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Abstract—This work considers the construction of the concept of distributive property for semimodules. Some
characterizations of this property, with some examples are given. Some conditions on semiring or semimodules (like
subtractive, semisubtractive, cancellative, and k-cyclic) are required to obtain interesting results. The main results are:
Any subsemimodule and factor semimodule of a distributive semimodule is distributive. Moreover, weakly distributive,
is also, introduced and investigated. It is found that the semimodule is distributive if and only if each subsemimodule is
weak distributive. Taking advantage of the supplemented concept to find some properties of distributive semimodule.
Finally, the summand sum and summand intersection properties for distributive semimodules with some conditions are

valid.
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I. INTRODUCTION

Throughout this paper, R represents a semiring and all
semimodules are left R-semimodules. The semimodule D is
called distributive if H; N (H, + H3) = (K, NH,) + (H N
) for all subsemimodules H;, H,, H; of D [1]. A semiring is
called arithmetical semiring if it is considered a distributive
semimodule over itself. This concept has not been studied
independently for semimodule but has been occasionally
referred to in some research, e.g. [1], [2]. This concept for
modules was studied in many papers, for example See [3], [4],
[5], and [6]. In this work, we study the structure and properties
of distributive semimodules. In section 2, some definitions and
facts that are important in our study will be given. In section 3,
some properties, characterizations of distributive semimodule,
and some examples of arithmetical semiring and distributive
semimodule are given. In section 4, the concept of weak
distributive semimodule and a relationship between distributive
semimodule and weak distributive semimodule are studied.
Moreover, a link between the supplement semimodules and
distributive semimodules, to get more results are investigated.
Also, by adding conditions, such as cancellative, and
semisubtractive, results about summand and direct summand are
obtained.

Il. PRELIMINARIES

In this section, we will present some definitions and remarks
that are needed in the next section.
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Definition 2.1: [7, p. 149] Let R be a semiring. A left R-
semimodule D is a commutative monoid (D, +, 0) for which
we have a function R X D: - D, define by (v, #) — v# such
that Vv, € R,and #,# € D, then

v(ﬁ+1§)=v#+v1§2
v+ NNfF=vi+ of
(v 0)f =v (v f)
Orf = 0p =v0p

Definition 2.2: [7, p. 150] Let D be R-semimodule and @ #
H < D, if H closed under addition and scalar multiplication,
then H is called a subsemimodule of D. The set of all
subsemimodules of D is denoted by L(D).

Definition 2.3: [7, p. 49] A semiring R is called yoked if
eachx, ¢ € R, thereexistsz € Rwherex +z =y ory +z =
X.

Definition 2.4: [8] Let R be a semiring. The intersection of
all maximal ideals of R is called the Jacobson radical of R and is
denoted by J(R).

Definition 2.5 [9] Let R be a semiring. The R-semimodule
D is called semisubtractive if each ¢, ¢4 € D, there existsg € D
whereo +g =gyory +g =o.
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Definition 2.6: [7, p. 49] Let R be a semiring. The R-
semimodule D is called cancellative if each #,4,and z € D,
f+y=4%+3theny =z

Definition 2.7: [10] Let R be a semiring, and .£ an ideal of
R. Ifs,8+n € L impliesn € L, for all s,n €R, then the
ideal £ is called subtractive. The semiring is called subtractive
if each ideals of R is subtractive.

Definition 2.8: [11] An R-subsemimodule X of R-
semimodule D is subtractive if 5,8 +n € K impliesn €
X, forall 8,7 € D. The semimodule D is called subtractive if
any X € L(D) is subtractive.

Definition 2.9: [12] An R-semimodule D is called k-cyclic
if any cyclic subsemimodule of D is subtractive.

Definition 2.10: [7, p. 164] Let D be an R-semimodule, F €
L(D), then F induces an R-congruence relation = on D called
the Bourne relation, defined by setting a =& b if and only if
there exist elements i and j of F suchthata+i=a+j.Ifa €
D then we write @/ instead of @/~ .. The factor semimodule

Z)/zyr is denoted by D/g_-.
Definition 2.11: [11] An R-subsemimodule 0; of an R-

semimodule D is called small (superfluous) if for any 0, €
L(D), with O, + 0, = D then 0, = D.

