

〈11,8,4,3,2〉                1 1 1 1 1 

〈11,6,5,4,2〉                 1   1 

〈10,8,4,3,2,1〉∗                  1  1 

〈10,6,5,4,2,1〉∗                   1 1 

〈8,6,5,4,3,2〉∗                   1  

 𝑑61 𝑑62 𝑑63 𝑑64 𝑑65 𝑑66 𝑑67 𝑑68 𝑑69 𝑑70 𝑑71 𝑑72 𝑑73 𝑑74 𝑑75 𝑑76 𝑑77 𝑑78 𝑑79 𝑑80 
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Proof.The following values are obtained by using (𝑟, �̅�)-
inducing of p.i.s. for 𝑆27 to 𝑆28 𝐷101, 𝐷106, 𝐷65, 𝐷67, 𝐷68, …, 

𝐷76, 𝐷107, 𝐷79, 𝐷81, 𝐷82, …, 𝐷87, 𝐷89, 𝐷90, 𝐷109, 𝐷110, 𝐷95, 

𝐷97, 𝐷98, 𝐷99 respectively. Since 〈25,2,1〉 ≠ 〈25,2,1〉′ so 𝑐1 

divided or there are two columns 𝜑1,𝜑2 also since 〈25,2,1〉 ↓

𝑆27 = 〈24,2,1〉∗
1
+ 〈25,2〉1 = 2 of i.m.s., then we have 

𝑎1 ∈ {0,1}. In the same way we got 𝑎26 = 0, 𝑎5 ∈ {0,1}, 𝑎4, 

𝑎6, 𝑎9 ∈ {0,1,2}, 𝑎2, 𝑎3, 𝑎7, 𝑎8, 𝑎14, 𝑎25 ∈ {0,1,2,3}, 𝑎12, 𝑎17, 

𝑎19 ∈ {0,1, … ,4}, 𝑎13, 𝑎23, 𝑎24 ∈ {0,1, … ,5}, 𝑎18, 𝑎20 ∈
{0,1, … ,6}, 𝑎11, 𝑎15 ∈ {0,1, … ,7}, 𝑎22 ∈ {0,1, … ,8}, 𝑎10, 

𝑎16 ∈ {0,1, … ,9}, 𝑎21 ∈ {0,1, … ,10}. let 𝑎1 = 1(if 𝑎1 = 0 then 

𝑐1 is split), and since block 𝐵4 is associate so there must be 

another column associate with 𝑐1 then 〈25,2,1〉 has 3 i.m.s but 
〈25,2,1〉 ↓ 𝑆27 has only two of i.m.s. so that 𝑎1 = 0, then 

𝑐1 = 𝑑81 + 𝑑82. Since 〈23,3,2〉 ≠ 〈23,2,1〉′ so 𝑐2 = 𝑑83 +
𝑑84, 𝑐3 = 𝑑85 + 𝑑86 or there are two columns 𝜑1,𝜑2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

To find are let 𝑎3 ∈ {1,2,3}, since 〈23,3,2〉 ↓ 𝑆27 ∩
〈18,4,3,2〉 ↓ 𝑆27 has no i.m.s so 𝑎5 = 0, the same way we get 

𝑎6, 𝑎7, 𝑎8, 𝑎12, 𝑎13, …, 𝑎25 are equal to zero, we get 

𝜑1 = 𝑎2〈24,3,1〉 + 𝑎3〈23,3,2〉 + 𝑎4〈22,3,2,1〉
∗ + 

𝑎9〈14,13,1〉 + 𝑎10〈14,12,2〉 + 𝑎11〈14,11,2,1〉
∗ 

𝜑2 = 𝑎2〈24,3,1〉
′ + 𝑎3〈23,3,2〉

′ + 𝑎4〈22,3,2,1〉
∗ +

𝑎9〈14,13,1〉
′ + 𝑎10〈14,12,2〉

′ + 𝑎11〈14,11,2,1〉
∗  

we must discuss all probabilities such that the degree 𝜑1, 𝜑2 ≡
0𝑚𝑜𝑑112, so we do the algorithm by maple program in 

appendix to help us and we find it are equal to 123  

probabilities, therefore, since inducing m.s. is m.s. then: 

(⟨14,13⟩ − ⟨24,3⟩ + ⟨25,2⟩) ↑(0,1) 𝑆28  

ℎ𝑒𝑛𝑐𝑒𝑎9 ≥ 𝑎2     

 

(10) 

(〈24,3〉 − 〈14,13〉 + 〈12,10,3,2〉) ↑(0,1) 𝑆28 

ℎ𝑒𝑛𝑐𝑒𝑎2 ≥ 𝑎9  ∴ 𝑎2 = 𝑎9 

 

(11) 

(〈23,3,1〉∗ − 〈14,12,1〉∗ + 〈12,11,3,1〉) 

↑(0,1) 𝑆28ℎ𝑒𝑛𝑐𝑒𝑎2 + 𝑎3 ≥ 𝑎9 + 𝑎10 

 

(12) 

  

Table 4. Block 𝐵4 

Spin character Decomposition matrix 

〈25,2,1〉 1                                        

〈25,2,1〉′  1                                       

〈24,3,1〉 1  1                                      

24,3,1  1  1                                     

〈23,3,2〉   1  1                                    

〈23,3,2〉′    1  1                                   

〈22,3,2,1〉∗     1 1 1 1                                 

〈18,4,3,2,1〉       1  1                                

〈18,4,3,2,1〉′        1  1                               

〈17,5,3,2,1〉         1  1                              

〈17,5,3,2,1〉′          1  1                             

〈16,6,3,2,1〉         1  1  1                            

〈16,6,3,2,1〉′          1  1  1                           

〈15,7,3,2,1〉       1  1    1  1                          

〈15,7,3,2,1〉′        1  1    1  1                         

〈14,13,1〉   1              1                        

〈14,13,1〉′    1              1                       

〈14,12,2〉 1  1  1            1  1                      

〈14,12,2〉′  1  1  1            1  1                     

〈14,11,2,1〉∗     1 1 1 1           1 1 1 1                   

〈14,8,3,2,1〉       1        1      1  1                  

〈14,8,3,2,1〉′        1        1      1  1                 

〈14,7,4,2,1〉             1  1        1  1                

〈14,7,4,2,1〉′              1  1        1  1               

〈14,6,5,2,1〉             1            1                

〈14,6,5,2,1〉′              1            1               

〈13,12,3〉 1                  1        1              

〈13,12,3〉′  1                  1        1             

〈13,11,3,1〉∗                 1 1 1 1 1 1     1 1 1 1           

〈13,9,3,2,1〉                     1  1      1  1          

〈13,9,3,2,1〉′                      1  1      1  1         

〈13,7,4,3,1〉                       1  1      1  1        

〈13,7,4,3,1〉′                        1  1      1  1       

〈13,6,5,3,1〉                         1        1        

〈13,6,5,3,1〉′                          1        1       

〈12,11,3,2〉∗                 1 1         1 1 1 1     1 1     

〈12,10,3,2,1〉                           2  1  1    2  1 1   

〈12,10,3,2,1〉′                            2  1  1    2 1 1   

〈12,7,4,3,2〉                               1  1  1  1 1 1  

〈12,7,4,3,2〉′                                1  1  1 1 1  1 

〈12,6,5,3,2〉                                 1      1  

〈12,6,5,3,2〉′                                  1      1 

〈11,7,4,3,2,1〉∗                                   1 1 1 1 1 1 

〈11,6,5,3,2,1〉∗                                     1 1 1 1 

〈7,6,5,4,3,2,1〉                                     1    

〈7,6,5,4,3,2,1〉′                                      1   
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(〈14,12,1〉∗ − 〈23,3,1〉∗) ↑(0,1) 𝑆28ℎ𝑒𝑛𝑐𝑒 
𝑎9 + 𝑎10 ≥ 𝑎2 + 𝑎3  ∴ 𝑎2 + 𝑎3 = 𝑎9 + 𝑎10 

