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Abstract—In this paper we introduce the notions (L-𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦, two – sided limit shadowing, negative 

𝑙𝑖𝑚𝑖𝑡 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦, 𝑠𝑖𝑚𝑝𝑙𝑒 𝑡𝑤𝑜 –  𝑠𝑖𝑑𝑒𝑑 𝑙𝑖𝑚𝑖𝑡 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔  ) for fuzzy dynamical systems and  prove that 

properties (fuzzy 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦, fuzzy L-𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦, fuzzy two – sided limit shadowing) are 

invariant under fuzzy 𝑡𝑜𝑝𝑜𝑙𝑜𝑔𝑖𝑐𝑎𝑙 𝑐𝑜𝑛𝑗𝑢𝑔𝑎𝑡𝑖𝑜𝑛. 

Keywords— Fuzzy metric space, fuzzy dynamical system, fuzzy L-𝒔𝒉𝒂𝒅𝒐𝒘𝒊𝒏𝒈 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚, the fuzzy 𝒕𝒘𝒐 −
𝒔𝒊𝒅𝒆𝒅 𝒍𝒊𝒎𝒊𝒕 𝒔𝒉𝒂𝒅𝒐𝒘𝒊𝒏𝒈 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚, fuzzy negative 𝒍𝒊𝒎𝒊𝒕 𝒔𝒉𝒂𝒅𝒐𝒘𝒊𝒏𝒈 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚 , fuzzy h-shadow. 

I. INTRODUCTION 

Qualitative theory of 𝑑𝑦𝑛𝑎𝑚𝑖𝑐𝑎𝑙 𝑠𝑦𝑠𝑡𝑒𝑚𝑠 is the study of 
the long-term behavior of evolving systems under perturbations 
([2])[4].The evolution of a particular state of a dynamical system 
is related to its 𝑜𝑟𝑏𝑖𝑡𝑠. For this purpose we need to know the 
structure of these orbits by solving a 𝑠ystem of differential 
equations. If we cannot solve a system of differential equations 
analytically, then 𝑝𝑠𝑒𝑢𝑑𝑜 𝑜𝑟𝑏𝑖𝑡𝑠 are suggested as replacements 
for the 𝑜𝑟𝑏𝑖𝑡𝑠 [4]. 

The notion 𝑝𝑠𝑒𝑢𝑑𝑜 − 𝑜𝑟𝑏𝑖𝑡 𝑡𝑟𝑎𝑐𝑖𝑛𝑔 property, also known 
as 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔, are among the most important concepts in 
𝑡𝑜𝑝𝑜𝑙𝑜𝑔𝑖𝑐𝑎𝑙 𝑑𝑦𝑛𝑎𝑚𝑖𝑐𝑠 [1]. Also, the rest of the shadowing  
properties can be studied in the fuzzy dynamic 

In this paper we are going to use of 𝑓𝑢𝑧𝑧𝑦 distances to 
approximate the pseudo orbits and their 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 properties 
[4]. 

In section 2 we introduce the notions (fuzzy 𝐿 −
𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦,  fuzzy two – sided limit 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔, 
fuzzy negative limit ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 ) for fuzzy 
dynamical system. We prove that 𝑡ℎ𝑒𝑠𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠 (fuzzy 
shadowing property, fuzzy L-shadowing property ,fuzzy two–
sided limit shadowing) are invariant under fuzzy topological 
conjugacy. Also, the rest of the shadowing properties can be 
studied in the fuzzy dynamical system. 

 

 

II. PRELIMINARIES 

Definition 2.1[6] 

 A binary operation ∗ ∶ [0, 1] × [0, 1] → [0, 1] is called 
𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑡𝑟𝑖𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑛𝑜𝑟𝑚 (𝑡 − 𝑛𝑜𝑟𝑚) if ∗ satisfies the 
following conditions: 

1. ∗  is 𝑎 𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑣𝑒 𝑎𝑛𝑑 𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒; 

2. ∗  is  𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠; 

3. 𝑎 ∗  1 =  𝑎 for all 𝑎 ∈  (0, 1]; 

4. 𝑎 ∗  𝑏 ≤  𝑐 ∗  𝑑  𝑤ℎ𝑒𝑛𝑒𝑣𝑒𝑟  𝑎 ≤  𝑐 𝑎𝑛𝑑 𝑏 ≤  𝑑; 

5. If  𝑎 ∗  𝑏 =  𝑎 ∗  𝑐  𝑡ℎ𝑒𝑛  𝑏 =  𝑐. 

Properties 4 and 5 of 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑡 − 𝑛𝑜𝑟𝑚 imply that if  

𝑎 ∗  𝑏 ≤  𝑎 ∗  𝑐 then 𝑏 ≤  𝑐. 

Definition 2.2[5]  

A fuzzy 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 is a triple n (𝑋, 𝑀,∗) where 𝑋 is a 
non-empty set, ∗  is 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑡 − 𝑛𝑜𝑟𝑚 and 𝑀 ∶  𝑋 × 𝑋 ×
(0, ∞)  ⟶  [0, 1] is a mapping which has the following 
properties : 

For every 𝑥, 𝑦, 𝑧 ∈  𝑋 𝑎𝑛𝑑  𝓉, 𝑠 >  0: 

1. 𝑀(𝑥, 𝑦, 𝓉)  >  0; 

2. 𝑀(𝑥, 𝑦, 𝓉)  =  1 if and only if   𝑥 =  𝑦; 

3. 𝑀(𝑥, 𝑦, 𝓉)  =  𝑀(𝑦, 𝑥, 𝓉); 

4. 𝑀(𝑥, 𝑧, 𝓉 +  𝑠)  ≥  𝑀(𝑥, 𝑦, 𝓉)  ∗  𝑀(𝑦, 𝑧, 𝑠); 
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5. 𝑀(𝑥, 𝑦,·) ∶  (0, ∞)  ⟶  [0, 1]  is a continuous map.  