Definition 2.12: [13] An R-subsemimodule M of an R-
semimodule D is called large if M NG = 0, implies G = 0, for
all G € L(D). Expressed by M <€ D.

Definition 2.13: [9] An R-subsemimodule M of an R-
semimodule D is called the relative complement of F € L(D),
if M N F =0 and M is a maximal with this property.

Definition2.14:[7, p. 156]Let M and D be R-semimodules.
The map ; M — D is called a homomorphismifve,n €
M,s €R

1-n(e + n) = n(e) + n(n).
2-n(sn) = sn(n).

Definition 2.15: [14] For a homomorphism of R-
semimodules ii; B —» D we define :

1-n(B) = {n(e)l e € B}.

2-ker(n) = { e € B|n(e) = 0}

3-Im(n) = {k € DIk + n(e) = n(é) forsomee, é € B}.
4-is i — regular if i(B) = Im(B).

5- i is k — regular, if n(e) = n(é) impliese + h = é +
h for some h, h € ker(m).

6- Hom (B,D) = {n: B —» D | i is a homomorphism}.
7- End (B) = {n: B - B | i is a homomorphis}.

8- 1 is a monomorphism, if for any R - semimodules H and
‘B, a homomorphisms &, p € Hom(#,B) withnd =
np,then § = p. (mis injective if and only if itis a
monomorphism. [7, p. 169])

9- i is an epimorphism, if for any R - semimodules £ and a
homomorphism &, p € om( D ,H ) with 6 = p1, then § = p.

( o is surjective if and only if it is an epimorphism and
n(B) is subtractive [7, p. 169])

10- is an isomorphism if m is monomorphism and
epimorphism.

Definition 2.16: [7, p. 150] Let D be an R-semimodule,
and h, k € D we define :

1-Rh = {rh:r e R}
2- (Rh:k) = {r € R:rk € Rh}.
3-(0:h) =1l(h) ={reR:rh = 0}.

Lemma 2.17: [7, p. 156] LetD be an R-semimodule,
H,, H,, and H; € L(D) satisfying the conditions that #; S H,
and 7, is subtractive, then H, N (H;, + H3) = H; + (H, N
7-[‘3)-

Lemma 2.18: [11] Let R be a semiring. Then J(R) is small
inR.

Corollary 2.19: For a semiring R, every ideal subset of J(R)
is small in R.

Proof: By Lemma 2.18

I1l. SOME CHARACTERIZATIONS AND PROPERTIES OF
DISTRIBUTIVE SEMIMODULES

Consider an R-semimodule D and subsemimodules A, F,
and C of D. Wenotethat WnN (F+C) =(WnF) +
(W nce)isequivalenttoW + (FNC) =W+ F)n
(W + ¢)[1]. To see why, assume W N (F +C) = (W n
F) + (W n C). Then by hypothesis, we have (W + F) n
W+ =[W+F)nWl+[((W+F)nCl=w+
Wne)+(FnNEC) =W+ (FnC). Conversely, if we have
W+ EFNC)=W+F)n (W + C), then we have
WnFRA)+Wne)=[(WnF)+WIn[(WnF)+¢] =
wnlWnF)+Cl=Wn[(C+F)n(C+W)]=wWn
(F + ©). Therefore, proving either one of the equivalencies
above suffices to show that the semimodule is distributive.

Lemma 3.1: Let D be an R-semimodule, then

i) l(h+ k) € Rh:k) + Rk:h), forall h, k €D, if Disa
k — cyclic.

ii) I(h) € (Rk:h), forall h, k € D.

Proof:

i) Assume r € I[(h+ k),then r(h+k)=0=rh+rk,
thus rh,0 € Rh. By subtractive of Rh, then rk € Rh sor €
(Rh: k), thus r € (Rh: k) + (Rk: h).

ii) Assume r € l(h),then rh = 0, so rh € Rk and hence
r € (Rk: h).

Lemma 3.2: Let R be a yoked cancellative, and T a subtractive
ideal of R. If I(c) €1, c € R,and Rc = Ic, thenR = 1.