(13) 

 

We get degrees𝜑1, 𝜑2 ≡ 0𝑚𝑜𝑑112 only when 𝜑1 + 𝜑2 =
𝑚(𝑑83 + 𝑑84) + 𝑛(𝑑85 + 𝑑86) such that 𝑚 = 0, 𝑛 ∈ {1,2,3} 
or 𝑚 = 1, 𝑛 ∈ {0,1,2} or 𝑚 = 2, 𝑛 ∈ {0,1} then 𝑐2 and 𝑐3 

splits. Since 〈14,13,1〉 ≠ 〈14,13,1〉′ so 𝑐4 = 𝑑97 + 𝑑98  or 

there are two columns 𝜑1, 𝜑2. Let 𝑎9 ∈ {1,2}  (if 𝑎9 = 0 then 

𝑐4 is split), since 〈14,13,1〉 ↓ 𝑆27 ∩ 〈14,8,3,2,1〉 ↓ 𝑆27 has no 

i.m.s so 𝑎12 = 0, the same way we get 𝑎13, 𝑎14, 𝑎17, 𝑎18, 

𝑎19,𝑎22…, 𝑎26 are equal to zero, then we get  

𝜑1 = 𝑎9〈14,13,1〉 + 𝑎10〈14,12,2〉 + 𝑎11〈14,11,2,1〉
∗ 

+𝑎15〈13,12,3〉 + 𝑎16〈13,11,3,1〉
∗ + 𝑎20〈12,11,3,2〉

∗ 

+𝑎21〈12,10,3,2,1〉,  
𝜑2 = 𝑎9〈14,13,1〉

′ + 𝑎10〈14,12,2〉
′ + 𝑎11〈14,11,2,1〉

∗ + 

𝑎15〈13,12,3〉
′ + 𝑎16〈13,11,3,1〉

∗ + 𝑎20〈12,11,3,2〉
∗ +

𝑎21〈12,10,3,2,1〉
′.  so we do the algorithm by maple program 

in appendix to help us and we find it are equal to  8146  

probabilities, therefore, since inducing m.s. is m.s. then: 

(〈13,11,2,1〉 + 〈24,2,1〉∗ − 〈13,12,2〉) ↑(3,9) 𝑆28 

ℎ𝑒𝑛𝑐𝑒𝑎11 + 𝑎16 ≥ 𝑎10+𝑎15 

 

(14) 

(〈13,12,2〉∗ − 〈13,11,2,1〉∗ + 〈13,8,3,2,1〉) 

↑(3,9) 𝑆28ℎ𝑒𝑛𝑐𝑒𝑎10+𝑎15 ≥ 𝑎11 + 𝑎16 

∴ 𝑎10 + 𝑎15 = 𝑎11 + 𝑎16 

 

 

(15) 

(〈12,11,3,1〉 + 〈23,3,1〉∗ − 〈14,12,1〉∗) 

↑(2,10) 𝑆28ℎ𝑒𝑛𝑐𝑒𝑎20 ≥ 𝑎10 

 

(16) 

(〈14,12,1〉∗ − 〈12,11,3,1〉 + 〈12,9,3,2,1〉∗) 

↑(2,10) 𝑆28ℎ𝑒𝑛𝑐𝑒𝑎10 ≥ 𝑎20 ∴ 𝑎10 = 𝑎20 

 

(17) 

(〈13,10,3,1〉∗ − 〈14,13〉 + 〈24,3〉) 
↑(0,1) 𝑆28ℎ𝑒𝑛𝑐𝑒𝑎16 ≥ 𝑎9 

 

(18) 

(〈13,10,3,1〉 + 〈13,10,3,1〉′ − 〈13,11,3〉∗ + 

〈25,2〉 + 〈25,2〉∗) ↑(0,1) 𝑆28 ℎ𝑒𝑛𝑐𝑒𝑎16 ≥ 𝑎15 

 

(19) 

(〈14,12,1〉∗ − 〈12,9,3,2,1〉∗ + 〈12,11,3,1〉) 

↑(2,10) 𝑆28ℎ𝑒𝑛𝑐𝑒𝑎9 + 𝑎21 ≥ 𝑎16 

 

(20) 

(〈11,10,3,2,1〉∗ + 〈14,13〉 + 〈14,13〉′ + 

〈13,9,3,2〉 − 〈12,10,3,2〉) ↑(0,1) 𝑆28 

ℎ𝑒𝑛𝑐𝑒𝑎9 ≥ 𝑎20 

 

 

 

(21) 

then we get degrees𝜑1, 𝜑2 ≡ 0𝑚𝑜𝑑112 only when 𝜑1 +
𝜑2 = 𝑚(𝑑97 + 𝑑98),𝑚 ∈ {1,2}, so that 𝑐4 = 𝑑97 + 𝑑98. Since 

〈14,12,2〉 ≠ 〈14,12,2〉′ so 𝑐5 split or there are two columns 

𝜑1, 𝜑2. Let 𝑎10 ∈ {1,2, . . . ,9}, since 〈14,12,2〉 ↓ 𝑆27 ∩
〈14,8,3,2,1〉 ↓ 𝑆27 has no i.m.s then 𝑎12 = 0, in the same 𝑎13, 

𝑎14, 𝑎17, 𝑎18, 𝑎19,𝑎22…, 𝑎25 are equal to zero, then we get 

𝜑1 = 𝑎10〈14,12,2〉 + 𝑎11〈14,11,2,1〉
∗ + 𝑎15〈13,12,3〉 +

𝑎16〈13,11,3,1〉
∗ + 𝑎20〈12,11,3,2〉

∗ + 𝑎21〈12,10,3,2,1〉, 
𝜑2 = 𝑎10〈14,12,2〉

′ + 𝑎11〈14,11,2,1〉
∗ + 𝑎15〈13,12,3〉

′ +
𝑎16〈13,11,3,1〉

∗ + 𝑎20〈12,11,3,2〉
∗ + 𝑎21〈12,10,3,2,1〉

′. we 

must discuss all probabilities such that the degree 𝜑1, 𝜑2 ≡ 

0𝑚𝑜𝑑112, by maple program in appendix to help us and we 

find it are equal to 3667  probabilities, therefore, 

(〈11,10,3,2,1〉∗ + 〈14,13〉 + 〈14,13〉′ + 

〈13,9,3,2〉 − 〈12,10,3,2〉) ↑(0,1) 𝑆28 

ℎ𝑒𝑛𝑐𝑒𝑎21 ≥ 𝑎20 + 𝑎21 ∴ 𝑎20 = 0 

 

 

(22) 

and Eqs. (14-17) get degrees𝜑1, 𝜑2 ≢ 0𝑚𝑜𝑑112 

contradiction with Theorem 2.3. Then 𝑐5 = 𝑑99 + 𝑑100.Since 

〈13,12,3〉 ≠ 〈13,12,3〉′ so 𝑐6 = 𝑑107 + 𝑑108 or there are two 

columns 𝜑1, 𝜑2. Let 𝑎15 ∈ {1,2, . . . ,7} since 〈13,12,3〉 ↓ 𝑆27 ∩

〈13,9,3,2,1〉 ↓ 𝑆27 has no i.m.s so 𝑎17 = 0, the same way we 

get 𝑎17, 𝑎18, 𝑎19, 𝑎22…, 𝑎25 are equal to zero, then we get 

𝜑1 = 𝑎15〈13,12,3〉 + 𝑎16〈13,11,3,1〉
∗ + 𝑎20〈12,11,3,2〉

∗ +
𝑎21〈12,10,3,2,1〉,  
𝜑2 = 𝑎15〈13,12,3〉

′ + 𝑎16〈13,11,3,1〉
∗ + 𝑎20〈12,11,3,2〉

∗ +
𝑎21〈12,10,3,2,1〉

′.  