 

Definition 2.3 [5] 

 Let (𝑋, 𝑀,∗) be a fuzzy metric space. We define 𝑜𝑝𝑒𝑛 𝑏𝑎𝑙𝑙  

𝐵(𝑥, 𝑟, 𝓉)  with center 𝑥 ∈ 𝑋 and radius, 0 < 𝑟 < 1 as 

 𝐵(𝑥, 𝑟, 𝓉)  =  { 𝑦 ∈ 𝑋;  𝑀(𝑥, 𝑦, 𝓉) > l − 𝑟}. 

 

Result 2.4[5] 

Let (𝑋, 𝑀,∗) be a fuzzy 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒. Define  

𝜏 =  {𝐴 ⊂ 𝑋: 𝑥 ∈ 𝐴 ⇔ 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡 𝑡 > 0 𝑎𝑛𝑑 𝑟 ∈
(0, 1) 𝑠. 𝑡 𝐵(𝑥, 𝑟, 𝓉) ⊂  𝐴}.  

Then 𝜏 is a topology on  𝑋.  

 

Result 2.5[7]  

Let (𝑋, 𝑑) be a metric space. Then 𝑀(𝑥, 𝑦, 𝓉)  =

 𝑀𝑑(𝑥, 𝑦, 𝓉)  =  
𝓉

𝓉+𝑑(𝑥,𝑦)
 with the 𝑡 − 𝑛𝑜𝑟𝑚   𝑎 ∗ 𝑏 = 𝑎𝑏 is a 

fuzzy metric defined on 𝑋 (called standard 𝑓𝑢𝑧𝑧𝑦 metric space) 
and the 𝑡𝑜𝑝𝑜𝑙𝑜𝑔𝑦 𝜏𝑑 induced by the metric 𝑑 and the 
𝑡𝑜𝑝𝑜𝑙𝑜𝑔𝑦 𝜏𝑀 are the same. 

 

Definition 2.6 [4] 

A 𝑓𝑢𝑧𝑧𝑦 𝑚𝑎𝑝 𝑇: 𝑋 →  𝑋 is 𝑓𝑢𝑧𝑧𝑦 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑖𝑛 𝑥0, for 
each 0 < 𝜀 <  1 𝑎𝑛𝑑 𝓉 > 0 there is 0 < 𝛿 <  1 so that  for 
each  𝑥 ∈  𝑋  with  𝑀(𝑥0, 𝑦, 𝓉) >  1 –  𝛿, we deduce 
𝑀(𝑇 (𝑥0), 𝑇 (𝑦), 𝓉)  >  1 −  𝜀. 

 

Definition 2.7[4]  

We say that two 𝑓𝑢𝑧𝑧𝑦 𝑚𝑎𝑝𝑠  𝑇 ∶  𝑋1  →  𝑋1 𝑎𝑛𝑑 𝑔 ∶
 𝑋2  →  𝑋2 on fuzzy 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒𝑠 (𝑋1, 𝑀1,∗1) and 
(𝑋2, 𝑀2,∗2)  are 𝑡𝑜𝑝𝑜𝑙𝑜𝑔𝑖𝑐𝑎𝑙𝑙𝑦 𝑐𝑜𝑛𝑗𝑢𝑔𝑎𝑡𝑒 if there is a fuzzy 
ℎ𝑜𝑚𝑒𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚  ℎ ∶  𝑋1  →  𝑋2(𝑎 𝑓𝑢𝑧𝑧𝑦 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 
𝑏𝑖𝑗𝑒𝑐𝑡𝑖𝑜𝑛 map with fuzzy continuous inverse). 

 

Definition 2.8[4] 

 Let (𝑋, 𝑀,∗) be a 𝑓𝑢𝑧𝑧𝑦 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒. Let 𝑇 ∶  𝑋 →  𝑋 be 
a 𝑓𝑢𝑧𝑧𝑦 ℎ𝑜𝑚𝑒𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 on 𝑋.We say that 𝑇  has the 
𝑓𝑢𝑧𝑧𝑦 𝑝𝑠𝑒𝑢𝑑𝑜 − 𝑜𝑟𝑏𝑖𝑡 𝑡𝑟𝑎𝑐𝑖𝑛𝑔 property on 𝑋, if for each 𝜀 ∈
 (0, 1) 𝑎𝑛𝑑 𝑡 >  0, 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝛿 ∈  (0, 1) so that for a given 
sequence (𝑥𝑘)𝑘∈ℤ  ⊂  𝑋 with 𝑀(𝑇(𝑥𝑘), 𝑥𝑘+1, 𝓉) ≤ 1 − 𝛿  for 
every 𝑘 ∈ ℤ (called 𝛿 − 𝑝𝑠𝑒𝑢𝑑𝑜 𝑜𝑟𝑏𝑖𝑡) there is a point 𝑝 ∈  𝑋 

𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑀(𝑇𝑘(𝑝), 𝑥𝑘 , 𝓉) ≤ 1 − 𝜀 for every 𝑘 ∈ ℤ. 

 

Definition 2.9 [4] 

Let (𝑋, 𝑀,∗) be a 𝑓𝑢𝑧𝑧𝑦 metric space. Let 𝑇 ∶  𝑋 →  𝑋 be a 
𝑓𝑢𝑧𝑧𝑦 ℎ𝑜𝑚𝑒𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 on 𝑋.We say that  𝑇 has the 𝑓𝑢𝑧𝑧𝑦 
𝑙𝑖𝑚𝑖𝑡 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 on 𝑋, if for each 𝓉 >  0 and each 

𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒(𝑥𝑘)𝑘∈ℤ  ⊂  𝑋 with lim
𝑘→∞

𝑀(𝑇(𝑥𝑘), 𝑥𝑘+1, 𝓉) = 1 

𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑝 ∈  𝑋 so that  

 lim
𝑘→∞

𝑀(𝑇𝑘(𝑝), 𝑥𝑘 , 𝓉) = 1 . 