Proof:

If R = I, then there exists a € Rand a ¢ I, but ac = sc
for some s € 1. Since a, s € Rthere exists heR3a+h =
sors+h =a.lfa+ h = sthenac+ hc = sc,hence hc =0,
soh € I(c) 1, by subtractive a € 1, similarly if s + h = a.
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This is a contradiction, therefore R = I.

Lemma 3.3: Let R be a yoked, subtractive , cancellative, and
D a k —cyclic R -semimodule. If Rh+Rk =R(h + k) +
(Rh N Rk) forall h, k € D, then R = (Rh: k) + (Rk:h).

Proof:

Since Rh = Rh n (Rh + Rk), and by hypothesis so Rh =
Rhn[R(h+ k) + (RhNRk)]. By Lemma 2.17 we get Rh =
[ RknR(h+k)] + RRNRE). Since [RanR(h+ k)] +
RhNRk) = [(Rh: (A + k))(h + k)] + RRNRK) =
Rr:k)(h+k)]+ RRNRk) and RhNRk = Rh:k)k =
(Rk:h)h, then [(Rh:k)(h + k)] + RhNRk) = [(Rh:k) +
(Rk: h)]h. By Lemma 3.1 and Lemma 3.2, then R = (Rh: k) +
(Rk: h).

In the following theorem we give a characterization of
distributive R- semimodule.

Theorem 3.4: Let R be a semiring. Then D is a
distributive R- semimodule, if and only if R(h+k)=
(RhNR(h +k)) + Rk NR(h + k), forall b, k € D.

Proof:

Suppose that D is a distributive R - semimodule, and h,
k € U, then

R(h+k) = RR+Rk) NR(h+Kk)=(RhnR(h+k))+
(Rk nR(h + k)). Conversely, let Wy, W,, W; € L(D). It’s
clear W; n W)+ (W;nW,) € W; n (W, +W,), SO we
need to show the other direction W; n (W, + W,) € (W; n
W) + (W5 nW,).

Assume that z=h+k € Wy;n (W, + W,) where z €
W, h € W,,and k € W,, then Rz = R(h + k) by hypothesis
Rz=RhNRz)+ RkNRz)thenze W; N W) + (W; N
wW,).

Example 3.5: Let (R, +,.) be a semiring, where R
{0,1,2},and for all h, c € R, h+ ¢ = max{h,c}, h.k
min{h, c}.

Ifh=0,c=1, soR0O={0}, R1={0,1}, R(0+ 1) =
R1,thenR(h+¢) = (RANR(h +¢)) + ReNR(h +¢)) >
R1=RONR1+RINRLIfFAh=0,c=2,s0R0={0},R2 =
R R(0O+2)=R, thenR=RONR+R2NR. Ifh=1,c=
2,so0R1 ={0,1},R2 =R, R(1 +2) =R2,thenR =R2 =
R1NR+RNRByTheorem3.4,Risa
distributive R - semimodule.

Proposition 3.6: [12] Let D be an R - semimodule, Q is a
distributive an R—semimodule. If p,w € Hom (D,Q) arei —
regular. then,

)D= wtuw®d) + ptwlDd).

iNF=Fn o '(u@F)+ Fn p(w(F)),foranyF €
L(D) .

Proposition 3.7: If D is a k — cyclic distributive
R-semimodule, then R = (Rh: k) + (Rk:h), forall h, k € D.

Proof:
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Let§ £ € Hom(R,D) 2 €(1) = h,and £(1) = k.

£1ER) ={r eR:£(r) eRh} ={r e Rirk e Rh} =
(Rh: k), similarly E1£(R) = (Rk: h).

Since D is a k — cyclic, then §, £ are i — regular. By
Proposition 3.6 R = £71E[R) + £ £(R),implies thatR =
(Rh: k) + (Rk: h).