by maple program in appendix  we find it are equal to 44  

probabilities, therefore, 

(〈13,12,2〉∗ − 〈13,11,2,1〉 + 〈13,8,3,2,1〉∗) 

↑(3,9) 𝑆28ℎ𝑒𝑛𝑐𝑒𝑎15 ≥ 𝑎16 

 

(23) 

(〈13,11,2,1〉 − 〈13,12,2〉∗ + 〈24,2,1〉∗) 

↑(3,9) 𝑆28ℎ𝑒𝑛𝑐𝑒𝑎16 ≥ 𝑎15 ∴ 𝑎15 = 𝑎16 

 

(24) 

and Eq. (22) we get degrees𝜑1, 𝜑2 ≢ 0𝑚𝑜𝑑112 

contradiction with (Theorem 2.3.), then 𝑐6 = 𝑑107 + 𝑑108.  
〈13,9,3,2,1〉 ≠ 〈13,9,3,2,1〉′ so 𝑐7 = 𝑑111 + 𝑑112 or there are 

two columns 𝜑1, 𝜑2. Let 𝑎17 ∈ {1,2,3,4}. Since 〈13,9,3,2,1〉 ↓
𝑆27 ∩ 〈13,6,5,3,1〉 ↓ 𝑆27 has no i.m.s so 𝑎19 = 0, the same 

way we get 𝑎23, 𝑎25 are equal to zero, then we get 

𝜑1 = 𝑎17〈13,9,3,2,1〉 + 𝑎18〈13,7,4,3,1〉 + 𝑎20〈12,11,3,2〉
∗ 

+𝑎21〈12,10,3,2,1〉 + 𝑎22〈12,7,4,3,2〉 + 𝑎24〈11,7,4,3,2,1〉
∗  

𝜑2 = 𝑎17〈13,9,3,2,1〉
′ + 𝑎18〈13,7,4,3,1〉

′ + 

𝑎20〈12,11,3,2〉
∗ + 𝑎21〈12,10,3,2,1〉

′ + 𝑎22〈12,7,4,3,2〉
′ +

𝑎24〈11,7,4,3,2,1〉
∗,  

by maple program in appendix  we find it are equal to 967  

probabilities, therefore, 

(〈13,8,3,2,1〉∗ − 〈13,7,4,2,1〉∗ + 〈13,6,5,2,1〉∗) 

↑(3,9) 𝑆28ℎ𝑒𝑛𝑐𝑒𝑎17 ≥ 𝑎18 

 

(25) 

(〈13,7,4,2,1〉∗ − 〈13,8,3,2,1〉∗ + 〈13,11,2,1〉) 

↑(3,9) 𝑆28ℎ𝑒𝑛𝑐𝑒𝑎18 ≥ 𝑎17, ∴ 𝑎17 = 𝑎18 

 

(26) 

(〈13,6,4,3,1〉∗ + 〈11,6,3,2,1〉 − 〈12,6,4,3,2〉∗) 

↑(5,7) 𝑆28ℎ𝑒𝑛𝑐𝑒𝑎18 + 𝑎24 ≥ 𝑎22 

 

(27) 

(〈12,6,4,3,2〉∗ − 〈13,6,4,3,1〉 − 

〈11,6,4,3,2,1〉∗ + 〈14,6,4,2,1〉∗) ↑(5,7) 𝑆28 

ℎ𝑒𝑛𝑐𝑒𝑎22 ≥ 𝑎18 + 𝑎24, ∴ 𝑎22 = 𝑎18 + 𝑎24 

 

 

(28) 

(〈12,10,3,2〉 − 〈13,9,3,2〉 + 〈14,8,3,2〉) 

↑(0,1) 𝑆28ℎ𝑒𝑛𝑐𝑒𝑎20 + 𝑎21 ≥ 𝑎17 

 

(29) 

(〈13,9,3,2〉 − 〈12,10,3,2〉 + 〈13,11,3〉∗) 

↑(0,1) 𝑆28 ℎ𝑒𝑛𝑐𝑒𝑎17 ≥ 𝑎20 + 𝑎21, 
∴ 𝑎17 = 𝑎20 + 𝑎21 

 

 

(30) 

 

We get degrees𝜑1, 𝜑2 ≡ 0𝑚𝑜𝑑112 only when 𝜑1 + 𝜑2 =
𝑚(𝑑111 + 𝑑112),𝑚 ∈ {1,2,3,4}. So that 𝑐7 is split. 

〈13,7,4,3,1〉 ≠ 〈13,7,4,3,1〉′ so 𝑐8 = 𝑑113 + 𝑑114 or there are 

two columns.Let 𝑎18 ∈ {1,2, . . . ,6}. 
𝜑1 = 𝑎18〈13,7,4,3,1〉 + 𝑎19〈13,6,5,3,1〉 + 𝑎20〈12,11,3,2〉

∗ 

+𝑎21〈12,10,3,2,1〉 + 𝑎22〈12,7,4,3,2〉 + 𝑎23〈12,6,5,3,2〉 +
𝑎24〈11,7,4,3,2,1〉

∗ , 

𝜑2 = 𝑎17〈13,9,3,2,1〉
′ + 𝑎18〈13,7,4,3,1〉

′ + 

𝑎19〈13,6,5,3,1〉
′ + 𝑎20〈12,11,3,2〉

∗ 

+𝑎21〈12,10,3,2,1〉
′ + 𝑎22〈12,7,4,3,2〉

′ + 𝑎23〈12,6,5,3,2〉
′ +

𝑎24〈11,7,4,3,2,1〉
∗.  

by maple program in appendix  we find it are equal to  27794  

probabilities, therefore, 

 

(〈13,7,4,3〉 − 〈13,6,5,3〉) ↑(0,1) 𝑆28 

ℎ𝑒𝑛𝑐𝑒 𝑎18 ≥ 𝑎19 

 

(31) 

(〈13,6,5,3〉 − 〈13,7,4,3〉 + 〈13,9,3,2〉) 

↑(0,1) 𝑆28ℎ𝑒𝑛𝑐𝑒𝑎19 ≥ 𝑎18, ∴ 𝑎18 = 𝑎19 

 

(32) 
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(〈11,10,3,2,1〉∗ − 〈12,10,3,2〉

+ 〈13,10,3,1〉) ↑(0,1) 𝑆28ℎ𝑒𝑛𝑐𝑒0 ≥ 𝑎22 

 

(33) 

(〈12,9,3,2,1〉∗ − 〈12,7,4,3,1〉∗ + 〈12,6,5,3,1〉∗) 

↑(2,10) 𝑆28ℎ𝑒𝑛𝑐𝑒𝑎21 + 𝑎23 ≥ 𝑎22 

 

(34) 

(〈12,7,4,3,1〉∗ − 〈12,6,5,3,1〉∗ − 〈12,9,3,2,1〉∗

+ 〈14,12,1〉) ↑(2,10) 𝑆28 

ℎ𝑒𝑛𝑐𝑒𝑎22 ≥ 𝑎21 + 𝑎23, ∴ 𝑎22 = 𝑎21 + 𝑎23 

 

 

(35) 

(〈11,7,4,3,2〉∗ − 〈11,6,5,3,2〉∗ − 〈11,10,3,2,1〉∗

+ 〈〈13,11,3〉∗〉) ↑(0,1) 𝑆28 

ℎ𝑒𝑛𝑐𝑒𝑎22 + 𝑎24 ≥ 𝑎23 + 𝑎25 + 𝑎21 

 

 

(36) 

(〈11,6,5,3,2〉∗ + 〈11,10,3,2,1〉∗ − 〈11,7,4,3,2〉∗) 