 

Definition 2.10 

Let (𝑋, 𝑀,∗) be a fuzzy 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 .Let 𝑇 ∶
𝑋 → 𝑋 a fuzzy ℎ𝑜𝑚𝑒𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚. We say that 𝑇 has fuzzy 𝐿 −
𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 if for every  0 < 𝜀 < 1, there exists 0 <
𝛿 < 1 such that for every sequence (𝑥𝑘)𝑘∈ℤ satisfying 
𝑀(𝑇(𝑥𝑘), 𝑥𝑘+1, 𝓉) ≤ 1 − 𝛿 for every 𝑘 ∈ ℤ,and 

lim
𝑘→∞

𝑀 (𝑇(𝑥𝑘), 𝑥𝑘+1, 𝓉) = 1, there is 𝑝 ∈ 𝑋  satisfying 

𝑀(𝑇𝑘(𝑝), 𝑥𝑘 , 𝓉) ≤ 1 − 𝜀 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑘 ∈ ℤ 

, lim
𝑘→∞

𝑀 (𝑇𝑘(𝑝), 𝑥𝑘 , 𝓉) = 1 . 

 

Definition 2.11 

Let  (𝑋, 𝑀,∗) be a 𝑓𝑢𝑧𝑧𝑦 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 .Let 
𝑇: 𝑋 ⟶ 𝑋 𝑎 ℎ𝑜𝑚𝑒𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚. We say that 𝑇  has the fuzzy 
two-sided limit 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 if every fuzzy 𝑡wo-sided 
limit 𝑝𝑠𝑒𝑢𝑑𝑜 − 𝑜𝑟𝑏𝑖𝑡 𝑖𝑠 𝑓𝑢𝑧𝑧𝑦 𝑡𝑤𝑜 − 𝑠𝑖𝑑𝑒𝑑 limit 𝑠ℎ𝑎𝑑𝑜𝑤. 

A sequence (𝑥𝑘)𝑘∈ℤ of point in 𝑋 is 𝑓𝑢𝑧𝑧𝑦 two-sided 

limit pseudo-orbit if it satisfies lim
𝑘→∞

𝑀(𝑇(𝑥𝑘), 𝑥𝑘+1, 𝓉) = 1 

A fuzzy 𝑡𝑤𝑜 − 𝑠𝑖𝑑𝑒𝑑 𝑙𝑖𝑚𝑖𝑡 𝑝𝑠𝑒𝑢𝑑𝑜 − 𝑜𝑟𝑏𝑖𝑡 is fuzzy 
𝑡𝑤𝑜 − 𝑠𝑖𝑑𝑒𝑑 𝑙𝑖𝑚𝑖𝑡 −  𝑠ℎ𝑎𝑑𝑜𝑤𝑒𝑑 if there is a point    𝑝 ∈
𝑋 such that   lim

𝑘→∞
𝑀(𝑇𝑘(𝑝), 𝑥𝑘 , 𝓉) = 1. 

 

Definition 2.12 

Let (𝑋, 𝑀,∗) be a fuzzy 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 and 
𝑇: 𝑋 → 𝑋 a homeomorphism .The fuzzy limit shadowing 
property for 𝑇−1 means the following: for every sequence 
(𝑥𝑘)𝑘∈ℕ0

 ⊂  𝑋 satisfying 

lim
𝑘→∞

𝑀( 𝑇−1(𝑥𝑘), (𝑥𝑘+1), 𝓉) = 1 

There exists 𝑝 ∈ 𝑋 satisfying 

lim
𝑘→∞

𝑀( 𝑇−𝑘(𝑝), (𝑥𝑘), 𝓉) = 1 

During the text we will need the following property: for 
every sequence(𝑥𝑘)𝑘∈−ℕ0

 ⊂  𝑋 (−ℕ0denotes the set of non-

positive integers) satisfying 

lim
𝑘→−∞

𝑀(𝑇−1( 𝑥𝑘), ( 𝑥𝑘−1), 𝓉) = 1 

There exists 𝑝 ∈ 𝑋 

lim
𝑘→−∞

𝑀(𝑇𝑘( 𝑝), ( 𝑥𝑘), 𝓉) = 1. 

 

Definition 2.13 

This property will be called fuzzy negative limit shadowing 
and the sequence (𝑥𝑘)𝑘∈−ℕ0

 will be called a fuzzy negative limit 

pseudo-orbit for 𝑇. We will say that  𝑝 fuzzy limit shadows 
(𝑥𝑘)𝑘∈−ℕ0

in the past and that (𝑥𝑘)𝑘∈−ℕ0
 is fuzzy limit shadowed 

in the past by 𝑝. 

 

 

Definition 2.14 
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For 𝑝, 𝑧 ∈  𝑋  and we consider the sequence(𝑥𝑘)𝑘∈ℤ defined 
by 

 𝑥𝑘 = {
𝑇𝑘(𝑧), 𝑘 ≥ 0;

𝑇𝑘(𝑝),   𝑘 < 0,
    

This sequence consists of the past 𝑜𝑟𝑏𝑖𝑡 𝑜𝑓 𝑝  and the future 
orbit of  𝑧. Sequence of this type will be called  𝑇  fuzzy simple 
𝑡𝑤𝑜 − 𝑠𝑖𝑑𝑒𝑑 𝑙𝑖𝑚𝑖𝑡 𝑝𝑠𝑒𝑢𝑑𝑜 − 𝑜𝑟𝑏𝑖𝑡𝑠. We say that 𝑇 has the 
fuzzy simple two-sided limit 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 when 
every fuzzy simple two-sided limit 𝑝𝑠𝑒𝑢𝑑𝑜 − 𝑜𝑟𝑏𝑖𝑡 is fuzzy 
two-sided limit 𝑠ℎ𝑎𝑑𝑜𝑤𝑒𝑑. 

III. MAIN RESULTE 

To prove the propositions, we first need the following 
𝑙𝑒𝑚𝑚𝑎. 

Lemma 3.1 [1] 

Let (𝑋1, 𝑀1,∗1) and (𝑋2, 𝑀2,∗2) be two fuzzy compact 
metric space and ℎ ∶ 𝑋1 →  𝑋2 be 𝑓𝑢𝑧𝑧𝑦 ℎ𝑜𝑚𝑒𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 
.For each 0 < 𝜀 < 1 there exists  0 < 𝛿 <1with the property 
 𝑀1(𝑥, 𝑦, 𝓉) > 1 − 𝛿, then 

𝑀2(ℎ(𝑥), ℎ(𝑦), 𝓉) > 1 − 𝜀. 

