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Abstract—The main purpose of this research is to study the degree of the best multiplier approximation of monotone
unbounded functions in Lp; (X) —space, where X = (a, b) by spline polynomials in terms of averaged multiplier
modulus smoothness T(f, 8)p ;, using some definitions and theorems necessary for this.
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I. INTRODUCTION

Many specialists and researchers in this field approximation
theory have studied the approximation of monotone function by
polynomials, such as; in 1995 [1], Hu, Y. K., obtained some
results about approximation of bounded function in Lp[0,1] —
space by spline polynomials, in 1995 [2], Kopotun, Kirill A.,
introduced a paper on k —monotone polynomial and spline
approximation Lp,0 < P < oo quasi norm. in 1998 [3], Hu, Y.
K, Kopotun K. and Yu, X. M, once again gave us a study on
approximation by polynomial. In 2014 [4], S. K. Jassim and
Zaboon had studied and analyzed the approximation of
unbounded functions by the trigonometric polynomials in
locally-global space in Lp ,,, and they got important results. In
2016 [11], S. A. Abdul-Hameed and Murtada J. Mohammed,
obtained some results about approximation by using the method
of Korovik-type statistical approximation. In 2017 [12], Ghazi
Abdullah, introduced a paper about ¥n nonnegative integer
number, we can find a monotone function depending on n. In
this paper, the spline polynomial will be utilized to study and
analyze the degree of the best multiplier approximation of
monotone unbounded functions f in Lp; (X) —space, X =
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(a,b) in terms of averaged multiplier modulus smoothness
T(f,8)p 1, in this work, we take the span (basis) of spline
function be a B —spline, (BY,...,B¥.,..) [9].

We give a definition for basis spline function which are
usually denoted by B —spline and we will also record various
properties of the B —spline.

Let t = {t;} be a non-decreasing sequence (which may be
finite or infinite). The ith normalized B —spline of order k for
the knot sequence t is denoted by B;, . and is defined by the
rule:

Bijet(¥) = (tixre = t)[ti tis, -, tipr (=05, VX ER,

where [ti, Livtreees tj] is the divided deference of order j — i
of f at the points ¢;, t;44,..., t; for all i, j are integers.

As for the properties of B —splines:

We notice that it is right a way that B; ; , has small support, i.e.:
By (x) =0,forall x & [t;, t; ]

Wehave: Y B; . (x) =1V t, <x <t
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Bipe(x) >0, t; <x < tipg.

Note that the space of spline with simple knots
(%1, X5, -+, x;) denoted by Sy (x4, x5, *+, xx), consider
a=xy<xq,,<x, <Xxpq = b a partition on the
interval, for k = 1,2, ---.

Let S, = Sy(xX, x¥, -+, xf), for some k knot.

Let my, = maxj—o..., (xf1 — x) is called the mesh
length. And the formula for the spline polynomial is:

n+k+1

Sp(x) = Z FEBE@), V] = 01,k x € [xF,xk,]

i=1
where BF(x) is B —spline.
Il. DEFINITIONS AND CONCEPTS
Definition 1. [7]

We denote by L., (X),X = (a, b), the space of all bounded
measurable function of f on X with the norm:

Ifllo = sup{lf (x)|,x € X} <

Definition 2. [6]
Let f € Lp[a,b], where 1 < P < oo, be the space of all
bounded measurable function f on X with the norm:

1/p
<00,1<P<oo

b
Iflly = [ f FGOIP dx

Definition 3. [8]

A series Yoo, a,, is called a multiplier convergent series if
there is a convergent sequence of real number {1,,};°_, such that
Yoy, <00 and {A,}7, is called multiplier for the
convergence.

Definition 4.

For any real valued function f € Lp, (X), where X =
(a, b), if there is a sequence {1,}-,, such that:

b
f £x) Apdx < o0,

then £ is called a multiplier integrable function, 4,, is called
a multiplier integrable sequence.