↑(0,1) 𝑆28 ℎ𝑒𝑛𝑐𝑒𝑎25 + 𝑎23 + 𝑎21 ≥ 𝑎22 + 𝑎24, 
∴ 𝑎25 + 𝑎23 + 𝑎21 = 𝑎22 + 𝑎24 

 

 

(37) 

 (〈13,6,5,3〉 + 〈13,6,5,3〉′ − 〈11,6,5,3,2〉∗ +
〈10,6,5,3,2,1〉 + 〈10,6,5,3,2,1〉′) ↑(0,1) 𝑆28 

ℎ𝑒𝑛𝑐𝑒2𝑎19 + 𝑎25 ≥ 𝑎23 

 

 

(38) 

 

(〈11,6,5,3,2〉∗ − 〈13,6,5,3〉 + 〈13,6,5,3〉′ − 

〈10,6,5,3,2,1〉 − 〈10,6,5,3,2,1〉′ + 〈7,6,5,4,3,2〉 
+〈7,6,5,4,3,2〉′ + 〈14,6,5,2〉 + 〈14,6,5,2〉′) 

↑(0,1) 𝑆28 ℎ𝑒𝑛𝑐𝑒𝑎23 ≥ 2𝑎19 + 𝑎25, 
∴ 𝑎23 = 2𝑎19 + 𝑎19 

 

 

 

 

(39) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝜑1 = 𝑎20〈12,11,3,2〉
∗ + 𝑎21〈12,10,3,2,1〉 + 

𝑎22〈12,7,4,3,2〉 + 𝑎23〈12,6,5,3,2〉 + 𝑎24〈11,7,4,3,2,1〉
∗ +

𝑎25〈11,6,5,3,2,1〉
∗,  

𝜑2 = 𝑎20〈12,11,3,2〉
∗ + 𝑎21〈12,10,3,2,1〉

′ + 𝑎22〈12,7,4,3,2〉
′ 

+𝑎23〈12,6,5,3,2〉
′ + 𝑎24〈11,7,4,3,2,1〉

∗ + 𝑎25〈11,6,5,3,2,1〉
∗.  

by maple program in appendix  we find it are equal to  722  

probabilities, therefore, 

Frome Eqs.(33-37) we get degree𝜑1, 𝜑2 ≢ 0𝑚𝑜𝑑112. So 

that 𝑐9 is split. 
〈12,7,4,3,2〉 ≠ 〈127,4,3,2〉′ so 𝑐10 split or there are two 

columns 𝜑1, 𝜑2. Let 𝑎22 ∈ {1,2, . . . ,8}. 

𝜑1 = 𝑎22〈12,7,4,3,2〉 + 𝑎23〈12,6,5,3,2〉 + 𝑎24〈11,7,4,3,2,1〉
∗ 

then we get degree𝜑1, 𝜑2 ≢ 0𝑚𝑜𝑑112. So that 𝑐8 is split. 

Since 〈12,10,3,2,1〉 ≠ 〈12,10,3,2,1〉′ so 𝑐9 = 𝑑115 + 𝑑116  or 

there are two columns 𝜑1, 𝜑2. Let 𝑎21 ∈ {1,2, . . . ,10}. 
+𝑎25〈11,6,5,3,2,1〉

∗ 

𝜑2 = 𝑎22〈12,7,4,3,2〉
′ + 𝑎23〈12,6,5,3,2〉

′ +𝑎24〈11,7,4,3,2,1〉
∗ 

+𝑎25〈11,6,5,3,2,1〉
∗. 

by maple program in appendix  we find it are equal to  9  

probabilities, therefore, 

(〈12,7,4,3,1〉∗ − 〈12,6,5,3,1〉∗) 

↑(2,10) 𝑆28ℎ𝑒𝑛𝑐𝑒𝑎22 ≥ 𝑎21 

 

(40) 

Frome Eq.(34) we get degrees𝜑1, 𝜑2 ≡ 0𝑚𝑜𝑑112. only 

when 𝜑1 + 𝜑2 = 𝑚(𝑑119 + 𝑑120),𝑚 ∈ {1,2,3}. So that 𝑐10 is 

split.Using the information above, we divide 𝑐1 into 𝑐10 and 

then turn to Table 5. 

Case 5 Decomposition matrix for the blocks 𝑩𝟓 , B7 of type 

duble and B6 of type associte  as shown in the Tables 5. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Proof. By using(r, r̅)-inducing of p.i.s., 𝐷63, 𝐷65, 𝐷67, 𝐷75, 
𝐷73, 𝐷25, 𝐷37, 𝐷47, 𝐷48, 𝐷45, 𝐷46, 𝐷43, 𝐷44,  𝐷111, 𝐷113, 𝐷115, 
𝐷117, 𝐷119 for 𝑆27 to 𝑆28 gives 𝑑121, 𝑑122,…, 𝑑125, 𝑐1, 𝑐2, 
𝑑130, 𝑑131, …, 𝑑140, respectively. for 𝑆27 to 𝑆28. To find  𝑩𝟓,  

𝑩𝟕, since 

 degree {〈14,11,3〉 + 〈14,11,3〉′, 〈14,9,3,2〉∗, 
〈14,6,5,3〉∗} ≡ 99𝑚𝑜𝑑112, 

 degree {〈25,3〉∗, 〈14,10,3,1〉∗, 〈14,7,4,3〉∗} ≡
−99𝑚𝑜𝑑112, 

 degree {〈21,7〉∗, 〈11,10,7〉 + 〈11,10,7〉′, 
〈10,8,7,3〉∗} ≡ 99𝑚𝑜𝑑112, 

Table 5. Blocks 𝐵5, 𝐵6, 𝐵7 

Block Spin character Decomposition matrix 

𝑩𝟓 

〈25,3〉∗ 1                    

〈14,11,3〉 1 1                   

〈14,10,3,1〉∗  1 1                  

〈14,9,3,2〉∗   1 1                 

〈14,7,4,3〉∗    1 1                

〈14,6,5,3〉∗     1                

𝑩𝟔 

〈23,4,1〉      1               

〈23,4,1〉′       1              

〈15,12,1〉      1  1             

〈15,12,1〉′       1  1            

〈12,11,4,1〉∗        1 1 1 1          

〈12,9,4,2,1〉          1  1         

〈12,9,4,2,1〉′           1  1        

〈12,8,4,3,1〉            1  1       

〈12,8,4,3,1〉′             1  1      

〈12,6,5,4,1〉              1       

〈12,6,5,4,1〉′               1      

𝑩𝟕 

〈21,7〉∗                1     

〈18,10〉∗                1 1    

〈11,10,7〉                 1 1   

〈10,9,7,2〉∗                  1 1  

〈10,8,7,3〉∗                   1 1 

〈10,7,6,5〉∗                    1 

  𝑑121 𝑑122 𝑑123 𝑑124 𝑑125 𝑑126 𝑑127 𝑑128 𝑑129 𝑑130 𝑑131 𝑑132 𝑑133 𝑑134 𝑑135 𝑑136 𝑑137 𝑑138 𝑑139 𝑑140 
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 degree{〈18,10〉∗, 〈10,9,7,2〉∗, 〈10,7,6,5〉∗} ≡
−99𝑚𝑜𝑑112,  

and on(11, 𝛼)-regular classes 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Proof. Using (r, r̅)-inducing of p.i.s. 𝐷2, 𝐷9, 𝐷13, 𝐷17, 𝐷18, 

𝐷121, 𝐷122, ⋯ , 𝐷125 to 𝑆28 gives 𝑐1, 𝑐2, 𝑐3,… , 𝑐10, respectively. 