Theorem 3.8: Let R be a yoked, subtractive, cancellative, if

D is a subtractive R-semimodule, then the following are
equivalent:

i)R = (Rm:k) + Rk:m), forallm, k € D.

i) R(m+k)=RmnRm+k))+RknR(m +
k)), forall h, k € D.

iii) D isadistributive R - semimodule.
Proof: i «ii
R(m + k) = (RmnR(m + k) + Rk nR(m + k))

oR(m+k) = (Rm: (m+ k))(m +k)+ Rk:(m+
K)(m + k) & R(m + k) = [(Rm: (m + k)) + (Rk: (m +
kK)]m+ k) &R = [(Rm: (m + k)) + Rk: (m + k))] by
Lemma 3.1 and Lemma3.2.

ii— iii by Theorem 3.4 and iii— i by Proposition 3.7 .

Corollary 3.9: Let R be a yoked, subtractive, cancellative, if
D is a subtractive R -semimodule. Then

)If Rh+Rk=R(h+k)+ (RhnRk)for all h, k€D,
then D is distributive R - semimodule.

ii) If D is a distributive R - semimodule, and Rh N Rk =
0 where h, k € D, then I(h) + I(k) = R.

iii) If D is a distributive R - semimodule, and [(h) S
JR),h € D, then Rh is large in D.

Proof:
i) Itisdirect by using Lemma 3.3 and Theorem 3.8.

ii) If D is distributive R - semimodule, then by
Theorem 2.5,R = (Rh:k) + (Rk:h). Since (Rh:k) =
{freR:rkeRh}={reR:rk=0}=1(k), because
Rh N Rk = 0, similarly (Rk: h) = I(h).

iii) Assumethatl(h) € J(R),andIl(h)nU =0, ifk € U,
then Rh N Rk = 0. By (ii) then [(h) + (k) = R, but I(h)
is small in R by Corollary 1.22, so I(k) =R and k = 0,
hence U = 0, therefore, Rh <€ D.

Proposition 3.10: If D is a distributive R- semimodule,
and B € L(D). Then B has a unique relative complement.

Proof:

Assume that B;, B, € L(D) are relative complements of
B,thenBNB, =0ABNnB,=0. So, (BNB)+(Bn
B,) =0=BN (B, +B,), but B, (B, +B,),B, S(B, +
B,),but B,, B, are relative complements, then B, =(B; +
B,) =B,.
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Proposition 3.11: If D is a distributive R- semimodule,
and O € L(D), then

i) O is distributive.
i) D/O distributive if O is subtractive.

Proof:

i) Suppose that O is a subsemimodule of D,and W, H,P €
L(O) » W,H,P € L(D), but D is adistributive, then W n
H+P)=WnH)+WnP).

i) Let D/O the factor R- semimodule and
A A A
Yo "% "3 o€ L(D/O), where O C Ajer03) €
L(D), then
A A A A
( 1/0)“( 2/0"‘ 3/0)2( 1/0)”
(cﬂz+c}q3/ )=o‘llﬂ(cﬂz+cﬂ3)/ —
) ()
(cﬂlncﬂ2+cﬂlncﬂ3)/ _
0=

(UQ(UQI njz)/(3+(041 n043)/0 — (6'41/00042/0)4_
Von VO-

Proposition 3.12: If D is a uniserial R- semimodule, then
D is distributive.

Proof:
Let J;,J., J5 € L(U), since D is a uniserial , if

J1 €2 €T3 _’Jln(dz +<73):<71 =0 +Ji =
(J1 N Jo) + (J1 N J3), the rest of the possibilities are similar.
Therefore, then D is distributive.

Proposition 3.13: If D is a simple R- semimodule, then D
is distributive.

Proof: It’s clear.

Example 3.14: Let Q be any nonempty set then (P(Q),U,Nn)
is arithmetical semiring. Since the first operation of semiring is
union, and the intersection is distributive over the union in set
theory, then P(Q) is arithmetical.

Example 3.15: [13]Let R = {0, h, 1} define addition and
multiplication operations on R as follows.

)0 =01z = 1;

ii)l1+1 =14+h=1h+h=h
iii)0.0 =0.h=0,h.h =h.

Then (R, +,.) is a commutative semiring.

Let D = {0,1, h, k} with the same operations defined in R
and

1) OD = 0R=O'
k+k=kk+1=k+h=h
3)0.k=hk=01k=k
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It is easy to see that (D,+) is a distributive commutative
R-semimodule, through proof

R(c+v) = (Rc NR(c + v)) + RvnNR(c+v)) , for all
c,v €D.

