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Abstract—In this paper we introduce the notions (L-shadowing property, two — sided limit shadowing, negative
limit shadowing property, simple two - sided limit shadowing ) for fuzzy dynamical systems and prove that
properties (fuzzy shadowing property, fuzzy L-shadowing property, fuzzy two — sided limit shadowing) are

invariant under fuzzy topological conjugation.
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I. INTRODUCTION

Qualitative theory of dynamical systems is the study of
the long-term behavior of evolving systems under perturbations
([2D)[4]-The evolution of a particular state of a dynamical system
is related to its orbits. For this purpose we need to know the
structure of these orbits by solving a system of differential
equations. If we cannot solve a system of differential equations
analytically, then pseudo orbits are suggested as replacements
for the orbits [4].

The notion pseudo — orbit tracing property, also known
as shadowing, are among the most important concepts in
topological dynamics [1]. Also, the rest of the shadowing
properties can be studied in the fuzzy dynamic

In this paper we are going to use of fuzzy distances to
approximate the pseudo orbits and their shadowing properties

[4]

In section 2 we introduce the notions (fuzzy L —
shadowing property, fuzzy two — sided limit shadowing,
fuzzy negative limit hadowing property ) for fuzzy
dynamical system. We prove that these properties (fuzzy
shadowing property, fuzzy L-shadowing property ,fuzzy two—
sided limit shadowing) are invariant under fuzzy topological
conjugacy. Also, the rest of the shadowing properties can be
studied in the fuzzy dynamical system.

system, fuzzy L-shadowing property, the fuzzy two —
sided limit shadowing property, fuzzy negative limit shadowing property , fuzzy h-shadow.
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I1. PRELIMINARIES
Definition 2.1[6]

A binary operation *:[0,1] x [0,1] - [0,1] is called
a continuous triangular norm (t — norm) if = satisfies the
following conditions:

1. x isa ssociative and commutative,

2. % IS continuous;

3.a*x1=aforalla € (0,1];
4.a b < c * d whenever a < candb < d;
5.f axb = a *c then b = c.

Properties 4 and 5 of a continuous t — norm imply that if
axb < a=*cthenb < c.
Definition 2.2[5]

A fuzzy metric space is a triple n (X, M,*) where X is a
non-empty set, * is a continuous t —normand M : X X X X
(0,00) — [0,1] is a mapping which has the following
properties :

Foreveryx,y,z € X and t,s > 0:

1. M(x,y,t) > 0;

2.M(x,y,#) = lifandonlyif x = y;

3. M(x,y,t) = M(y,x,t);

4. M(x,z,t +s) = M(x,y,%t) * M(y,z,5);
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5 M(x,y,): (0,00) — [0,1] isa continuous map.

Definition 2.3 [5]

Let (X, M,*) be a fuzzy metric space. We define open ball

B(x,r, %) with center x € X and radius, 0 <r < 1as
B(x,r,t) = {yeX; M(x,y,£) >1—r}.

Result 2.4[5]
Let (X, M,*) be a fuzzy metric space. Define

T={AcX:x€A S thereexistt >0andr €
(0,1)s.t B(x,1,t) c A}.

Then t is a topology on X.

Result 2.5[7]
Let (X,d) be a metric space. Then M(x,y,t) =
My(x,y,t) = v with the t —norm a*b =ab is a

fuzzy metric defined on X (called standard fuzzy metric space)
and the topology t; induced by the metric d and the
topology t,, are the same.

Definition 2.6 [4]

A fuzzymap T:X —» X is fuzzy continuous in x,, for
each 0 <e< landt >0 there iSO <& < 1 so that for
each x € X with M(xy,y,t) > 1- 6, we deduce
M(T (x), T (), %) > 1 — «.

Definition 2.7[4]

We say that two fuzzymaps T: X, - X,and g:
X, - X, on fuzzy metricspaces (Xi,My,*;) and
(X,, M,,*,) are topologically conjugate if there is a fuzzy
homeomorphism h: X; — X,(a fuzzy continuous
bijection map with fuzzy continuous inverse).

