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Abstract—In this paper, we study formula for the backward doubly fuzzy stochastic differential equations
(BFDSDEs), In the beginning, we study some basic concepts, definitions, and Hypotheses to obtain the numerical
scheme for BFDSDEs, as our scheme depends on the partition of interval [0, T]. In our work, we prove that under
Lipschitz conditions, the approximation solution for the backward fuzzy doubly stochastic differential equations
converges to the exact solution by using mean square error, and prove the existence and uniqueness of approximations

solutions to BFDSDEs.
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1- INTRODUCTION

We are interested in studying the class of BFSDEs. We
present some research on stochastic differential equations.

Bodo, et al. [1] presented fundamentals of stochastic
calculus, stochastic differential equations, and applications. Mao
[2] provided a basic introduction to stochastic differential
equations and their applications to anyone who might be
interested in finding out more about them. Cortes et al. [3]
proposed the numerical solution of stochastic differential
equations using Scheme’s random Euler difference method.
Nouri and Ranjbar [4] used the Rung-Kutta method to prove
approximation solutions for stochastic differential equations
(SDE) in the presence of initial conditions. Elbarrimi and
Ouknine [5] proposed stability approximation solutions to
stochastic differential equations driven by continuous semi-
martingales.

We consider the BDSDES that have the following

X©O=&+ [ ¥(s. X(5), T())ds+ [ @ (s, X(5), () )dW(s)

- — [ T)dBE) (1)

Where {W(t),0 <t< T} and {B(t),0 <t<T } are two
independent Wiener processes defined on the complete
probability spaces (Q,,Y;, P;) and (Q,, Y, P,) respectively, and
T < oo is a finite time horizon with the natural filtration
(Y., 0 <t <T) and ¢ is a terminal condition such that E|¢|? <

30

oo. Clearly, two stochastic processes {(X(t),T'(t)),0 <t <T}
with values in R X R which is Y,- adapted and satisfies equation
(1), an adapted solution to the equation is said to be this pair.
Pardoux and Peng [6] proved the existence and uniqueness of
the adapted solution for BSDEs under the Lipschitz condition.
Peng [7] proved that a comparison theorem can be used to solve
one-dimensional backward stochastic differential equations
under Lipschitz conditions. Cao and Yan [8] and Liu and Ren
[9] also generalized this theorem. Zhao et al [10]introduced a
new numerical approach for BSDEs is presented, which uses the
Monte Carlo method to approximate mathematical expectation.
Falah and Liu [11] proposed the numerical method for backward
stochastic differential equations with non-Lipschitz coefficients.
Ma et al [12] proposed an effective numerical technique that
reduces the difficulty of building an approximate solution by
preventing discretized filtration from convergent to Brownian
filtration. Pardoux and Peng [13] presented a class for the
backward doubly stochastic differential equations and proved
the existence and uniqueness of the adapted solutions. Aman,
[14] proposed a numerical method for the class of BDSDES that
may have terminal values that depend on a path. Owo [15]
presented a result for the existence and uniqueness of backward
doubly stochastic differential equations whose coefficients
satisfy the stochastic Lipschitz condition. Matoussi and Sabbagh
[16] proposed a numerical solution for backward doubly
stochastic differential equations with random terminal time. Bao
et al [17] presented a numerical scheme for the BDSDES using
the splitting-up method.
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On the other hand, Stojakovic [18] demonstrated that fuzzy
random variables with values in separable Banach space exist
and are unique when the appropriate Lipschitz condition is met.
Kim [19] proved that this solution exists and is unique under
the appropriate Lipschitz condition. Malinowski [20] studied
fuzzy stochastic integrals and described some of their
characteristics. Also, he demonstrated the existence of solutions
to stochastic fuzzy differential equations governed by m-
dimensional Brownian motion. Nayak and Chakraverty
[21]proposed that The fuzzy stochastic Ito integral concept has
also been used to locate the precise method's solutions. To
handle the fuzzy numbers associated with the fuzzy stochastic
differential equations (FSDE), a numerical solution of the
FSDE to a broad methodology has been described. Malinowski
[22] demonstrated that a unique solution can be found for fuzzy
stochastic differential equations of decreasing fuzziness when
the necessary approximation sequences and coefficients are
used. In this work, we present some fundamental ideas and
presumptions for studying the backward fuzzy doubly
stochastic differential equations. Additionally, we go over the
approximate solution of BDFSDESs under Lipschitz conditions.