Proposition 3.2  

If 𝑇 ∶ 𝑋 → 𝑋 is fuzzy ℎ𝑜𝑚𝑒𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 then  𝑇 has fuzzy 
𝑙𝑖𝑚𝑖𝑡 𝑠ℎ𝑎𝑑𝑜𝑤  if and only if so does   𝑇−1. 

Proof: 

Let 𝑇  fuzzy limit shadow. Let the sequence {𝑥𝑘}𝑘∈ℤ ⊂ 𝑋 
satisfies  

lim
𝑘→∞

𝑀(𝑇(𝑥𝑘), 𝑥𝑘+1, 𝓉) = 1  … (1) 

There exists 𝑝 ∈ 𝑋  

lim
𝑘→∞

𝑀(𝑇𝑘(𝑝), 𝑥𝑘 , 𝓉) = 1  … (2) 

By 𝑚𝑚𝑎 3.1 , for every 𝜀 ∈ (0,1) there is 𝜀1 ∈ (0,1) 
𝑎𝑛𝑑 𝓉 > 0for ℎ  

Let 𝑔 = 𝑇−1 and the sequence {𝑦𝑘}𝑘∈ℤ ⊂ 𝑋  .To put 
{𝑥𝑘: 𝑥𝑘 = 𝑦−𝑘}𝑘0≥𝑘 

There is 𝑘0 ∈ ℕ such that 𝑀(𝑔(𝑦𝑘), 𝑦𝑘+1, 𝓉) > 1 − 𝜀 for 
𝑘 ≥ 𝑘0 

Then  

lim
𝑘→∞

𝑀(𝑔( 𝑦𝑘), 𝑦𝑘+1, 𝓉) = lim
𝑘→∞

𝑀(𝑦𝑘 , 𝑇(𝑦𝑘+1), 𝓉) 

= lim
𝑘→∞

𝑀(𝑇(𝑔( 𝑦𝑘), 𝑇(𝑦𝑘+1), 𝓉) 

= 1 

So there exists 𝑝 ∈ 𝑋 

lim
𝑘→∞

𝑀(𝑔(𝑝), 𝑦𝑘 , 𝓉) = lim
𝑘→∞

𝑀(𝑇−𝑘 (𝑝), 𝑥−𝑘 , 𝓉) = 1 

Hence 𝑇−1 has the fuzzy 𝑙𝑖𝑚𝑖𝑡 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦. 

Conversely, let 𝑇−1  fuzzy 𝑙𝑖𝑚𝑖𝑡 𝑠ℎ𝑎𝑑𝑜𝑤 .Let the sequence  

{𝑦𝑘}𝑘∈ℤ ⊂ 𝑋 satisfies 

lim
𝑘→∞

𝑀(𝑇−1(𝑦𝑘), 𝑦𝑘+1, 𝓉) = 1  … (1) 

There exists 𝑞 ∈ 𝑋  

lim
𝑘→∞

𝑀(𝑇−𝑘(𝑞), 𝑦𝑘 , 𝓉) = 1  … (2) 

By 𝐿𝑒𝑚𝑚𝑎 3.1, for every 𝜀1 ∈ (0,1) there is 𝜀 ∈ (0,1) 
𝑎𝑛𝑑 𝓉 > 0 for ℎ−1 . 

Let 𝑔 = 𝑇 and the sequence {𝑥𝑘}𝑘∈ℤ ⊂ 𝑋  .To put 
{𝑦𝑘 : 𝑦𝑘 = 𝑥−𝑘}𝑘0≥𝑘 

There is 𝑘0 ∈ ℕ such that 𝑀(𝑔(𝑥𝑘), 𝑥𝑘+1, 𝓉) > 1 − 𝜀1 for 
𝑘 ≥ 𝑘0 

Then  

lim
𝑘→∞

𝑀(𝑔( 𝑥𝑘), 𝑥𝑘+1, 𝓉) = lim
𝑘→∞

𝑀(𝑥𝑘 , 𝑇−1(𝑥𝑘+1), 𝓉)

= lim
𝑘→∞

𝑀(𝑇−1(𝑔( 𝑥𝑘), (𝑇−1(𝑥𝑘+1), 𝓉) = 1 

So there exists 𝑞 ∈ 𝑋 

lim
𝑘→∞

𝑀(𝑔𝑘(𝑞), 𝑥𝑘 , 𝓉) = lim
𝑘→∞

𝑀(𝑇𝑘 (𝑞), 𝑦−𝑘 , 𝓉) = 1 

Hence 𝑇 has the 𝑢𝑧𝑧𝑦 𝑙𝑖𝑚𝑖𝑡 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦.     □ 

 

Proposition 3.3 

A fuzzy homeomorphism  𝑇 𝑜𝑛 𝑎 𝑓𝑢𝑧𝑧𝑦 compact metric 
space 𝑋 has the fuzzy 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑙𝑖𝑚𝑖𝑡 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 
if and only if  𝑇−1 has the fuzzy 𝑙𝑖𝑚𝑖𝑡 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦. 

Proof: 

Suppose that  𝑇 has the fuzzy negative limit shadowing property. 