Definition 2.8[4]

Let (X, M,*) bea fuzzy metric space. LetT : X — X be
a fuzzy homeomorphism on X.We say that T has the
fuzzy pseudo — orbit tracing property on X, if for each ¢ €
(0,1)and t > 0, there exists § € (0,1) so that for a given
sequence (x;)kez S X with M(T(xy,), xx41,2) <1 -6 for
every k € Z (called 6 — pseudo orbit) there is a pointp € X
such that M(T*(p),x,,t) <1 — eforevery k € Z.

Definition 2.9 [4]

Let (X, M,*) be a fuzzy metric space. LetT : X — Xbea
fuzzy homeomorphism on X.We say that T has the fuzzy
limit shadowing property on X, if for each £ > 0 and each
sequence(x)xez € X  with Ill_r)g M(T(x), X1, ) =1

there exists a point p € X so that
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klim M(T*(p), x, t) = 1.

Definition 2.10

Let (X, M,*) be a fuzzy compact metric space .Let T :
X - X afuzzy homeomorphism. We say that T has fuzzy L —
shadowing property if forevery 0 < & < 1, there exists 0 <
6 <1 such that for every sequence (xy)rez Satisfying
M(T (x), Xp41,t) <1—=6 for every k € Z,and
,li_r)goM (T(x), x40, t) =1, there is p € X satisfying
M(T*(p),xx,t) <1—¢ foreveryk €L
lklfl—lguloM (Tk(p)!xk:t) =1.

Definition 2.11

Let (X,M,x) be a fuzzy compact metric space .Let
T:X — X a homeomorphism. We say that T has the fuzzy
two-sided limit shadowing property if every fuzzy two-sided
limit pseudo — orbit is fuzzy two — sided limit shadow.

A sequence (xi)gez Of point in X is fuzzy two-sided
limit pseudo-orbit if it satisfies Ilim M(T (x), Xp41, 1) = 1

A fuzzy two — sided limit pseudo — orbit is fuzzy
two — sided limit — shadowed if there is a point p€
X such that ,lim M(T*(p), xx, t) = 1.

Definition 2.12

Let (X,M,x) be a fuzzy compact metric space and
T:X — X a homeomorphism .The fuzzy limit shadowing
property for T~! means the following: for every sequence

(Xr)ken, € X satisfying
lim M(T™ (), (e, %) = 1
There exists p € X satisfying
lim M(T~(p), (6),) = 1

During the text we will need the following property: for
every sequence(x,)ke-n, © X (—Npdenotes the set of non-
positive integers) satisfying

klir_n M(T ™ (%), (x-1),8) = 1
There existsp € X
Jim M(T*(p), (xi), ) = 1.

Definition 2.13

This property will be called fuzzy negative limit shadowing
and the sequence (x;)ke—n, Will be called a fuzzy negative limit
pseudo-orbit for T. We will say that p fuzzy limit shadows
(Xk)ke-n, N the past and that (x; ) ke, is fuzzy limit shadowed
in the past by p.

Definition 2.14
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Forp,z € X and we consider the sequence(x;) ez defined
by
{Tk(z), k = 0;
Xk = k
T*(p), k<0,

This sequence consists of the past orbit of p and the future
orbit of z. Sequence of this type will be called T fuzzy simple
two — sided limit pseudo — orbits. We say that T has the
fuzzy simple two-sided limit shadowing property when

every fuzzy simple two-sided limit pseudo — orbit is fuzzy
two-sided limit shadowed.

I11. MAIN RESULTE

To prove the propositions, we first need the following
lemma.

Lemma 3.1 [1]

Let (Xi,My,x;) and (X,, M,,*,) be two fuzzy compact
metric space and h: X; - X, be fuzzy homeomorphism
.For each 0 < € < 1there exists 0 < & <1with the property
M;(x,y,t) >1— 6, then

MZ(h(x)ﬁ h(y)' t) >1-e.
Proposition 3.2

IfT:X - Xisfuzzy homeomorphism then T has fuzzy
limit shadow if and only if so does T1.