This paper is organized as follows: In Section 2, we introduce
some basic premises, spaces, and assumptions used to study the
approximate solution for BFDSDES. In section 3, we give some
basic definitions and concepts of fuzzy solutions of the
backward stochastic differential equations, In section 4, we
present a numerical scheme of BFDSDEs. In section 5, we
discussed that the approximate solutions of BFDSDESs converge
to the exact solution under the Lipschtiz condition and also the
existence and uniqueness of the approximate solution to the
above equation

2- PRELIMINARIES AND BASIC HYPOTHESES SELECTING A
TEMPLATE

In this section, we present some of the basic concepts,
spaces, and conditions used in the sequel [23] As a result, we
assume two independent standard &-dimensional Wiener
Processes {W(t),0 <t < T}and {B(t),0 <t <T }, defined
on the complete probability spaces (Q,,Y;, P;) and (Q,, Y, , P,),
respectively, and a finite time horizon T < co. We denote

YB =o{B()-B(s), s<r<t}, YWV=o{W(r),0 <r<t}.

Moreover, we consider Q = Q; X Q,, Y =Y;®Y, and P =
P, ® P,. Inaddition, we put Y, £ YV @ Y2, @ M,
where M is the collection of g-null sets of Y. That is to say, the
o-fields Y; , 0< t < T, be go-complete, and the family of o-
algebra Y = {Y};¢[o,r) b€ neither decreasing nor increasing, it
is not filtration. We assume the Euclidian norm |- | in R* and
R**% the following spaces are used

1- Let H2(R%) be the space of Y- predictable processes
X:Qx[0, T]—R"s.t. E [sup |X(t)|2] < oo,
0<t<T
2-  Let S3(R**%) be the space of Y-adapted processes I":

A x[0,T] — R8st E [ f0T|r(t)|2dt] < .
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The spaces HZ(R*) and S2(R**%) are done with the
norm  [IX12, = E[sup |X(t)|2] and [IT|
T 0<t<T

2

st
T 2 .

E [fo IT(t)] dt], respectively.

We consider the backward doubly stochastic

differential equations:

d(x@®) =¥(t,X@®),r@®)dt + (t, X(©), I (£))dW (¢)

—Ir'(t)dB(t) )

Where W and & are Borel measurable function and {W(t), 0 <
t < T} and {B(t),0 <t <T } be a §- dimensional Wiener
process, and ¢ is given Y,-a measurable random variable with
E[¢|? < oo,

Suppose that W:Q x [0,T] x R* x R**® — R* and &:Q x
[0,T] x R* — R**3 are jointly measurable and (X,I)€ R* x
R/1><5_

The following conditions are used:

(H,)

[P (X,.T,0-P (0.0 0) IP<K (X -X, [P+ -1 )
|(D(X1 9t)_(D(X23t) |2§K(|X1 -X, |2)

where K > 0, and for all t € [0,T],X,,X, € R* and I}, T, €
RJ.XS

(Hy)  [YXTPPV[eEX D> < KA + X+ [T1%)

where a V b = max {a, b}
(H,)

Theorem(2.1) [2] Let p = 2 and ® € M2 ([0, T]; R**®) such
that

E[|(t) - &(s)F] <K(t-s)