 Let  (𝑥𝑘)𝑘∈−ℕ0
 a fuzzy 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑙𝑖𝑚𝑖𝑡 𝑝𝑠𝑒𝑢𝑑𝑜 − 𝑜𝑟𝑏𝑖𝑡 

for 𝑇 satisfying 

lim
𝑘→−∞

𝑀(𝑇−1( 𝑥𝑘), 𝑥𝑘−1, 𝓉) = 1 

There exists 𝑝 ∈ 𝑋  

lim
𝑘→−∞

𝑀(𝑇𝑘(𝑝), 𝑥𝑘 , 𝓉) = 1 

The sequence  (𝑦𝑘)𝑘∈ℕ0
  is a fuzzy 𝑙𝑖𝑚𝑖𝑡 𝑝𝑠𝑒𝑢𝑑𝑜 − 𝑜𝑟𝑏𝑖𝑡 

for  𝑇−1 , (𝑥𝑘) = 𝑦−𝑘 

lim
𝑘→−∞

𝑀(𝑇−1( 𝑥𝑘), 𝑥𝑘−1, 𝓉) = lim
𝑘→−∞

𝑀(𝑇−1( 𝑦−𝑘), 𝑦−𝑘+1, 𝓉)

= 1 

Which implies that 

lim
𝑘→∞

𝑀(𝑇−𝑘( 𝑝), 𝑦𝑘 , 𝓉) = 1 

It follows that (𝑦𝑘)𝑘∈ℕ0
is fuzzy 𝑙𝑖𝑚𝑖𝑡 𝑠ℎ𝑎𝑑𝑜𝑤𝑒𝑑 for 𝑇−1 

and 𝑇−1 that has the fuzzy 𝑙𝑖𝑚𝑖𝑡 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦. 

Conversely, let 𝑇−1 has the fuzzy limit 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦. 
Let  (𝑦𝑘)𝑘∈−ℕ0

 a fuzzy negative limit 𝑝𝑠𝑒𝑢𝑑𝑜 − 𝑜𝑟𝑏𝑖𝑡 for 𝑇 

satisfying 

lim
𝑘→∞

𝑀(𝑇−1( 𝑦𝑘), 𝑦𝑘+1, 𝓉) = 1 

There exists 𝑝 ∈ 𝑋 

lim
𝑘→∞

𝑀(𝑇−𝑘( 𝑝), 𝑦𝑘 , 𝓉) = 1 

The sequence (𝑥𝑘)𝑘∈ℕ0
 is a fuzzy 𝑙𝑖𝑚𝑖𝑡 𝑝𝑠𝑒𝑢𝑑𝑜 − 𝑜𝑟𝑏𝑖𝑡 for  

𝑇 , 𝑦𝑘 = 𝑥−𝑘 

lim
𝑘→∞

𝑀(𝑇−1( 𝑦𝑘), 𝑦𝑘+1, 𝓉) = lim
𝑘→∞

𝑀(𝑇−1( 𝑥−𝑘), 𝑥−𝑘−1, 𝓉) = 1 

Which implies that  

lim
𝑘→−∞

𝑀(𝑇𝑘( 𝑝), 𝑥𝑘 , 𝓉) = 1 

Hence 𝑇 has the 𝑧𝑧𝑦 𝑙𝑖𝑚𝑖𝑡 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦.   □ 
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Proposition 3.4  

Let (𝑋1, 𝑀1,∗1) and (𝑋2, 𝑀2,∗2) be two fuzzy compact 
metric spaces. Let 𝑇 ∶  𝑋1 → 𝑋1 𝑎𝑛𝑑 𝑔 ∶  𝑋2 →  𝑋2 be two fuzzy 
ℎ𝑜𝑚𝑒𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚𝑠 and ℎ ∶  𝑋1  →  𝑋2 be a conjugation 
between  𝑇  and 𝑔.Then 𝑇   has fuzzy 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 if 
and only if  𝑔 is too. 

Proof: 

𝐿𝑒𝑡  𝑇 has fuzzy 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 .By 𝐿𝑒𝑚𝑚𝑎 3.1 , 
for every 𝜀 ∈ (0,1) there is 𝜀1 ∈ (0,1) for ℎ  .From the fuzzy 
𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 there is 𝛿1 ∈ (0,1) with property that  
every 𝛿1-𝑓𝑢𝑧𝑧𝑦 𝑝𝑠𝑒𝑢𝑑𝑜 𝑜𝑟𝑏𝑖𝑡 (𝑥𝑘)𝑘∈ℤ of  𝑇  can be 𝜀1-
fuzzy 𝑡𝑟𝑎𝑐𝑒𝑑 by some point in  𝑋1. 

𝑀1(𝑇(𝑥𝑘)), 𝑥𝑘+1, 𝓉) ≥ 1 − 𝛿1. 

 Let  0 < 𝛿 < 1  satisfies 𝐿𝑒𝑚𝑚𝑎 3.1 for 𝛿1 and ℎ−1 

Given {𝑦𝑘}𝑘∈ℤ ⊂ 𝑋2 .To do this put 𝑥𝑘 = ℎ−1(𝑦𝑘) for 𝑘 ∈
ℤ  

We have 

𝑀1(𝑇(𝑥𝑘)), 𝑥𝑘+1, 𝓉) = 𝑀1(ℎ−1(𝑔(𝑦𝑘)), ℎ−1(𝑦𝑘+1), 𝓉) 

= 𝑀2(𝑔(𝑦𝑘)), 𝑦𝑘+1, 𝓉) ≥ 1 − 𝛿  for 𝑘 ∈ ℤ, 

 (𝑥𝑘) is a 𝛿1-𝑓𝑢𝑧𝑧𝑦 𝑝𝑠𝑒𝑢𝑑𝑜 𝑜𝑟𝑏𝑖𝑡 for 𝑇 and for 𝑘 ∈ ℤ.     

𝑀1(𝑇𝑘(𝑦), 𝑥𝑘+1, 𝓉) ≥ 1 − 𝜀1. 

For some 𝑝 ∈ 𝑋1 .therefor, for 𝑘 ∈ ℤ it follows that  

𝑀1(𝑇𝑘(𝑝), 𝑥𝑘+1, 𝓉) = 𝑀2(ℎ(𝑇𝑘(𝑝)), ℎ(𝑥+1), 𝓉) 

= 𝑀2(𝑔𝑘(ℎ(𝑝)), 𝑦𝑘 , 𝓉) ≥ 1 − 𝜀. 

Hence 𝑔 has the fuzzy 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦. 