Since 〈21,5,2〉 ≠ 〈21,5,2〉′ and  〈21,5,2〉 ↓ 𝑆27 ∩ {〈13,10,5〉, 
〈11,10,5,2〉∗, 〈10,8,5,3,2〉, 〈10,7,5,4,2〉} ↓ 𝑆27 has no 

i.m.s.Then 𝑐1 = 𝑑141 + 𝑑142.  Since 〈13,10,5〉 ≠ 〈13,10,5〉′ 
then 𝑐2 split or there are two columns. Suppose there are 

columns: 

𝜙1 = 𝑎1〈16,10,2〉 + 𝑎2〈13,10,5〉 + 𝑎3〈11,10,5,2〉
∗ + 

𝑎4〈10,8,5,3,2〉 + 𝑎5〈10,7,5,4,2〉, 
𝜙2 = 𝑎1〈16,10,2〉

′ + 𝑎2〈13,10,5〉
′ + 𝑎3〈11,10,5,2〉

∗ 

+𝑎4〈10,8,5,3,2〉
′ + 𝑎5〈10,7,5,4,2〉

′ 

to describe it since 〈13,10,5〉 ↓ 𝑆27 has 12 of i.m.s and 𝑩𝟖 of 

defect one then we have 𝑎1, 𝑎2⋯𝑎5 ∈ {0,1}. Suppose 𝑎2 = 1, 

since 〈13,10,5〉 ↓ 𝑆27 ∩ {〈10,8,5,3,2〉, 〈10,7,5,4,2〉} ↓ 𝑆27 has 

no i.m.s. so 𝑎4, 𝑎5 = 0, but degree 𝜙1, 𝜙2 ≡ 0𝑚𝑜𝑑112 only 

when   

 

1. 〈14,11,3〉 = 〈14,11,3〉′ 
2. 〈14,6,5,3〉∗ = 〈14,7,4,3〉∗ − 〈14,9,3,2〉∗ +

〈14,10,3,1〉∗ − 〈14,11,3〉 + 〈25,3〉∗ 
3. 〈11,10,7〉 = 〈11,10,7〉′ 
4. 〈10,7,6,5〉∗ = 〈10,8,7,3〉∗ − 〈10,9,7,2〉∗ +

〈11,10,7〉 − 〈18,10〉∗ + 〈21,7〉∗ 
then ech blocks contains at 5. To find 𝑩𝟔 since  〈23,4,1〉 ≠
〈23,4,1〉′, and  〈23,4,1〉 ↓ 𝑆27 ∩ {〈12,11,4,1〉∗, 〈12,9,4,2,1〉, 
〈12,8,4,3,1〉, 〈12,6,5,4,2,1〉} ↓ 𝑆27 has no i.m.s then 𝑐1 =
𝑑126 + 𝑑127, also since 𝑩𝟔 of defect one then from (Theorem 

2.2 ) 𝑐2 must split to 𝑑128 + 𝑑129. Hence the decomposition 

matrix for this block is Table 5.  

Case 6. Decomposition matrix for the blocks 𝑩𝟖 , 𝑩𝟗 of type 

associte as shown in the Tables 8. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 𝑎1 = 𝑎2 = 1 and 𝑎3 = 0 ⇒ 𝑐2 = 𝑑143 + 𝑑144 or  

 𝑎1 = 0 and 𝑎2 = 𝑎3 = 1 ⇒ 𝑐3 = 𝑑145 + 𝑑146 

So 𝑐2 = 𝑑143 + 𝑑144. As since 𝑩𝟖 of defect one then from 

(Theorem 2.2 ) 𝑐3, 𝑐4 must splits to 𝑑145 + 𝑑146 and 𝑑147 +
𝑑148, respectively. Since 〈10,7,5,4,2〉 ≠ 〈10,7,5,4,2〉′ then 𝑐5 

must split to 𝑑149 + 𝑑150 then we get 𝑩𝟖. To find the blocks 

𝑩𝟗 since 〈21,4,3〉 ≠ 〈21,4,3〉′,〈21,4,3〉 ↓ 𝑆27 ∩  

{〈14,10,4〉, 〈11,10,4,3〉∗, 〈10,9,4,3,2〉, 〈10,6,5,4,3〉} ↓ 𝑆27 has 

no i.m.s then 𝑐6 = 𝑑161 + 𝑑162. Since 〈14,10,4〉 ≠ 〈14,10,4〉′ 
then 𝑐7 divided or there are two columns. Suppose there 

columns: 

𝜙1 = 𝑎1〈15,10,3〉 + 𝑎2〈14,10,4〉 + 𝑎3〈11,10,4,3〉
∗ +

𝑎4〈10,9,4,3,2〉 + 𝑎5〈10,6,5,4,3〉,  
𝜙2 = 𝑎1〈15,10,3〉

′ + 𝑎2〈14,10,4〉
′ + 𝑎3〈11,10,4,3〉

∗ 

+𝑎4〈10,9,4,3,2〉
′ + 𝑎5〈10,6,5,4,3〉

′,  

to describe it since 〈14,10,4〉 ↓ 𝑆27 has 7 of i.m.s and 𝐵9 of 

defect one then 𝑎1, 𝑎2⋯𝑎5 ∈ {0,1}. Suppose 𝑎1 = 1 (𝑎1 =
0 ⇒ 𝑐7 is split) since 〈14,10,4〉 ↓ 𝑆27 ∩ {〈10,9,4,3,2〉, 
〈10,6,5,4,3〉} ↓ 𝑆27 has no i.m.s. so 𝑎4, 𝑎5 = 0. But degree 

𝜙1, 𝜙2 ≡ 0𝑚𝑜𝑑112 only when   

 𝑎1 = 𝑎2 = 1 and 𝑎3 = 0 ⇒ 𝑐7 = 𝑑153 + 𝑑154 or  

 𝑎1 = 0 and 𝑎2 = 𝑎3 = 1 ⇒ 𝑐8 = 𝑑155 + 𝑑156 

 

 

Table 6. Blocks 𝐵8, 𝐵9 

Block Spin character Decomposition matrix 

𝑩𝟖 

〈21,5,2〉 1                    

〈21,5,2〉′  1                   

〈16,10,2〉 1  1                  

〈16,10,2〉′  1  1                 

〈13,10,5〉   1  1                

〈13,10,5〉′    1  1               

〈11,10,5,2〉∗     1 1 1 1             

〈10,8,5,3,2〉       1  1            

〈10,8,5,3,2〉′        1  1           

〈10,7,5,4,2〉         1            

〈10,7,5,4,2〉′          1           

𝑩𝟗 

〈21,4,3〉           1          

〈21,4,3〉′            1         

〈15,10,3〉           1  1        

〈15,10,3〉′            1  1       

〈14,10,4〉             1  1      

〈14,10,4〉′              1  1     

〈11,10,4,3〉∗               1 1 1 1   

〈10,9,4,3,2〉                 1  1  

〈10,9,4,3,2〉′                  1  1 

〈10,6,5,4,3〉                   1  

〈10,6,5,4,3〉′                    1 

  𝑑141 𝑑142 𝑑143 𝑑144 𝑑145 𝑑146 𝑑147 𝑑148 𝑑149 𝑑150 𝑑151 𝑑152 𝑑153 𝑑154 𝑑155 𝑑156 𝑑157 𝑑158 𝑑159 𝑑160 

 



Journal of Kufa for Mathematics and Computer             Vol.11, No.1, Mar., 2024, pp 70-82 

 

79 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Proof. Since     

 degree {〈19,9〉∗, 〈10,9,8,1〉∗, 〈9,8,6,5〉∗} ≡
110𝑚𝑜𝑑112 

 degree {〈20,8〉∗, 〈11,9,8〉 + 〈11,9,8〉′, 
〈9,8,7,4〉∗} ≡ −110𝑚𝑜𝑑112 

By using (4,8)-inducing of p.i.s. 𝐷126, 𝐷128, 𝐷130, 𝐷132, 𝐷134 

for 𝑆27 to 𝑆28, and from (11, 𝛼)-regular classes:   