T
E (0] Pd 0.
UO| o)l s]<
then

P
E( sup )
0<t<T

Theorem (2.2) [2] (Gronwall’s inequality) Let T > 0 and C >
0. Let X(-) be a Borel measurable bounded nonnegative
function on [0, T], and let T'(-) be a nonnegative integrable
function on [0, T]. If

t
X() < C+f I'(s) X(s)ds
0

<

p3 p/Z p—2
- <2(p - 1))

t T
f ®(s)dWs T'7E [ |0(s)P ds
0 o

forall0<t<T
then

t
X(t) < Cexp <JX(s)ds) forall0<t<T
0

3-Fuzzy Solution of the Backward Stochastic Differential
Equations
Let n(R*) be the family of all compact, convex, nonempty
subsets R*. We denote the fuzzy set space of R* as B(R%), i.e.
the set of functions ¢: R* — [0,1] such that [¢]# € n(R*) for
every 8 € [0,1], where [¢]f ={a € R*:p(a) = B} for B €
[0,1] and [¢]° = {a € R*: p(a) > 0}. Assume (Q,,Y;, P;) and
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(Q,,Y,,P,) are probability spaces together with a filtration
{Ye}eeror), T € (0, ), observing the usual conditions.

A mapping X: @ — B(R*) such a variable is called a
fuzzy random variable, if [X]#: @ — n(R*) is an Y-measurable
multi-function for each g8 € [0, 1].

Definition (1): [20] Let (Q,Y,P) is a complete probability
space, we can say Y: Q@ — Y(R*) be fuzzy random variable if
for each € [0,1], [X]? : @ — n(R*) be an Y-measurable.

Definition (2): [20] A mapping X: [0,1] x @ — Y(R*) called a
fuzzy stochastic process, if the mapping X(¢t,.) = X(t):Q —
Y(R*) be a fuzzy random variable.

Definition (3): [20] A fuzzy stochastic process X be 8-
continuous if the mappings X(., W):[0,1] — Y(R*) be &,,-
continuous functions.

We consider the backward fuzzy doubly stochastic
differential equations as
dX(®="(t, X(t),F(t))dt+(D(t,X(t),F(t))dW(t)-F(t)dB(t)(3)
X(T)=&=§(X(T),I (1))
where  W:Q x [0,1] x R* x R**¢ x B(R*) — B(R*) and
Xr: Q — B(R%) is a fuzzy random variable
4-Numerical Scheme of the BDSDEs
In this section, we present a numerical scheme based on a
discretization of (1). Therefore, for each integern > 1 andt €

[0,T]. Assume 0 =t, <ty < ---.t, =T, be a partition of
[0, T] and denote

T
=At =ty -t=—,1<i<n,  AW(ti)=W(ti)-W(t)
n

AB(ti1)=B(ti1)-B(t)

where i = 0,1, ... ... ,n—1 and At = maxAt;. For the small
interval [t;, t;, 1], the BFDSDEs is following:

th=Xti+l+ftiti+1 [®(s, X(s),I'(s))]ds
+ [0 [@(s, X ()1 () ]dWs - [ T(s) dBs

Therefore, the approximation formula is

XE=XE AP(XP(0,07(0) 0 (X0 (0.7 (0 ) AW (i )-

ti+g

(0 AB(t;sy) ®)

with X(T) =&(T) on 0 <t < T, so we consider a class of
BFSDEs as follows:

Xi=g+ [ OT [#(s.x2 (5).17()) s+ [ OT [o(s.x2(s).7(s) )| aws

- T (5)dB(s) ©6)

Lemma (4.1). Assume the Lipschitz conditions are fulfilled,
then it holds that

E[ sup [X()*+ [ IT(s)|* ds]<M %
0<t<T
Proof. From the first part of inequality (7), we get that
T
IX (O =X (t)+ f [¥(s, X(s), T'(s))] ds
0
T
+J. [@(s, X(s), ['(s))]dW(s)
0
2

T
- fo I'(s)dB(s)|

By elementary inequality |a + b + ¢ + d|? <4(|a|?® + |b]|* +
[c|? + |d|?), we have that