Since RO = {0}, R1 = {0,1, h}, Rh = {0, h}, Rk = {0, k},
then,ifc=1,v=h,thenR(1+h) =R1=R1+Rh =
R1NRD) + RANRIL).Ifc =1,v =k, thenR(1 + k) =
Rh =Rh+{0} = R1NRh) + Rk NRK).Ifc = h,v =
k,thenR(h + k) = Rh = Rh + {0} = (Rh N RA) +
(Rk nRA).

Example 3.16:Let R = {0,1} be a boolean semiring [7],
recall that (a) = {an:n € N}. If D ={(0),(2),(4),(8)},
where (D,U) is a commutative monoid. Define multiplication
operation as follows: 0.a =0,1.a = a, for alla € D. Then
(D,V) is distributive R—semimodule because

Ml n (MZ + M3) = Ml n (Mz U M3) = (M1 n Mz) U
(M]_ n M3) = (Ml n Mz) + (Ml n M3), fOf a“
My, My, M3 € L(D).

Example 3.17: Let (N, +,.)be the semiring, with usual
operations, It is easy to see that (Z, +,) is
a distributive N- semimodule.

Example 3.18: The (Z,,+,,.,) is yoked semiring,
cancellative, and subtractive. Let (X,+)be commutative
monoid, where X ={0,1,2,....,k}, k€N, and h+k =
max{h, k} for all h, k € X. Define multiplication operation as
follows: 04,.k=0x and 1.k =k, for all k € X. Then the
Z,-semimodule X is subtractive and satisfies Theorem 3.8.

Definition 3.19: [7] If D,, and D, are R-semimodules,
the set D, [[D, = {(e,y):e € D;,y € D,} is an
R-semimodule with two operations of addition and scalar
multiplication on D;][D, setting (e;,y1) + (ey,v,) = (e; +
e;,¥1 +y,),and forall r € R, r(e,y) = (re, ry).

Remark 3.20: If D +# {0} isany R —semimodule, then B =
DIID is not a distributive R — semimodule.

Proof:

Letw # 0 € D imples that (w,w) € B, hence
R(w,w) € L(B), consider D]J{0}, and {0}][D € L(B),

R(w,w) n (DI{0} + {0}]ID) = R(w,w) N B = R(w,w),

R(w,w) n DII{0} + R(w,w) n {O}[ID = {(0,0)} +
{(0,0)} = {(0,0)}. Then B is not a distributive R —
semimodule.

Proposition 3.21: [12] Let y" be a k —regular
homomorphism from a subtractive R- semimodule D to R-
semimodule A.

i) If A is distributive, then y~2(MV + N,) = y~ (W) +
yTI (W), forany Vi, V; € L(A).

ii) If D is distributive, then y'(V; N NV,) = y(MV) N y(N;)
forany Vi, vV, € L(D).

Lemma 3.22: [14] Let D and A be R — semimodules, and
i € Hom (D, A). The following statements are equivalent:
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i) i is k — regular and Ker(n) = 0.
ii) m is a monomorphism

Proposition 3.23: Let D be a subtractive R—semimodule,
M any R-semimodule, and ' € Hom (D, M), then

i) If D is a distributive semimodule and d is k — regular,
then (D) is a distributive semimodule.

i)

If M is adistributive semimodule, and d is a
monomorphism, then D is distributive.

Proof:

i) Let H =d (A, K = 1(Ay), and S = " 1(A3) €
L(D) » d(H) = Ay, d(¥X) = A, and ds) = Az €
L(d(D)). Then

Ay N (A + Az) = dH) N () +  ((S)) =qFH) n
d(x + §), sinced € Hom (D, M)

= d(H n (K + §)) by Proposition 2.18.