1. 〈11,9,8〉 ≠ 〈11,9,8〉′ 
2. 〈9,8,6,5〉∗ = 〈9,8,7,4〉∗ − 〈10,9,8,1〉∗ + 〈11,9,8〉 − 

〈19,9〉∗ + 〈20,8〉∗ 
then we get blocks 𝑩𝟏𝟎.  To find blocks 𝑩𝟏𝟏,  𝑩𝟏𝟐, using 

(𝑟, �̅�)-inducing of p.i.s. 𝐷126, 𝐷127, 𝐷130, 𝐷132, 𝐷133, 𝐷134, 

𝐷135, 𝐷137 , 𝐷3, 𝐷8 , 𝐷12, 𝐷232, 𝐷233, 𝐷20to 𝑆28 gives 𝑑166, 

𝑑167, 𝑐1, 𝑐2, 𝑑172, 𝑑173, 𝑑174, 𝑑175, 𝑐3, 𝑐4, 𝑐5, 𝑑182, 
𝑑183, 𝑐6respectively. Since 〈12,9,7〉 ≠ 〈12,9,7〉′ 
〈12,9,7〉 ↓ 𝑆27 ∩ {〈9,8,7,3,1〉, 〈9,7,6,5,1〉} ↓ 𝑆27 has no i.m.s 

then 𝑐1 divided or there are two columns. Suppose there are 

two columns:  

So 𝑐7 = 𝑑153 + 𝑑154, also since 𝑩𝟗 of defect one then 𝑐8, 𝑐9 

must splits to 𝑑155, 𝑑156 and 𝑑157, 𝑑158, respectively. finally 

since 〈10,6,5,4,3〉 ≠ 〈10,6,5,4,3〉′ then 𝑐10 must split to 

𝑑159 + 𝑑160. Hence the decomposition matrix for this block is 

Table 6.  

Case 7. The decomposition matrix for the blocks 𝑩𝟏𝟎 of type 

duble and 𝑩𝟏𝟏, 𝑩𝟏𝟐 of type associte  as shown in the Tables 7. 

𝜙1 = 𝑎1〈18,9,1〉 + 𝑎2〈12,9,7〉 + 𝑎3〈11,9,7,1〉
∗,𝜙2 =

𝑎1〈18,9,1〉
′ + 𝑎2〈12,9,7〉

′ + 𝑎3〈11,9,7,1〉
∗, 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

to describe columns since 〈12,9,7〉 ↓ 𝑆27  has 8 of i.m.s and 

since 𝑩𝟏𝟏 of defect one then we have 𝑎1, 𝑎2, 𝑎3 ∈ {0,1}. 
Suppose 𝑎2 = 1 , but degrees𝜙1, 𝜙2 ≡ 0𝑚𝑜𝑑112 only when  

 𝑎1 = 𝑎2 = 1 and 𝑎3 = 0 ⇒ 𝑐1 = 𝑑168 + 𝑑169 or  

 𝑎1 = 0 and 𝑎2 = 𝑎3 = 1 ⇒ 𝑐2 = 𝑑170 + 𝑑171 

So 𝑐1 = 𝑑168 + 𝑑169. As since 𝑩𝟏𝟏 of defect one then 𝑐2 must 

splits to 𝑑170, 𝑑171 then we get block 𝑩𝟏𝟏. Since 〈20,5,3〉 ≠
〈20,5,3〉′ and 〈20,5,3〉 ↓ 𝑆27 ∩ {〈14,9,4〉, 〈11,9,5,3〉∗,
〈10,9,5,3,1〉, 〈9,7,5,4,3〉} ↓ 𝑆27 has no i.m.s then 𝑐3 = 𝑑176 +
𝑑177. Since 〈14,9,4〉 ≠ 〈14,9,5〉′ then 𝑐4 divided or there are 

two columns. Suppose there are two columns:  

𝜙1 = 𝑎1〈16,9,3〉 + 𝑎2〈14,9,4〉 + 𝑎3〈11,9,5,3〉
∗ +

𝑎4〈10,9,5,3,1〉 + 𝑎5〈9,7,5,4,3〉,  
𝜙1 = 𝑎1〈16,9,3〉

′ + 𝑎2〈14,9,4〉
′ + 𝑎3〈11,9,5,3〉

∗ +
𝑎4〈10,9,5,3,1〉

′ + 𝑎5〈9,7,5,4,3〉
′,  

 

to describe it since 〈14,9,4〉 ↓ 𝑆27 has 8 of i.m.s and since 𝑩𝟏𝟐 

of defect one then we have 𝑎1, 𝑎2⋯𝑎5 ∈ {0,1}. Suppose 

𝑎2 = 1, since 〈14,9,4〉 ↓ 𝑆27 ∩ {〈10,9,5,3,1〉, 〈9,7,5,4,3〉} ↓ 𝑆27 

has no i.m.s. so 𝑎4, 𝑎5 = 0. But degree 𝜙1, 𝜙2 ≡ 0𝑚𝑜𝑑112 

only when   

 𝑎1 = 𝑎2 = 1 and 𝑎3 = 0 ⇒ 𝑐4 = 𝑑178 + 𝑑179 or  

 𝑎1 = 0 and 𝑎2 = 𝑎3 = 1 ⇒ 𝑐5 = 𝑑180 + 𝑑181 

So 𝑐4 = 𝑑178 + 𝑑179. As since 𝑩𝟏𝟐 of defect one then 𝑐5 must 

split to 𝑑180, 𝑑181. finally since 〈9,7,5,4,3〉 ≠ 〈9,7,5,4,3〉′ then 

𝑐6 must split to 𝑑184, 𝑑185. Hence the decomposition matrix 

for this block is Table 7. 

Case 8. The decomposition matrix for the blocks 𝑩𝟏𝟑, 𝑩𝟏𝟓 of 

type duble  and 𝑩𝟏𝟒 of type associte as shown in the Tables 8. 

 

 

 

 

Table 7. Blocks 𝐵8, 𝐵9 

Block Spin character Decomposition matrix 

𝑩𝟏𝟎 

〈20,8〉∗ 1                         

〈19,9〉∗ 1 1                        

〈11,9,8〉  1 1                       

〈10,9,8,1〉∗   1 1                      

〈9,8,7,4〉∗    1 1                     

〈9,8,6,5〉∗     1                     

𝑩𝟏𝟏 

〈20,7,1〉      1                    

〈20,7,1〉′       1                   

〈18,9,1〉      1  1                  

〈18,9,1〉′       1  1                 

〈12,9,7〉        1  1                

〈12,9,7〉′         1  1               

〈11,9,7,1〉∗          1 1 1 1             

〈9,8,7,3,1〉            1  1            

〈9,8,7,3,1〉′             1  1           

〈9,7,6,5,1〉              1            

〈9,7,6,5,1〉′               1           

𝑩𝟏𝟐 

〈20,5,3〉                1          

〈20,5,3〉′                 1         

〈16,9,3〉                1  1        

〈16,9,3〉′                 1  1       

〈14,9,4〉                  1  1      

〈14,9,5〉′                   1  1     

〈11,9,5,3〉∗                    1 1 1 1   

〈10,9,5,3,1〉                      1  1  

〈10,9,5,3,1〉′                       1  1 

〈9,7,5,4,3〉                        1  

〈9,7,5,4,3〉′                         1 

  𝑑161 𝑑162 𝑑163 𝑑164 𝑑165 𝑑166 𝑑167 𝑑168 𝑑169 𝑑170 𝑑171 𝑑172 𝑑173 𝑑174 𝑑175 𝑑176 𝑑177 𝑑178 𝑑179 𝑑180 𝑑181 𝑑182 𝑑183 𝑑184 𝑑185 
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Proof.  To find 𝑩𝟏𝟑, 𝑩𝟏𝟓 Since   

 degree {〈15,9,3,1〉∗, 〈12,9,4,3〉∗, 
〈9,6,5,4,3,1〉∗} ≡ 88𝑚𝑜𝑑112 

 degree {〈20,4,3,1〉∗, 〈14,9,4,1〉∗, 〈11,9,4,3,1〉 
+〈11,9,4,3,1〉′} ≡ −88𝑚𝑜𝑑112 

 degree {〈19,6,2,1〉∗, 〈13,8,6,1〉∗, 〈11,8,6,2,1〉 
+〈11,8,6,2,1〉′} ≡ 66𝑚𝑜𝑑112 

 degree{〈17,8,2,1〉∗, 〈12,8,6,2〉∗, 
〈8,7,6,4,2,1〉∗} ≡ −66𝑚𝑜𝑑112 

By using (𝑟, �̅�)-inducing of p.i.s.𝐷29, 𝐷37, 𝐷43, 𝐷49, 𝐷59 , 

𝐷151, 𝐷152, 𝐷160, 𝐷162, 𝐷155 for 𝑆27 to 𝑆28, and since on 

(11, 𝛼)-regular classes:   