IX(O7<4]X(0)|*+4 ?

f [#(s. X(9).7)]s

2
+4

2
+4

T
f I'(s)dB(s)
0

T
f [D(s, X(s), T(s) ] AW(s)
0

Taking the expectation and supremum, we obtain that

E [sup |X(t)|2] <4E sup |X(6)+

0<t<T 0<t<T

T
4(T)E sup f [|‘I’(s, X(s), F(s))|2] ds
0

0<t<T
| )

T
J [(D (s, X(s),F(s))]dW(s)
0
)

T
E[sup IX (O] | <4B[X(0)|*+4(T) f E|¥(s, X(s),[(s)]* ds
0<t<T 0

+4E ( sup

0<t<T

T
J- I'(s) dB(s)
0

+4E ( sup

0<t<T

By using theorem (2.1), we get that

2

23 \2 22 (T .
" (2(2-1)) T2E fo |D(s, X().T ()l ds

2
23 2 95 T

+H|——) T2 2

4<2(2_1)> T EJ(; |T(s)|“ds .

Using Lipschitz condition H, we have that

T
E [ sup |X(t)|2] <4E|X(T)|*+4(T)E J’ K (1+XP+TP) ds
0

0<t<T

T T
+16Ef K(1+|X|2+\F\2)ds+16f E|T(s)]* ds,
0 0

where K; = 4E|X(T)|?, we get that

E [sup |X(t)|2] <K, 4K (T)(1E|X[*+E[T]2)(T)
0<t<T
+16E[T(®)[*(T) (8)
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Now, we take the second part of inequality (7), we have that [sup |X(t)|p] <4P1f sup IX(0)|P
. T 0<t<T
EJ- IT(s)|? ds=f E|T(s)|?ds. +[4(T)]"'E sup f [¥(s, X(s),I'(s))|Pds
0 0 0<t<T Jo
- T p
Then, we obtain that +4p-1 E(sup f @(s, X(5),I'(s))dW(s) )
0<t<T |Jo
T 23 2 (T T P
EJj NP ds=EI ) [ ds ©) +4P'IE(sup [ reame > |
0<t<T |Jo

From equations (8) and (9) we obtain that
T Using theorem (2.1), we have that
E [sup |X(t)|2+f |F(s)|2ds] <K, +4K(T)(1+E|X|*+E[T|?)(T)
0<t<T
’ [sup |X(t)|p] <4 EIX(T) P+ [4(T)'E f (s, X(s).T())[Pds

0<t<T

+17E|T(0)|*(T).

p
- — 3 g
Let K= 4K(TY(1 + EIXI® + EII)(T) and K3 = 17EIM©)F +4r>-1( 2 ) (TTE f (s X().0 ()| ds

(T), we have that 2(p-1)
T -1 3
E [sup IX(O)*+ f IF(s)Izds] <K, +K,+Kj. i (2( 1)) M7 E f IT(s)lPds.
0<t<T 0
Choosing M=K, + K, + K, we get that By using the Lipschitz condition H,, we get that
T
T
E [OsupT IX(0)|*+ f |F(s)|2ds] <M E [os<ltl£"r IX(t)Ip] <4PTE|X(T) [P+[4(T)]"'E fo K(1+[X[P+|T[P)ds
<t< 0 ==
N
Lemma (4.2). Under Lipschitz conditions, for all p> 2, there 401 p Z(T)¥E fTK(1+|X|p+FP)ds
exists a positive constant M, and M, such that 2(p-1)
3
p-1 P
<t<
And Then
E((sup IF© ) <M, P
Ost<T E [sup |X(t)|P] <4PVE|X(T)[P+4>'K |(T)" '+ ( > (T2
Proof. 0<t<T 2(p-1)

T
IX O P=IX 0+ f W(s, X(s), [(s))ds ; 2

0 j E(1+|X|P+rp>ds+4p"( ) (MZE j IN(s)[Pds,
0 2(p-1)