=q((HNnK)+(FHNS)) =dH nXK) +
d(# n S)since D is a distributive

= q(#H) N dX) + (H) N d(S) = A N
A, + Ay N Az by Proposition 2.18

i) Let Q,P,and X € L(D), put G; =d(Q),G,
d(®) and G; = d(KX) € L(M), by monomorphism then

q‘—l(gl) = Q' q‘_I(QZ) = :P'and q‘_l(QS) = :}C! and Cf is k —
regular by Lemma 2.19 then
QNP +3)=d"(G) N (d7(G) +d7(G3) =
d1(G,) n d71(G, + G3) by Proposition 2.18
=q'(G: n G2+G3) =d"GinG, +

G, N G3) since M is a distributive

» =d (G NG) +d (G NGs) by
Proposition 2.18

=d G Nd(G) +d7'(G) N
d'(G)=9nP+9nK.

Corollary 3.24: Let D be subtractive R — semimodule,
M any R-semimodule, and £ € Hom (D, M), if £
isomorphism, then D is a distributive semimodule if and only
if M is a distributive semimodule.

Proof: It’s clear by using Proposition 3.23.

Proposition 3.25: Let D be R -semimodule. If for any two
elements x,y € D there aret,v,r,s ERsuchthatv +t =1,
tx = ry,and vy = sx, then D is a distributive semimodule.

Proof.

Assume that A,B,C € L(D) and u € AN (B +C). We
need to show that u€ (ANB+ANC). Let u=x+1y,
where x € B, y € C. By hypothesis, there are t,v € R such
that v+t =1, tx =1y so tx ERy, vy = sx so vy € Rx,
implies that vu =vx+vy ERuNRx S ANB and tu =
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tx+tyeRuNRyc ANC, and vut+tu=u€eANB+
AnNCc.

Proposition 3.26: Let {P},¢, be a family of subsemimodules
of a distributive semimodule D, and let P = Y;c; P;. Then

LBNYie; P = Yie)(BNnP) for any subsemimodule B of
D. However, the dual statement B + (N P;) =N;; (B +
P;) does not hold in general.

ii. If B is a subsemimodule of D such that B N Y,;c; P; # 0,
thenB N P; # 0 forsomei € 1.

iii. If {B};¢; is a family of subsemimodules of D such that B;
< P, then Xie; B; <€ Yie1 P

iv. IfB < P;, then B <® Y, P;
Proof.

(i) Letx € BN Y;c; P; , then there are finite set K < I, such
that x = Yiex 9i € B N Xiex Pi

since D is distributive then B N Y;ex Pi = Diex(BNP;) €
Yic:(BNP,). In the other direction by this example, let Z-
semimodule Z and B = (3) and P; = (2Y) for all natural number
i. Clearly, Z is a distributive semimodule. However, B +
(nP;) = (3) whereas N;¢; (B + P;) = Z.

(ii) follow from (i).

(iii) Let C be a nonzero subsemimodule of };c; P;, thenC N
YierP; =0 by (i) CnP; =0 for some j €1, in addition,
since B; is an essential P; then (C N P;) N B; # 0 hence € N
B; # 0 implies that (¥;;C) NB; #0 (since CNB;
subsemimodule of (3;c; ) NB; ) by distributive we get that
CNYe;B; # 0and Y B; is an essential of };¢; P;.

(iv) Follows from (iii).

Definition 3.27: [9] A subsemimodule K of semimodule D
is called closed if  has no proper essential extension in D.

Definition 3.28: [9]A subsemimodule K of a semimodule D
is said to be a closure of a subsemimodule V' in D, if X is closed
and JV essential in K.

Proposition 3.29.Let D be a distributive semimodule, and
H € L(D), then

i. H has a unique complement B in D, and B coincides with the
sum of all subsemimodules of D which have zero
intersection with .

ii. 7 has a unique closure A in D, and A coincides with the
sum of all essential extensions of  in D.

Proof.

(i) Let Q={B,€L(D):B,NH =0} and let B =
Y.g;eq Bi, by Proposition (3.26)(ii) then Yp.ecqB; NH =0,
hence B largest subsemimodule of D which has zero intersection

with £ and B is a unique complement (see [12], Proposition
2.10).

(i) Indeed, taking A = Y;c; A;, where X <¢ A;. By
Proposition (3.26)(v), H <¢ A. If we take A <¢ A’, then



Journal of Kufa for Mathematics and Computer

Vol.10, No.2, Aug., 2023, pp 57-63

H < A’, by the hypothesis A" = A hence A is closed in D.
Therefore, A is a unique closure of H in D.