Conversely, let 𝑔 has the 𝑧𝑧𝑦 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦. By 
𝐿𝑒𝑚𝑚𝑎 3.1, for every 𝜀1 ∈ (0,1) there is 𝜀 ∈ (0,1) for  
ℎ−1.From the fuzzy sℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦  there is 𝛿 ∈ (0,1) 
𝑤𝑖𝑡ℎ 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑡ℎ𝑎𝑡 𝑒𝑣𝑒𝑟𝑦 𝛿 –𝑓𝑢𝑧𝑧𝑦 𝑝𝑠𝑒𝑢𝑑𝑜 𝑜𝑟𝑏𝑖𝑡 (𝑦𝑘)𝑘∈ℤ 
of 𝑔 can be 𝜀-𝑓𝑢𝑧𝑧𝑦 𝑡𝑟𝑎𝑐𝑒𝑑 by some point in 𝑋2.  

𝑀2(𝑔(𝑦𝑘), 𝑦𝑘+1, 𝓉) ≥ 1 − 𝛿  for 𝑘 ∈ ℤ 

Let  0 < 𝛿1 < 1  satisfies 𝐿𝑒𝑚𝑚𝑎 3.1 for   and  ℎ. 

Given {𝑥𝑘}𝑘∈ℤ ⊂ 𝑋1 .To do this put 𝑦𝑘 = ℎ(𝑥𝑘) for 𝑘 ∈ ℤ  

We have 

𝑀2(𝑔(𝑘), 𝑦𝑘+1, 𝓉) = 𝑀2(ℎ(𝑇(𝑥𝑘)), ℎ(𝑥𝑘+1), 𝓉) 

𝑀1(𝑇(𝑥𝑘), 𝑥𝑘+1, 𝓉) ≥ 1 − 𝛿1 

(𝑔𝑘)  is a 𝛿- 𝑓𝑢𝑧𝑧𝑦 𝑝𝑠𝑒𝑢𝑑𝑜 𝑜𝑟𝑏𝑖𝑡 for 𝑔 and so for 𝑘 ∈ ℤ.  

𝑀2(𝑔𝑘(𝑞), 𝑦𝑘 , 𝓉) ≥ 1 − 𝜀 . 

For some  𝑞 ∈ 𝑋2, therefore 

𝑀2(𝑔𝑘(𝑞), 𝑦𝑘+1, 𝓉) = 𝑀1(ℎ−1(𝑔𝑘(𝑞)), ℎ−1(𝑥𝑘), 𝓉) 

= 𝑀1(𝑇𝑘(ℎ−1(𝑞)), 𝑥𝑘 , 𝓉) ≥ 1 − 𝜀1. 

Hence 𝑇 has the 𝑓𝑢𝑧𝑧𝑦 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦.   □ 

 

Proposition 3.5 

Let (𝑋1, 𝑀1,∗1) and (𝑋2, 𝑀2,∗2) be two fuzzy 
𝑐𝑜𝑚𝑝𝑎𝑐𝑡 metric spaces. Let 𝑇 ∶  𝑋1 → 𝑋1 𝑎𝑛𝑑 𝑔 ∶  𝑋2 →  𝑋2 be 
two 𝑓𝑢𝑧𝑧𝑦 ℎ𝑜𝑚𝑒𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚𝑠 and ℎ ∶  𝑋1  →  𝑋2 be 
𝑎 𝑐𝑜𝑛𝑗𝑢𝑔𝑎𝑡𝑖𝑜𝑛 between 𝑇 and 𝑔.Then  𝑇  is fuzzy L-
shadowing property if and only if 𝑔 is too. 

Proof: 

Let  𝑇  has the 𝑓𝑢𝑧𝑧𝑦 𝐿 − 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦. By 
𝐿𝑒𝑚𝑚𝑎 3.1, for every 0 < 𝜀 < 1 and 𝑡 > 0 there is 0 < 𝜀1 < 1 
for ℎ. From the 𝑓𝑢𝑧𝑧𝑦 𝐿 − 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 if every 
0 < 𝜀1 < 1 there is 0 < 𝛿1 < 1 such that for every 
sequence{𝑥𝑘}𝑘∈ℤ ⊂ 𝑋1  

𝑀1(𝑇(𝑥𝑘), 𝑥𝑘+1, 𝓉) ≥ 1 − 𝛿1 

And 

lim
𝑘→∞

𝑀1(𝑇(𝑥𝑘), 𝑥𝑘+1, 𝓉) = 1 

There exists 𝑝 ∈ 𝑋1  

𝑀1(𝑇𝑘(𝑝), 𝑥𝑘 , 𝓉) ≥ 1 − 𝜀1 

And 

lim
𝑘→∞

𝑀1(𝑇𝑘(𝑝), 𝑥𝑘 , 𝓉) = 1 

Holds 

Let  0 < 𝛿 < 1  satisfies 𝐿𝑒𝑚𝑚𝑎 3.1 for 𝛿1 and ℎ−1 

Given {𝑦𝑘}𝑘∈ℤ ⊂ 𝑋2 .To do this put 𝑥𝑘 = ℎ−1(𝑦𝑘) for 𝑘 ∈
ℤ  

We have  

𝑀1(𝑇(𝑥𝑘), 𝑥𝑘+1, 𝓉) = 𝑀1(ℎ−1(𝑔(𝑦𝑘)), ℎ−1(𝑦𝑘+1), 𝓉)
≥ 1 − 𝛿1 

Thus {𝑥𝑘} satisfies the relation 

 𝑀1(𝑇(𝑥𝑘), 𝑥𝑘+1, 𝓉) ≥ 1 − 𝛿1 

Hence 

𝑀2(𝑔(𝑦𝑘), 𝑦𝑘+1, ) ≥ 1 − 𝛿 

And  

lim
𝑘→∞

𝑀2 (𝑔(𝑦𝑘), 𝑦𝑘+1, 𝓉) = 1 

For some 𝑝 ∈ 𝑋1 

𝑀1(𝑇𝑘(𝑝), 𝑥𝑘 , 𝓉) ≥ 1 − 𝜀1 

Therefore it follows that 

𝑀1(𝑇𝑘(𝑝), 𝑥𝑘 , 𝓉) = 𝑀2(ℎ(𝑇𝑘(𝑝)), ℎ(𝑥𝑘), 𝓉) 

= 𝑀2(𝑔𝑘(ℎ(𝑝), 𝑦𝑘 , ) ≥ 1 − 𝜀 

And 

lim
𝑘→∞

𝑀2 (𝑔𝑘(𝑞), 𝑦𝑘 , 𝓉) = 1 

Hence 𝑔 has the fuzzy L-𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦. 