T
N f (s, X(5),1'(s))dW(s) Let C,=4P""E|X(T)[P, we have that
0
| ]

T
+J(; I'(s)dB(s)| E [sup |X(t)|p] <C,+4"'K

0<t<T

(M (

By using elementary inequality |a + b + ¢ + d|P < D %
47=1(lal? + |b|P + |c|? + |d|P), we have that [ I+E[X[P+E[T[P)(T)+4> (2( 1)) (T) 2 EIT(S)IP(T)
1 1 ! ’ P
p p- p- > -2
IXOF=4"1XO+4 fo ¥(s.X().0())ds Let C, = 4P~ 1K[(T)p T+ (2(p )’ (T)pT] [1+EXP+
T P
40! f (5,X(s),I'(s) )dW(s) EIFlp](T)
0
T p and C3 = 41"1( p’ ) (T) 2 ElF(s)lp(T) we obtain that
+4p! f I'(s)dB(s) 2(p-
0

. . . , E[sup |X(t)|p] <C,+Cy+ C;.
Taking the expectation and supremum of the inequality above, 0<<T
we obtain that

Choosing M;_C; + C, + C;, we obtain that
33
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E[ max|X;()-X{'()|*] < 4Emax | X;()-X] ()|
E [sup 1X(®) |p] <M;. 1<i<n 1<i<n

0<t<T

“akmax(iet) [ ELXEOXOP + 1) - OIS

And consequently, we have that . iy
cakmax [ E[IXOXOPLO-TOFds
E(sup |F(t)|p) <M, 1sisn )y
0<t<T

4
+4 E[IT;(s) — IT*(s)|?] ds.
5-Main Result {rsli?r(nft_l [I5i(s) =) ds

The purpose of this section is to discuss approximation o N
solutions to the backward fuzzy doubly stochastic differential ~ Using Lipschitz condition H3, we have

equations E[ max |X;()-X"(6) 2] <4K (T)+ 4K(T+1
Theorem (5.1): Assume that the conditions (H, — H3) are [lsis)él {O-XTOF] 4R+ 4K(T+D)
fulfilled. Letw = 0 =¢t, < --- < t, = T be any partition of [0,
T] with |ﬂ|:gr<1£a<>;|ti —t;_4|, then there exists a constant A

depending only on T and K, such that

i

f E[IX,(5) — XP(s) [T (8)-T ) Plds
0

T
t. +4 [ B[0TI s,
E [max|X;0-X?OP+ L, [} IN6)-THe)Pds|<Alal  (10) 0

Proof. Forall te [0, T], from the first part of inequality (10), we then
obtain that E[ max|X;(6)-X (1) [2]1< 4K(T)+4K(T+1)
X, (0-x7 (D=1 x,(0-x7 (D] EIXi(s) = XP(s)[* + EIL (8)-TT (9 (T)

+4 E[IL,)-T7(s)°] (D).

Where K, = 4K, K, = 4K(T + DE[X;(s) — X"(s)|? +
E|Li(s) — I(s)|* and K3 = 4 E[|Ti(s) — [ (s)|?]

And |[tj=max|t; — t;_,| = T, we obtain that
0s<t<T

; f (5 X, (9) P (5. XM (6,19 ds
+ f | [(D(S,Xi (s).T; (s))-(l) (s,Xﬁ1 (s).I7 (s))]dW(s)
[ menemsel
i1 E[ rlggglxi(t)-x? O] <K, [n|+K; | +K 3|z (11)

By using elementary inequalityla + b + ¢ + d|? < 4(|a|?® + . .
Ib)iz + |Cg|z +1d|?), v)\//e ha\(/qe tha%/l | (Ial Now, we prove the second part of the inequality (10), and we get

that
1%, (0-X7 (O P<4|x,(0-x (O

L T
: > [ n@rieks- [ n@rers
i1 Gl 0

2
Taking expectations, we have that

+4

f‘ti [¥(s,Xi (). (8)-P(s,X](5),[7(s))]ds

+4

f i [@(5,X;(5),Ii(8))-@(5,X] (5),I7(s)) |dW (s)