Proof:

Let T fuzzy limit shadow. Let the sequence {x;}xez € X
satisfies

lim M(T(x), Xper1, ) = 1 .. (1)
There existsp € X
Ilim M(T*(p), x,t) =1 ...(2)

By mma3.1 , for every ¢ € (0,1) there is & € (0,1)
and t > Ofor h

Let g =T"! and the sequence {yi}xez €X .TO put
e = Y—k}kozk

There is ky, € N such that M(g(vy), Vi1, £) > 1 — € for
k >k

Then
Hm M(g (i), Yirr, 1) = im M, T Vi), 2)
= lim M(T(9(¥i), T Gi+1), £)
=1
So there exists p € X
Jim M(g®), yr. 1) = Jim M(T™* (), x_p,8) = 1
Hence T~ has the fuzzy limit shadowing property.

Conversely, let T~ fuzzy limit shadow .Let the sequence

{Vilkez C X satisfies

I}tl—{go M(T_I(yk)' YVi+1 t) =1 .. (1)
There exists q € X
lim M(T™*(q), 7, ) =1 ..(2)
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By Lemma 3.1, for every & € (0,1) there is € € (0,1)
and t > 0forh™t.

Let g=T and the sequence {xy}xez €X .TO put
Wiy = x—k}kozk

There is ky € N such that M(g(xy), xx+1,%2) > 1 — & for
k =k,

Then
Nm M(g(xk), Xi+1, ) = lim M(x, T (1), 1)
= lim M(T(g(xi), (T (¥pe1), %) = 1
So there exists g € X
lim M(g*(q), x,£) = lim M(T* (q),y-1, £) = 1
Hence T has the uzzy limit shadowing property. 0O
Proposition 3.3

A fuzzy homeomorphism T on a fuzzy compact metric
space X has the fuzzy negative limit shadowing property
if and only if T~ has the fuzzy limit shadowing property.

Proof:
Suppose that T has the fuzzy negative limit shadowing property.

Let (x)ke-n, @ fuzzy negative limit pseudo — orbit
for T satisfying

kl_i)rpm M(T Y (x), xp-1, ) = 1
There existsp € X
Jim M(T*(@), %, 1) = 1
The sequence (Vi )ken, I a fuzzy limit pseudo — orbit
for T71, (xx) = y_i

kl_i)rzle(T_l(xk)'xk—l!t) = kl_i)erM(T_l(y—k)' y—k+1't)
=1

Which implies that
lim M(T™(P), yie, #) = 1

It follows that (y)ken,is fuzzy limit shadowed for T!
and T ™1 that has the fuzzy limit shadowing property.

Conversely, let T~ has the fuzzy limit shadowing property.
Let (Vi)ke-n, @ fuzzy negative limit pseudo — orbit for T
satisfying

lli—{?oM(T_l(yk)' Y+, 1) =1
There existsp € X
Jim M(T*(p),yet) =1

The sequence (xi)ken, IS a fuzzy limit pseudo — orbit for
T,yx =%

Jim M(T (Y1), Yirrr £) = Jim M(T™ (x_g), % gmp, ) = 1
Which implies that
Jim M(T*(p),x,,t) =1

Hence T has the zzy limit shadowing property. O
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Proposition 3.4

Let (X1, M,,x;) and (X,, M,,*,) be two fuzzy compact
metric spaces. LetT : X; —» X; and g : X, = X, be two fuzzy
homeomorphismsand h: X; - X, be a conjugation
between T and g.ThenT has fuzzy shadowing property if
and only if g is too.

Proof:

Let T has fuzzy shadowing property .By Lemma 3.1,
for every € € (0,1) there is &; € (0,1) for h .From the fuzzy
shadowing property there is §, € (0,1) with property that
every &,-fuzzy pseudo orbit (x)rez Of T can be &-
fuzzy traced by some pointin X;.

M, (T (xk)), Xpes1,£) 2 1= 6.
Let 0 < 6 < 1 satisfies Lemma 3.1 for §; and h™!

Given {y; }xez € X, .To do this put x, = h™1(y,) for k €
Z

We have
Ml(T(xk)), Xpr1, t) = Ml(h_l(g(yk)), h‘l(ykﬂ),t)
= Mo (9(1)), Vies1, ) 2 1= 6 fork € Z,
(x) isa 8,-fuzzy pseudo orbit for T and for k € Z.
My (T*), g1, 1) = 1 — &5
For some p € X, .therefor, for k € Z it follows that
M, (T (p), xi+1, 1) = My(h(T* (D)), h(x41), %)
= M, (g*(h®)), ¥, t) 2 1 —&.
Hence g has the fuzzy shadowing property.