Conversely, let 𝑔 has the fuzzy L-𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦. 
By 𝑚𝑚𝑎3.1 , for every 0 < 𝜀1 < 1 and 𝑡 > 0 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 0 < 𝜀 <
1  𝑓𝑜𝑟 ℎ−1. From the 𝑓𝑢𝑧𝑧𝑦 𝐿 − 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 if 
every 0 < 𝛿 < 1 there is 0 < 𝜀 < 1 such that for every 
sequence{𝑦𝑘}𝑘∈ℤ ⊂ 𝑋2 

𝑀2(𝑔(𝑦𝑘), 𝑦𝑘+1, 𝓉) ≥ 1 − 𝛿 
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And  

lim
𝑘→∞

𝑀2 (𝑔(𝑦𝑘), 𝑦𝑘+1, 𝓉) = 1 

For some 𝑞 ∈ 𝑋2 

𝑀2(𝑔𝑘(𝑞), 𝑦𝑘 , 𝓉) ≥ 1 − 𝜀 

And  

lim
𝑘→∞

𝑀2 (𝑔𝑘(𝑞), 𝑦𝑘 , 𝓉) = 1 

Holds 

Let  0 < 𝛿1 < 1  satisfies 𝐿𝑒𝑚𝑚𝑎 3. 1 for   and  ℎ. 

Given {𝑥𝑘}𝑘∈ℤ ⊂ 𝑋1 .To do this put 𝑦𝑘 = ℎ(𝑥𝑘) for 𝑘 ∈ ℤ  

We have  

𝑀2(𝑔(𝑦𝑘), 𝑦𝑘+1, 𝓉) = 𝑀1(ℎ(𝑇(𝑥𝑘)), ℎ(𝑥𝑘+1), 𝓉) ≥ 1 − 𝛿. 

Thus {𝑦𝑘}  satisfies the relation 

 𝑀2(𝑔(𝑦𝑘), 𝑦𝑘+1, 𝑡) ≥ 1 − 𝛿       

Hence 

𝑀1(𝑇(𝑥𝑘), 𝑥𝑘+1, 𝓉) ≥ 1 − 𝛿1 

And  

lim
𝑘→∞

𝑀1(𝑇(𝑥𝑘), 𝑥𝑘+1, 𝓉) = 1         

 

For some 𝑞 ∈ 𝑋2 

𝑀2(𝑔𝑘(𝑞), 𝑦𝑘 , 𝓉) ≥ 1 − 𝜀 

Therefore it follows that 

𝑀2(𝑔𝑘(𝑞), 𝑦𝑘 , 𝓉) = 𝑀1(ℎ−1(𝑔𝑘(𝑞)), ℎ−1(𝑥𝑘), 𝓉) 

= 𝑀1(𝑇𝑘(ℎ−1(𝑞), 𝑥𝑘 , 𝓉) ≥ 1 − 𝜀1 

And  

lim
𝑘→∞

𝑀1(𝑇𝑘(𝑝), 𝑥𝑘 , 𝓉) = 1 

 

Hence 𝑇  has  𝑓𝑢𝑧𝑧𝑦 𝐿 − 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦.     □ 

 

 Proposition 3.6  

Let(𝑋1, 𝑀1,∗1)and(𝑋2, 𝑀2,∗2) be two fuzzy compact metric 
spaces. Let 𝑇 ∶  𝑋1 → 𝑋1 𝑎𝑛𝑑 𝑔 ∶  𝑋2 →  𝑋2 be two fuzzy 
ℎ𝑜𝑚𝑒𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚𝑠 and ℎ ∶  𝑋1  →  𝑋2 be 𝑎 𝑐𝑜𝑛𝑗𝑢𝑔𝑎𝑡𝑖𝑜𝑛 
between 𝑇 𝑎𝑛𝑑 𝑔.Then 𝑇   is fuzzy two – sided limit 
𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 if and only if  𝑔  is too. 

Proof: 

Let 𝑇 has fuzzy two –sided limit 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦. By 
𝐿𝑒𝑚𝑚𝑎 3.1, for every  0 < 𝜀 < 1 there is 0 < 𝜀1 < 1 for ℎ. Let 
0 < 𝛿 < 1 satisfies 𝐿𝑒𝑚𝑚𝑎 3. 1 fore 𝛿1 and ℎ−1.To do this put 
𝑥𝑘 = ℎ−1(𝑦𝑘) for 𝑘 ≥ 𝑘0  

lim
𝑘→∞

𝑀1(𝑇(𝑥𝑘), 𝑥𝑘+1, 𝓉) = 1 

There exists a point 𝑝 ∈  𝑋1 

lim
𝑘→∞

𝑀1(𝑇𝑘(𝑝), 𝑥𝑘+1, 𝓉) = 1 

The sequence (𝑥𝑘)𝑘∈ℤ ⊂ 𝑋1 

We have  

𝑀1(𝑇(𝑥𝑘), 𝑥𝑘+1, 𝓉) = 𝑀1(ℎ−1(𝑔(𝑦𝑘)), ℎ−1(𝑦𝑘+1), 𝓉) 

= 𝑀2(𝑔(𝑦𝑘), 𝑦𝑘+1, 𝓉) ≥ 1 − 𝛿,      𝑘 ≥ 𝑘0    

Hence there is 𝑘0 ∈ ℕ 

Thus  

lim
𝑘→∞

𝑀2(𝑔(𝑦𝑘), 𝑦𝑘+1, 𝓉) = 1 

Therefore there is 𝑘1  ∈  ℕ so that for 

𝑀1(𝑇𝑘(𝑝), 𝑥𝑘+1, 𝓉)  ≥  1 − 𝜀1   𝑘 ≥  𝑘1. 