2 E

n t T
> |ri(s>-r?(s>|2dsl - [ Er@rer s
0

+4 f '[0,(9)-T()] dB(s) L),

ti1
Using Lipschitz condition H;, we have that Then

1X:(O-XP (O <4]X,()-X7 (O +4(t-t 1)

R

i=1

1 ()T (o)1 ds

b1

=E|T()-T7 () *(T),

t
[ kix® - xr P + 1) - oPRIas
ti_
' Where K, = EITy(s) = T(s)|* And fi=max]t; —tiy| =T,
t; we obtain that o
+4f K[1X;(s) =X (s)|* + |T;(s) = [*(s)|*]|dWs|?

ti—1 n t

T3 (s)-I{(s)|*ds

o1 Vb1

E =Ky |nl, (12)

w4 [ Ir TR B

Taking the expectation and maximum inequality above, we
obtain that from (11) and (12), we get that

34
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LI, —¥(s,X"(s),I™(s))ds|?
B max|X,@-X7 0P+ ) [ INE-TI6)Rds| < Kl T )
& =i +4] [ [0EXEIE)- 06X @I ENWE |
N §
+4 f I'(s)-T"(s)]dB(s) | .
K || +Ks || +Ky m| 0 OB
then Taking expectations and using Lipschitz condition H;, we have
n that
ti n n
E gnaxlXi(t)—X?(t)|2+z ITi(s)-T7(s)2ds | < [K, + K, E|X(0)-X"()|*<4E|X(T)-X"(T)|>+4(T)
<i<n =t Jyy
T
E f K[IX()-X"(s)I* H"(s)-T () 1ds
+K3+K4]|T[| 0

Let constant A=K, +K, + K5 + K,, we have that T
HE [ KIXOX P OO
0

E

n tl
max XX Y. [ INE-THEPs

i=1 "Gl

T
<A ln] 4E f [I(s)-T(s)P] ds,
0

Theorem (5.2): consider that {X (t), I'(t)} be a solution of  using condition H;, we have that
equation (1) then the approximated solution {X™(¢t),I™(t)}

converges to {X(t),['(t)} in the sense that for all t€ [0, T] E|X(6)-X"(t)|><4K(T)+4K(T+1)
lim E|X(t)-X"(t)|*=0 T
= [ EIxOx P @m0

0

And

T
+4E fo [I0Gs)-T"(s)[] ds.

T
lim E f [T (s)-I"(s)|*ds=0
n—oo O

Let C; = 4K(T), and C, = 4K (T + 1), we obtain that

Proof. First, we prove that
T

i EXQ X000 EIXOX 0P €+ | EIXE - X@P
T 2 ! n 2
IX(t) _Xn(t)lz — |§_ £ +J [W(s,X(s),T(s) +|T'(s) —T™(s)|*]ds +4EJO [‘F(S)—r (s)| ]dS.
0 T And then
—W(s, X"(s), F"(s))]ds+J [@(s,X(s),I'(s))
T ° n ! n
“0(s,X" (), () 1AW (s) - f [F()-T"()] dB(s) | EIX(D-X"(0]*<C,+C, fo E[|X(s)-X"(s)|* ds,

0

for all t € [0, T] using theorem (2.2), we get that
By using elementary inequalityla+b + ¢+ d|? < 4(]al® +

[b]% + |c|? + |d|?), we have that lim E|X(t)-X"(t)|*=0.
T - -
IX(O)-X"(O)]? <4 | e-&n |2 n 4|J' [W(s, X(s),T(s)) And so, we obtain the following

—¥(s,X"(s), l""(s))dos|2

T
T limE | |T(s)-T"(s)|*ds=0
+4] f [D(5.X(5).[(S))- B(s.X" ()" (8))|dW(s) | - fo Irs)-r' e ds
0