Conversely, let g has the zzy shadowing property. By
Lemma 3.1, for every & € (0,1) there is €€ (0,1) for
h~1.From the fuzzy shadowing property thereis § € (0,1)
with property that every & —fuzzy pseudo orbit (Y )kez
of g can be e-fuzzy traced by some point in X,.

My(gi), Vs, ) 21— 6 fork € Z
Let 0 < §; < 1 satisfies Lemma 3.1 for and h.
Given {x; }xez € X; .To do this put y, = h(x) fork € Z
We have
My(g(k), Y1, £) = M, (h(T(xk)): h(xp41), t)

My (T (xp), Xpe41,8) 21— 64

(gx) isad- fuzzy pseudo orbit for g and so for k € Z.
M,(g"(@), yr, ) 21 —¢.
For some g € X,, therefore
M, (g% (@), Yi+1, 1) = My (R (g% (@), k™ (%), £)
=M, (TH(h"1(qQ)), %1, t) = 1 — &.

Hence T has the fuzzy shadowing property. o

Proposition 3.5

Let (X{,M;*) and (X, M,x*,) be two fuzzy
compact metric spaces. LetT : X; - X, and g : X, » X, be
two fuzzy homeomorphisms and h: X; — X, be
a conjugation between T and g.Then T is fuzzy L-
shadowing property if and only if g is too.

Proof:

Let T has the fuzzy L — shadowing property. By
Lemma 3.1, forevery0 < e < landt > Othereis0 <g <1
for h. From the fuzzy L — shadowing property if every
0<ée& <1 there is 0<6; <1 such that for every
sequence{xy }xez € X1

MI(T(xk): xk+1, t) 2 1 - 51
And
Ilim My (T (xg), X4, %) = 1

There existsp € X;
M (T*(p), x,t) =1 — ¢
And
Jim M, (T (p), %, 1) = 1
Holds
Let 0 < & < 1 satisfies Lemma 3.1 for 6, and h™*
Given {y}xez € X, .To do this put x;, = h™1(y,) for k €

We have

M (T (x), Xp41, 1) = M1(h_1(g ()’k)): h_l(J’k+1)' t)
>1-6;

Thus {x, } satisfies the relation
My (T (X)), Xper1,£) 2 1= 64
Hence
My (g, Yir1,) 21— 6
And
Jim M, Gk, Vi1, t) =1
Forsome p € X;
M, (T*(p), x,t) =1 — ¢
Therefore it follows that
My (T*(®), xi, 1) = My (h(T*(0)), h(xi), )
= My(g*(h(@),y) 21—
And
lim M, (9" (@), yie,£) = 1
Hence g has the fuzzy L-shadowing property.

Conversely, let g has the fuzzy L-shadowing property.
Bymma3.1,forevery0 < e; < landt > 0thereis0<e <
1 for h™t. From the fuzzy L — shadowing property if
every 0 <6 <1 there is 0 <e <1 such that for every
sequence{yy }xez € X,

My(g(i), Y+, t) 21 =6
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And
lim M (g1, Vs, £) = 1
For some q € X,
My(g* (@), v t) 2 1—¢
And
lim M, (g"(a), yi, 1) = 1
Holds
Let 0 < §; <1 satisfies Lemma 3.1 for and h.
Given {x;}xez < X, .To do this put y, = h(x,) fork € Z
We have
My(9(i), Viewr, 1) = My (R(T (%)), R(x11), £) = 1= 6.
Thus {y,} satisfies the relation
My (g (i), Yiesr, ) 21 =6
Hence
M,y (T (xg), Xg41,£) =1 =63
And
,12?0 My (T (xp), Xpe41, ) = 1

Forsome g € X,
M (g"(@), Y1) 21— ¢
Therefore it follows that
M, (g* (@), v, ) = My (A (9" (@), h ™" (i), £)
=M (T*(h (@) % t) 21— &
And
,llrg M (T (p), %, %) = 1

Hence T has fuzzy L — shadowing property. o

Proposition 3.6

Let(X;, My,*,)and(X,, M;,*,) be two fuzzy compact metric
spaces. Let T: X; »X,andg: X, » X, be two fuzzy
homeomorphisms and h: X, —» X, be aconjugation
between T and g.Then T is fuzzy two sided limit
shadowing property if and only if g is too.