Thus  

𝑀1(𝑇𝑘(𝑝), 𝑥𝑘+1, 𝓉) = 𝑀2(ℎ(𝑇𝑘(𝑝)), ℎ(𝑥𝑘+1), 𝓉) 

= 𝑀2(𝑔𝑘(ℎ(𝑝)), 𝑦𝑘 , 𝓉) ≥ 1 − 𝜀  for 𝑘 ≥  𝑘1 

Hence  

lim
𝑘→∞

𝑀2(𝑔𝑘(ℎ(𝑝)), 𝑦𝑘 , 𝓉) = 1 

Hence 𝑔 has fuzzy two –sided limit 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦. 

Conversely, let g has fuzzy two –sided limit shadowing 
property. By 𝐿𝑒𝑚𝑚𝑎 3. 1,  for every 0 < 𝜀1 < 1 there is 0 <
𝜀 < 1 for ℎ−1. Let 0 < 𝛿1 < 1 satisfies Lemma 3.1 for  𝛿 and 
ℎ .To do this put  

𝑦𝑘 = ℎ(𝑥𝑘) for 𝑘 ≥ 𝑘0, lim
𝑘→∞

𝑀2(𝑔(𝑦𝑘), 𝑦𝑘+1, 𝓉) = 1 

There exists 𝑞 ∈ 𝑋2 

lim
𝑘→∞

𝑀2(𝑔𝑘(𝑞), 𝑦𝑘 , 𝓉) = 1 

The sequence (𝑦𝑘)𝑘∈ℤ 

We have  

𝑀2(𝑔(𝑦𝑘), 𝑦𝑘+1, 𝓉) = 𝑀2(ℎ(𝑇(𝑥𝑘), ℎ(𝑥𝑘+1), 𝓉) 

= 𝑀1(𝑇(𝑥𝑘), 𝑥𝑘+1, 𝓉) ≥ 1 − 𝛿1, 𝑘 ≥  𝑘0 

There is 𝑘0 ∈ ℕ 

Thus  

lim
𝑘→∞

𝑀1(𝑇(𝑥𝑘), 𝑥𝑘+1, 𝓉) = 1 

 

Therefore there is 𝑘1  ∈  ℕ so that for 

𝑀2(𝑔𝑘(𝑞), 𝑦𝑘+1, 𝓉)   ≥ 1 − 𝜀, 𝑘 ≥  𝑘1 

Thus  

𝑀2(𝑔𝑘(𝑞), 𝑦𝑘 , 𝓉) = 𝑀1(ℎ−1(𝑔𝑘(𝑞)), ℎ−1(𝑥𝑘), 𝓉) 

= 𝑀1(𝑇𝑘(ℎ−1(𝑞)), 𝑥𝑘 , 𝓉) ≥ 1 − 𝜀1  𝑓𝑜𝑟 𝑘 ≥  𝑘1 

Hence  

lim
𝑘→∞

𝑀1(𝑇𝑘(ℎ−1(𝑞), 𝑥𝑘 , 𝓉) = 1 

Hence 𝑇  has fuzzy two –sided limit shadowing property.   □ 

 

 

 Proposition 3.7 

A 𝑓𝑢𝑧𝑧𝑦 ℎ𝑜𝑚𝑒𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 on a fuzzy 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑚𝑒𝑡𝑟𝑖𝑐 
space has the fuzzy 𝑡𝑤𝑜 − 𝑠𝑖𝑑𝑒𝑑 limit 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 
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if and only if it has the fuzzy limit 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦, the 
fuzzy negative 𝑙𝑖𝑚𝑖𝑡 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 and the fuzzy 
simple 𝑡𝑤𝑜 − 𝑠𝑖𝑑𝑒𝑑 𝑙𝑖𝑚𝑖𝑡 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦. 

Proof: 

𝐼𝑡 𝑖𝑠 𝑜𝑏𝑣𝑖𝑜𝑢𝑠 that the fuzzy 𝑡𝑤𝑜 − 𝑠𝑖𝑑𝑒𝑑 limit shadowing 
property implies the fuzzy limit 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦, the 
fuzzy negative limit shadowing property and the fuzzy simple 
two-sided limit 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦. It suffices to prove the 
converse statement. The fuzzy 𝑙𝑖𝑚𝑖𝑡 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 
and the fuzzy  𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑙𝑖𝑚𝑖𝑡 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 assure 
the existence of points 𝑝1, 𝑝2  ∈  𝑋 , (𝑥𝑘)𝑘∈ℤ satisfying 

lim
𝑘→∞

𝑀(𝑇𝑘 (𝑝1), 𝑥𝑘 , 𝓉) = 1 𝑎𝑛𝑑  

lim
𝑘→∞

𝑀(𝑇𝑘(𝑝2), 𝑥𝑘 , 𝓉) = 1 

Thus the sequence 

𝑦𝑘 = {
𝑇𝑘(𝑝2), 𝑘 ≥ 0;

𝑇𝑘(𝑝1), 𝑘 < 0,
 

Is a fuzzy simple two-sided limit 𝑝𝑠𝑒𝑢𝑑𝑜 − 𝑜𝑟𝑏𝑖𝑡.The fuzzy 
simple two-sided limit 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 the existence 
confims of a point 𝑝 ∈  𝑋 that 𝑓𝑢𝑧𝑧𝑦 two- sided limit 
shadows(𝑦𝑘)𝑘∈ℤ .This point also fuzzy two- sided 
limit 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 (𝑥𝑘)𝑘∈ℤ.   □ 

 

Corollary 3.8 

If a fuzzy homeomorphism has the fuzzy limit 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 
and the 𝑓𝑢𝑧𝑧𝑦 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑙𝑖𝑚𝑖𝑡 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠 then it 
has the fuzzy two-sided limit 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 if and only 
if it has the fuzzy simple two-sided limit 𝑠ℎ𝑎𝑑𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦. 

 

Conclusion 

In this paper, we have succeeded in defining the concepts (L-
shadowing property, two – sided limit shadowing, negative limit 
shadowing property, simple two – sided limit shadowing) in 
fuzzy dynamical system. We have proven that the properties 
(fuzzy shadowing property, fuzzy L-shadowing property, fuzzy 
two–sided limit shadowing) are invariant under fuzzy 
topological conjugation. 
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