T
+4 | f [[(s)-T"(s)] dB(s) |2’ Theorem (5.3): Suppose that the assumptions (H; — H;) are
0 fulfilled, then there exists a unique solution of the following
equation

Then

IXO-X"OP <4 X)X | + 4| f [W(s, X(s),T(s))
0
35
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T T
X(t)=é;+f kI’(s,X(s),F(s))derf CD(s,X(s),F(s))dW(s)
0 0
T
fo (F())dB(s)

Proof. Existence.
By using theorem (5.1), then there exist

X € H3(RY) I € SZ2(RM9)
Such that

and

lim (X",I™) =(X.I).

Then the (lemma (4.2)) and (theorem (5.2)) shows that
lim E|X"(t)-X(t)|* =0 0<t<T

Then by using a lemma (4.1), alemma (4.2), and a theorem (5.1),
we have the result.

Unigueness.

Let pair (X;,I;), where i=1, 2 is the solution of BFDSDESs by
theorem (5.2), we obtain that

lim E|X(0)-Xj(0]* =0
And

lim E[X()-X30]” =0
Now, we prove that

Lim E[X(£)-X3(t)|* =0
n—oo

OO P8+ [ 196 XT (6T
0
(s, X7 (s), T (s))]ds

T
n fo [0(s.X1(5).I7(s))
- (S,szl(s),l“rz‘(s))]dWs
T 2
+ f [[1(s)-T3(s)] dB(s)|%.
0

By elementary inequality |a+b + ¢+ d|? < 4(|a|? + |b|? +
[c]? + |d|?), we have that

X3 (8)-X5 () |*<4

T
&g "4 f [¥(s.X](s).](s))
0

T
W(s,X3(s).T3(s))]ds|? + 4] fo [D(5.X}(8).T1(S))
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2

T
—(s.X3(),T3(s))]dWs|2+4 f [[1()-T3(s)] dB(s)) .
0

Taking the expectation and using the condition Hy, & = X(T),
we have that

E|X](£)-X5(t) |P<4E[X}(T)-X5(T)+4(T)E

T
f KLX0 ()X 4T ()-2(5) P Jds
0
T
4E j KIIX3(8)-X3(8) [+ (8)-T3(s) [P AW (s)P
0
T
+4E f 6 (s) — I2(s) 12 [dB(S)]2.
0

Using condition H3, we have that

T
EIX](O)-X3(0)|? S4K(T)+4K(T)f E[IXT (s) — X3 (s)I?
0
+IIT(s) = I3 (9)|*]ds

T
14K f E[IX7(8)-X3(s) +T(8)-T3(s) ]ds
0

T
4 f EIT}()-T3(9)| ds,
0
then
T
EIX(0)-X3(6) 24K (T)+4K (T+1) ] E[IX1(5)-X3(s) 2
0

+HT1()-T2(3)°)ds

T
+4J EIT(s)-T5(s)|? ds.
0

Let C; = 4K(T) and C,=4K(T + 1), we get that

T
E[X]-X3]°<Ci+C, f E[1X}(s)-X5(s) [*+[7(s)-T5 (s) ] ds
0
T
+4 f E|[(s)-T5(s)|? ds.
0
Then E|X}-X5|*<C,+C, fo TEIX(5)-X2(s) |2ds,
for all t € [0, T]. Using theorem (2.2), we obtain that
lim E|X}(t)-X5(t)|* =0.

Hence, we getthat  X7'(t) = XJ(t)

And consequently, we obtain that

lim B[ (6)-I5(t)]*=0
n—oo
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CONCLUSION

In this work, we have introduced the BDFSDES and studied
that the approximate solution of backward double fuzzy
stochastic differential equations converges to the exact solution
under Lipschitz conditions using mean squared error. We also
discuss the existence and uniqueness of the approximate solution
of the BDFSDE.
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