Proposition 3.30. Let D be a distributive semimodule, and
T,G € L(D), then

iLIfgn T <¢T,theng<¢G+ 7.
ii. IfGisclosedinDandgn T <¢T,thenT C G.

iii. If G is closed in D and T is uniform, then either T < G or
GN T =0.

iv. The intersection of any two distinct closed and uniform
subsemimodules of D is equal to zero.

Proof.

(i) If we assume GN T <7, and it’s clear G <° G. By
Proposition (3.26)(iv)we getG+GN T =G <G+ 7.

(if) Since G isclosedand G N T <¢ T ,thenby (i) G <° G +
T <D,impliesthatG =G+ T, hence T c G.

(iii)Ifgn T # 0,then G N T <° T since T is uniform. By
(ii)then T c gG.

(iv) Follows from (iii)

IV. WEAK DISTRIBUTIVE SEMIMODULE

Let D be R-semimodule, and A € L(D). We shall
call A a weak distributive subsemimodule of D if A = (A N
H) + (A NK), for all H,K € L(D) such that H + K = D.
While D is a weak distributive if each A € L(D) is a weak
distributive subsemimodule.

Example 4.1: Let (R, +,.)be the semiring with identity, then
the R- semimodule R is weak distributive.

Proof:

If X € L(R),and R = A + B, for some A, B € L(R), we need
prove X S K NA+KNB.Sincel € Rthenl = s+ p, for
some 8 € A, p € B we have each £ € X implies that £.1 =
#(s+ p) = s+ fp, where £s €KX NA, and £p EKX N
B,hence £ e KX NA+ K NB.

Proposition 4.2: Let D be R- semimodule, D is a distributive
if and only if eachF € L(D) is weak distributive
R-semimodule.

Proof:

Let F € L(D) and Q,C € L(D), suchthat Q + ¢ =D, if D is
a distributive, than
FN@Q@+C)=FNQ+FNChenceFND=F=Fn
Q + F n C hence F is weak distributive.

In the other direction, let G, T, K € L(D), then
GNT+H)=¢NnT+H)NT+H)=[Gn T +XK)]n
T+GNn (T +K)]nK

=[@GNnTHNT+K]+[(GNK)N (T +

K]l=GnT)+(GnK), since GnT+K)eL(T +

K),and T + X is weak distributive .

Definition 4.3: [15] Let D be R-semimodule, and J,$ €
L(D). The subsemimodule J is called supplement of § in D if
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J+ S8 =D, and J is minimal with the property. That is, if F +
S=Dand F c J, then F = J. A semimodule D is called a
supplemented if each S € L(D) has a supplement in D.

The following Lemma mentioned in [15], will be proved under
different conditions.

Lemma 4.4: Let D be adistributive R-semimodule, and
T,L € L(D). Then T is a supplement of £ if and only if D =
L+TandT nLissmallinT.

Proof:

Assume that T is a supplement of £ and X € L(T"), where
TNL+X =T.Since D=L+7T by definition supplement
then D=L+ T NnL+X)=L+X and X =T by the
minimality of T°.

On the other hand, let D =L+ 7 and 7 n £ small in 7. To
prove that T is a supplement of £,
fCcTandD=L+C thenT=TnND=TNnL+C)=
TNL+TNC=TNL+C and C =T since T N L small
in T, hence T is a supplement of L.

Proposition 4.5: Let D be an R-semimodule, @, F,and A €
L(D). Then

Nf D=Q+F=Q+A and F is a weak distributive
subsemimodule, then D = Q + (F N A).

ii)If Q is a supplement of F and A, then Q is a supplement of
FNA.

iii) If D = A + B and B is a weak distributive subsemimodule,
then every supplement of A is contained inB.