Proof:

Let T has fuzzy two —sided limit shadowing property. By
Lemma 3.1, forevery 0 < & < 1thereis0 < & < 1forh. Let
0 < § < 1 satisfies Lemma 3.1 fore §; and h~1.To do this put
x, = h1(y,) fork > k,

Ilim M, (T (xg), Xg41, ) = 1
There exists a pointp € X,
’llm Ml(Tk(p)'xk+llt) =1

The sequence (x)gez € X1
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We have
My (T (), Xiar, £) = My (7 (g i), ™ i), £)
=M (gi) yist) 21 -6, k =k

Hence thereisk, € N
Thus

lim Mz(g (Vi) Yierr £) = 1
Therefore there is k; € N so that for
M (T*(p), xp41,t) = 1—¢&; k = k.
Thus

Ml(Tk(p),ka,t) = Mz(h(Tk(p)),h(ka),t)
= M,(g*(h(p)), Vi, t) =1 —¢ fork > k;

Hence

lim M, (g* (h(®)), ¥i, 1) = 1
Hence g has fuzzy two —sided limit shadowing property.

Conversely, let g has fuzzy two —sided limit shadowing
property. By Lemma 3.1, for every 0 <&, <1 there is 0 <
e<1forh ™l Let0 < §; <1 satisfies Lemma 3.1 for § and
h .To do this put

Vi = h(xy) for k = ko, 111_{2] My (g(i), Yir1, 8) =1
There exists q € X,
lim My (g* (@), yi %) = 1
The sequence (Vi) kez
We have
M, (9 Vi), Yier1, ) = My (h(T (xi), h(Xp11), %)
= M (T(x), xx+1, ) =1 =6,k = kg
Thereisk, €N
Thus
}11_{210 My (T (xx), Xpe41, %) = 1

Therefore there is k; € N so that for
My(9" (@), yk41,8) 21—,
Thus
M, (9" (@), yio #) = My (R (g% (@), h ™" (x0), £)
=M (T*(h"H (@), X t) 21— & fork = ky
Hence

k >k

lim M, (TX(h™(@), % #) = 1

Hence T has fuzzy two —sided limit shadowing property. o

Proposition 3.7

A fuzzy homeomorphism on a fuzzy compact metric
space has the fuzzy two — sided limit shadowing property
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if and only if it has the fuzzy limit shadowing property, the
fuzzy negative limit shadowing property and the fuzzy
simple two — sided limit shadowing property.

Proof:

It is obvious that the fuzzy two — sided limit shadowing
property implies the fuzzy limit shadowing property, the
fuzzy negative limit shadowing property and the fuzzy simple
two-sided limit shadowing property. It suffices to prove the
converse statement. The fuzzy limit shadowing property
and the fuzzy negative limit shadowing property assure
the existence of points p;,p, € X, (x)rez Satisfying

lim M(T* (py), x,t) = 1 and
Jim M(T*(p2), xi, t) = 1
Thus the sequence

K =

{Tk(pz).k > 0;
T*(p), k <0,

Is a fuzzy simple two-sided limit pseudo — orbit.The fuzzy
simple two-sided limit shadowing property the existence
confims of a point p € X that fuzzy two- sided limit
shadows(yy)kez -This point also fuzzy two- sided
limit shadowing (x;)gez- O

Corollary 3.8

If a fuzzy homeomorphism has the fuzzy limit shadowing
and the fuzzy negative limit shadowing properties then it
has the fuzzy two-sided limit shadowing property if and only
if it has the fuzzy simple two-sided limit shadowing property.
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Conclusion

In this paper, we have succeeded in defining the concepts (L-
shadowing property, two — sided limit shadowing, negative limit
shadowing property, simple two — sided limit shadowing) in
fuzzy dynamical system. We have proven that the properties
(fuzzy shadowing property, fuzzy L-shadowing property, fuzzy
two-sided limit shadowing) are invariant under fuzzy
topological conjugation.
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