1. 〈11,9,4,3,1〉 = 〈11,9,4,3,1〉′ 
2. 〈9,6,5,4,3,1〉∗ = 〈11,9,4,3,1〉 − 〈12,9,4,3〉∗ 

+〈14,9,4,1〉∗ − 〈15,9,3,1〉∗ + 〈20,4,3,1〉∗ 
3. 〈11,8,6,2,1〉 ≠ 〈11,8,6,2,1〉′ 
4. 〈8,7,6,4,2,1〉∗ = 〈11,8,6,2,1〉 − 〈12,8,6,2〉∗ 

+〈13,8,6,1〉∗ − 〈17,8,2,1〉∗ + 〈19,6,2,1〉∗. 
then each block   contains at most 5 columns. To find block 

𝑩𝟏𝟒 using (𝑟, �̅�) −inducing of p.i.s. 𝐷146, 𝐷147, 𝐷148, 𝐷150, 

𝐷234, 𝐷235 of 𝑆27 to 𝑆28 gives 𝑐1, 𝑐2, 𝑐3, 𝑑197, 𝑑198, 
𝑐4,respectively. Since 〈19,7,2〉 ≠ 〈19,7,2〉′ and 〈19,7,2〉 ↓
𝑆27 ∩ {〈13,8,7〉, 〈11,8,7,2〉∗ , 〈10,8,7,2,1〉, 〈8,7,6,5,2〉} ↓ 𝑆27 

has no i.m.s then 𝑐1 = 𝑑191 + 𝑑192. Since 〈13,8,7〉 ≠ 〈13,8,7〉′ 
then 𝑐2 divided or there are two columns. Suppose there are 

two columns:  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝜙1 = 𝑎1〈18,8,2〉 + 𝑎2〈13,8,7〉 + 𝑎3〈11,8,7,2〉
∗ +

𝑎4〈10,8,7,2,1〉 + 𝑎5〈8,7,6,5,2〉,  
𝜙1 = 𝑎1〈18,8,2〉

′ + 𝑎2〈13,8,7〉
′ + 𝑎3〈11,8,7,2〉

∗ +
𝑎4〈10,8,7,2,1〉

′ + 𝑎5〈8,7,6,5,2〉
′,  

to describe it since 〈13,8,7〉 ↓ 𝑆27 has 4 of i.m.s and 𝐵12 of 

defect one then 𝑎1, 𝑎2⋯𝑎5 ∈ {0,1}. Suppose 𝑎2 = 1,since 
〈13,8,7〉 ↓ 𝑆27 ∩ {〈10,8,7,2,1〉, 〈8,7,6,5,2〉} ↓ 𝑆27 has no i.m.s. 

so 𝑎4, 𝑎5 = 0. But degree 𝜙1, 𝜙2 ≡ 0𝑚𝑜𝑑112 only when   

 𝑎1 = 𝑎2 = 1 and 𝑎3 = 0 ⇒ 𝑐2 = 𝑑193 + 𝑑194 or 

 𝑎1 = 0 and 𝑎2 = 𝑎3 = 1 ⇒ 𝑐3 = 𝑑195 + 𝑑196 

So 𝑐2 = 𝑑193 + 𝑑194. As since 𝑩𝟏𝟒 of defect one then 

𝑐3 = 𝑑195 + 𝑑196. finally since 〈8,7,6,5,2〉 ≠ 〈8,7,6,5,2〉′ then 

𝑐4 must split to 𝑑199 + 𝑑200. Hence the decomposition matrix 

for this block is Table 8. 

Case 9. The decomposition matrix for the blocks 𝑩𝟏𝟔 of type 

associte and 𝑩𝟏𝟕, 𝑩𝟏𝟖 of type duble as shown in Tables 9. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 8. Blocks 𝐵13, 𝐵14, 𝐵15 

Block Spin character Decomposition matrix 

𝐵13 

〈20,4,3,1〉∗ 1                    

〈15,9,3,1〉∗ 1 1                   

〈14,9,4,1〉∗  1 1                  

〈12,9,4,3〉∗   1 1                 

〈11,9,4,3,1〉    1 1                

〈9,6,5,4,3,1〉∗     1                

𝐵14 

〈19,7,2〉      1               

〈19,7,2〉′       1              

〈18,8,2〉      1  1             

〈18,8,2〉′       1  1            

〈13,8,7〉        1  1           

〈13,8,7〉′         1  1          

〈11,8,7,2〉∗          1 1 1 1        

〈10,8,7,2,1〉            1  1       

〈10,8,7,2,1〉′             1  1      

〈8,7,6,5,2〉              1       

〈8,7,6,5,2〉′               1      

𝐵15 

〈19,6,2,1〉∗                1     

〈17,8,2,1〉∗                1 1    

〈13,8,6,1〉∗                 1 1   

〈12,8,6,2〉∗                  1 1  

〈11,8,6,2,1〉                   1 1 

〈8,7,6,4,2,1〉∗                    1 

  𝑑186 𝑑187 𝑑188 𝑑189 𝑑190 𝑑191 𝑑192 𝑑193 𝑑194 𝑑195 𝑑196 𝑑197 𝑑198 𝑑199 𝑑200 𝑑201 𝑑202 𝑑203 𝑑204 𝑑205 
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Proof. To find block 𝑩𝟏𝟔 using (𝑟, �̅�)-inducing of p.i.s. 𝐷6, 

𝐷11, 𝐷13, 𝐷236, 𝐷237, 𝐷16 of 𝑆27 to 𝑆28 gives 𝑐1, 𝑐2, 𝑐3, 𝑑212, 
𝑑213, 𝑐4, respectively.  Since 〈19,5,4〉 ≠ 〈19,5,4〉′ and 

〈19,5,4〉 ↓ 𝑆27 ∩ {〈15,8,5〉, 〈11,8,5,4〉∗, 
〈10,8,5,4,1〉, 〈9,8,5,4,2〉} ↓ 𝑆27 has no i.m.s then 𝑐1 = 𝑑206 +
𝑑207. Since 〈15,8,5〉 ≠ 〈15,8,5〉′ then 𝑐2 divided or there are 

two columns. Suppose there are two columns:  

𝜙1 = 𝑎1〈16,8,4〉 + 𝑎2〈15,8,5〉 + 𝑎3〈11,8,5,4〉
∗ +

𝑎4〈10,8,5,4,1〉 + 𝑎5〈9,8,5,4,2〉,  
𝜙1 = 𝑎1〈16,8,4〉

′ + 𝑎2〈15,8,5〉
′ + 𝑎3〈11,8,5,4〉

∗ +
𝑎4〈10,8,5,4,1〉

′ + 𝑎5〈9,8,5,4,2〉
′.  