Proof:

i)SinceD=Q+A,wehave F=FND=FnNn@Q+A) =
FnY+FnA).butD=Q+FthenD=Q+ (FnQ)+
FnNnA) =0+ FnNA).

ii)By hypothesisD =Q +F =Q + A, by Lemmadd 9Qn
Fand @ N A are small in @, since gNFNACSQnNF,then
QNFnNnCAissmallin Q. By Lemma4.4 Q is a supplement of
FnA.

iii) LetD = A + B,and O isasupplement of A inD, thenD =
A+0.HenceB=BNA+BnO and so
D=A+BNA+BnN0O=A+BnO thisimpliesBN O =
0 and 0 < B.

Definition 4.6: [15] A semimodule D is called an amply
supplement if wherever F + H = D, then F has a supplement
in D contained in H.

Theorem 4.7: If D is a distributive supplement
R-semimodule. Then D is an amply supplement, and every
subsemimodule has a unique supplement.

Proof:

LetD =M + 8,50 M has a supplement in D, say F . By
Proposition4.5 (iii) the subsemimodule F is contained in S.
Then D is an amply supplement.

Assume that t"is also a supplement of M in D, thenD = M +
F n X by proposition4.5 (i), by the minimality "= F.

Definition 4.8: [7] Let D be a R-semimodule, and £, L, €
L(D). D is called a direct sum of Land £, , if each u € D can
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be represented uniquelyasu = k + h,wherek € Land h € L,,
then we say that £ (similarly £,) is a direct summand of D, and
denoted by D = LDL, .

Lemma 4.9: [16] Let D be a cancellative, and semisubtractive
R- semimodule. If ¥, K, € L(D) are subtractive, X; + ¥, =

Proposition 4.10: Let D be a cancellative, semisubtractive,
and distributive R-semimodule, if A; and A, are direct
summands of D, then A; NA,and A, + A, are direct
summands of D.

Proof:

By hypothesis D = A ®H; = A,DH, for some H;, H, €
L(D).Hence A; = A; ND = A; N (A,®H,) = A; N A, +
A, NH,, since D = A, BH;, then D = (A NA) + (AL N
H, + H,), since A; N A, andA; N H, + H; are subtractive
(see Lemma2in[17])and (A, N A,) N(A; NH, + H;) =0,
hence A; N A, is direct summand by Lemma 3.10.

Now to prove that A, + A, is a direct summand of D, at first
A+ Ay, =A,ND+A,ND =A; NAy, +H, + Ay N
A+ H = A NAy+ A NHy + Ay N A+ Ay, NH,
Ay NAy + Ay NHy + Ay NHy = Ay 0 (Ay +Hy) +
A NH, =A,+ A NH,. Now we get D=A, +H, N
A+ H =A, +H,NA +H, NH, = (A +Ap) +
(H, N Hy), since (A, + A,), (H, N H,)are subtractive (see
Lemma 2 in [17]), and (A; + A,) N (H, N H;) =0 , then
A, + A, is direct summand of D by Lemma 3.10.

Proposition 4.11: If D = 7,®7, is asemimodule, and T; €
L(D) is subtractive and weak distributive, then D/T3

(71+Ta)/T o T2 +T3)/T'
3 3

Proof:
Assume that D = 7;@7,, then it’s clear that D/:T3

(7 + T:“)/TS (2t 73)/713. Now, we need prove the unique
representation of the elements of z)/73. Since T3 is weak

distributive, then 753 = (7; + T3) n (7, + 73), hence Vk €
T3,k = ky+k, where ky €T3, NT5,k, €T, NT;. Assume
that u+7; € 7-7/:713, assume u+7 = (h+t) +7% =

(h"'+ t) + 73...(*) Whereh ,h' € T, + Tzand t, t' € T, +
Ty itcanbeassumedthat h,h' € J;and t,t' € T,,then (h +
t)y + k= ((H+1t)+ k' for some k,k' € T3 by (x) k =
ki +k, and k' = k;"+ k,' such that k,,k," € 7; N T; and
ko ky, ET,NT;, then h + ky = h' + k', t+ k, =t +
k,' by unique representation of the elements of 7; @ 75, it
follows h+ ki =h+ k' t+k t' +k,
where k; k' k, ,k,' € T3, then h + I3 =h'+T7; and t +

T3 = t' + Ty, therefore 7-7/?3 =t T3)/T3 ot T3)/T3'
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