To describe columns since 〈15,8,5〉 ↓ 𝑆27 has 6 of i.m.s and 

since 𝑩𝟏𝟔 of defect one then we have 𝑎1, 𝑎2⋯𝑎5 ∈ {0,1}. 
Suppose 𝑎2 = 1, since  

 〈15,8,5〉 ↓ 𝑆27 ∩ {〈10,8,5,4,1〉, 〈9,8,5,4,2〉} ↓ 𝑆27 has no i.m.s. 

so 𝑎4, 𝑎5 = 0. But degree 𝜙1, 𝜙2 ≡ 0𝑚𝑜𝑑112 only when   

 𝑎1 = 𝑎2 = 1 and 𝑎3 = 0 ⇒ 𝑐2 = 𝑑208 + 𝑑209 or  

 𝑎1 = 0 and 𝑎2 = 𝑎3 = 1 ⇒ 𝑐3 = 𝑑210 + 𝑑211 

So 𝑐2 = 𝑑208 + 𝑑209, also since 𝑩𝟏𝟔 of defect one then 

𝑐3 = 𝑑210 + 𝑑211. Since 〈9,8,5,4,2〉 ≠ 〈9,8,5,4,2〉′ then 𝑐4 

must split to 𝑑214 + 𝑑215. Hence block 𝑩𝟏𝟔. To find blocks 

𝑩𝟏𝟕 and 𝑩𝟏𝟖, since   

 degree {〈17,7,3,1〉∗, 〈12,7,6,3〉∗, 
〈9,7,6,3,2,1〉∗} ≡ 88𝑚𝑜𝑑112 

 degree {〈18,6,3,1〉∗, 〈14,7,6,1〉∗, 〈11,7,6,3,1〉 
+〈11,7,6,3,1〉′} ≡ −88𝑚𝑜𝑑112 

 degree {〈18,5,3,2〉∗, 〈14,7,5,2〉∗〈11,7,5,3,2〉 + 

〈11,7,5,3,2〉′} ≡ 77𝑚𝑜𝑑112 

 degree {〈〈16,7,3,2〉∗, 〈13,7,5,3〉∗, 〈10,7,5,3,2,1〉∗} 
≡ −77𝑚𝑜𝑑112 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

By using (𝑟, �̅�) −inducing of p.i.s.𝐷166, 𝐷167, 𝐷175, 𝐷177, 𝐷170 

, 𝐷71, 𝐷75, 𝐷83, 𝐷91, 𝐷95 for 𝑆27 to 𝑆28 , and since on (11, 𝛼)-
regular classes:   

1. 〈11,7,6,3,1〉 = 〈11,7,6,3,1〉′ 
2. 〈9,7,6,3,2,1〉∗ = 〈11,7,6,3,1〉 − 〈12,7,6,3〉∗ +

〈14,7,6,1〉∗ − 〈17,7,3,1〉∗〈18,6,3,1〉∗ 
3. 〈11,7,5,3,2〉 = 〈11,7,5,3,2〉′ 
4. 〈10,7,5,3,2,1〉 = 〈11,7,5,3,2〉 − 〈13,7,5,3〉∗ +

〈14,7,5,2〉∗ − 〈16,7,3,2〉∗ + 〈18,5,3,2〉∗. 
then each block contains at most 5 columns so we get Table 9. 

 

4. CONCLUSIONS 
  In this research, the decomposition matrix of the  𝑆28 If the 

field characteristic is prime was found, which is equal to 

𝑩𝟏⨁𝑩𝟐⨁, . . . , ⨁𝑩𝟔𝟗, the decomposition matrix for the spin 

characters of the symmetric group is connected between the 

irreducible spin characters and the irreducible modular spin 

characters. We had to conduct multiple studies in order to 

have enough data to discover new properties and theorems 

because there isn't a general formula for studying the topic, 

especially when we prove the field and the change of groups. 

This is what previous researchers did when they looked at the 

division matrix at the field where the characteristic is 0.We 

used maple programming to see all correct probabilities. then 

examine irreducible modular spin characters, and lastly 

classify groups. 

 

 

 

 

Table 9. Blocks 𝐵16, 𝐵17, 𝐵18 

Block Spin character Decomposition matrix 

𝑩𝟏𝟔 

〈19,5,4〉 1                    

〈19,5,4〉′  1                   

〈16,8,4〉 1  1                  

〈16,8,4〉′  1  1                 

〈15,8,5〉   1  1                

〈15,8,5〉′    1  1               

〈11,8,5,4〉∗     1 1 1 1             

〈10,8,5,4,1〉       1  1            

〈10,8,5,4,1〉′        1  1           

〈9,8,5,4,2〉         1            

〈9,8,5,4,2〉′          1           

𝑩𝟏𝟕 

〈18,6,3,1〉∗           1          

〈17,7,3,1〉∗           1 1         

〈14,7,6,1〉∗            1 1        

〈12,7,6,3〉∗             1 1       

〈11,7,6,3,1〉              1 1      

〈9,7,6,3,2,1〉∗               1      

𝑩𝟏𝟖 

〈18,5,3,2〉∗                1     

〈16,7,3,2〉∗                1 1    

〈14,7,5,2〉∗                 1 1   

〈13,7,5,3〉∗                  1 1  

〈11,7,5,3,2〉                   1 1 

〈10,7,5,3,2,1〉∗                    1 

  𝑑206 𝑑207 𝑑208 𝑑209 𝑑210 𝑑211 𝑑212 𝑑213 𝑑214 𝑑215 𝑑216 𝑑217 𝑑218 𝑑219 𝑑220 𝑑221 𝑑222 𝑑223 𝑑224 𝑑225 
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Appendix(Maple Programming) 

Let approximation matrix for the block to the spin characters 

of  𝑆28 and field has characteristic 𝑝 = 11 
Degree Spin characters Approximation matrix 

D1 α 𝑎1  

𝐷1 α′  𝑎1 

𝐷2 γ∗ 𝑎2 𝑎2 

. . . . 

. . . . 

𝐷𝑖 δ 𝑎𝑖  

𝐴𝑖 δ′  𝑎𝑖 
  𝜑1 𝜑2 

𝑎𝑖 ∈ ℕ, ∀𝑖. To find discuss all probabilities such that the 

degree 𝑌1, 𝑌2 ≡ 0𝑚𝑜𝑑73. 

>P:=𝑝3; 

𝐴1 ≔ 𝐷1; 

𝐴2 ≔ 𝐷2; 

. 

. 

𝐴𝑖 ≔ 𝐷I; 

𝑆:= 0; 
𝑗: = 1; 
𝑓𝑜𝑟𝑎1𝑓𝑟𝑜𝑚0𝑡𝑜𝑛1𝑑𝑜 
𝑓𝑜𝑟𝑎2𝑓𝑟𝑜𝑚0𝑡𝑜𝑛2𝑑𝑜 
. 
. 
𝑓𝑜𝑟𝑎𝑖 𝑓𝑟𝑜𝑚0𝑡𝑜𝑛𝑖 𝑑𝑜 
𝑆:= 𝐴1 ∗ 𝑎1 +𝐴2 ∗ 𝑎2 +⋯+𝐴𝑖 ∗ 𝑎𝐼; 
𝐺:= 𝑚𝑜𝑑𝑝(𝑆, 𝑃); 
𝑖𝑓𝐺 = 0𝑡ℎ𝑒𝑛 
𝑝𝑟𝑖𝑛𝑡(𝑗, ′𝑎1′ = 𝑎1, ′𝑎2′ = 𝑎2, … , ′𝑎𝑖 ′ = 𝑎𝑖); 
𝑗: = 𝑗 + 1; 
𝑓𝑖; 
𝑆:= 𝑆; 
𝑜𝑑; 
𝑜𝑑; 
. 
. 
𝑜𝑑; 
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