Definition 5.

Let f € Lpy,(X), where X = (a,b), then: |[[f]lp,,, is
given by the below definite multiplier integral norm:

; ]l/p
dx

b
1fllpa, = [ f [ZB
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This represents the space of all unbounded functions defined
on X with the norm ||f|[p 4, Where 1 < P < o.

Definition 6. [7]

Let f € Cla, b], then w(f, h) = max;y_y <plf (x) = f()I
is called the modulus of continuity of the function f with size
(distance).

Definition 7.

Letf € Lpy, (X), where X = (a,b),1 < P < o, then the
multiplier continuity modulus of the function f with step
size (distance) is known as the following:

(s Wpa, = max 1a.(f(x) = FO))I

Definition 8. [7]

Let f € Lp[a,b], where 1 <P < oo, then the integral
modulus (L, —modulus or P —modulus) of order k of function
f is the following function of § € [0, (b — a)/k]:

b-kh ) Y
wi (f; 6)LP = SUPo<h<<s {f |Aﬁf(x)| dx}

Definition 9.

Letf € Lp,, (X), where X = (a,b),1 < P < oo, then: the
multiplier integral modulus of smoothness of order k of
the function f, where 0 < § < b — ak, is defined by:

b—kh
1
0,8 = SuDneros)( f |8k ) [P o) 7
a

Where:

k

A afey = Zm=i(‘1)m+k (:l) (Anf)Cx + mh); (::l) :

T ml(k —m)!

Definition 10. [7]

Letf € Lp(X); where X = [a,b]and 1 < P < oo. The local
modulus of smoothness of the function f of order k at a point
x € [a, b] is the following function of § € [0, (b — a) /k]:

wr(f,x;8) = sup{|A’,§f(t)|; t,t+kh
ks ks }

,x+—|NJa,b]

E —_—
[x 2 2

Definition 11.

If f€Lp,,(X), where X =(a,b),1 <P < oo, then the
multiplier local modulus of smoothness of a function f of order
k atapointx € [a,b],0 < 8 < b%a is defined by:
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0 (F %, 801, = Subelos) {BE G Ot + K
ké kd

€ [x —7,x +7 N [a,b]}.
Definition 12. [7]

The averaged modulus of smoothness of order k (or
T —modulus) of the function f € M[a,b] is the following
function of 6 € [0, (b — a)/k]:

b Yp
w(f50)p = ok (f, -0, = U (wr(f,x, 5))pdx] -

Definition 13.

If f€Lpy,(x), where X = (a,b),1 <P <o, then the
multiplier averaged modulus of smoothness of order k of f €
Lpz, (X), is defined by:

T (f, 6)P,An = ”wk(f' '1;6)”P,/1n
- (f (@ Cnf, %, )P dx) 7.

Definition 14. [7]
If f € Lp(X),X = [a, b], then:

En(f)P = l?’lf{”f - Pn”P:Pn € P}v

where E,, (f)p is called the degree of the best monotone
multiplier approximation of f by polynomial B,.

Definition 15.
If f € Lp,,(X), X = (a,b), then:

En(f)pa, = nf{lIf = Sallpa,: S € P}

Such that E,,(f)p 4,, is called the degree of the best monotone
multiplier approximation of f by polynomial S,,.

Definition 16. [9]

Let X be a Banach space with real or complex scalar. Let
X1, X2, , X, D€ given vectors in X.

Consider the polynomials of the form y = Y, a;x;, where
a; are scalars, x; € X, then the degree of approximation of x; €
X is Eq(x) = infllx — yll.

If the infimum is attained for some y = y,, this y, is called
a linear combination of the best approximation or a polynomial
of the best approximation to x.

I11. MAIN RESULTS
In this work, we prove theorems to find degree of the best
multiplier approximation of monotone unbounded functions by
spline polynomials in Lp; (X) —space in terms of averaged
multiplier modulus of smoothness ©(f, §)p ;,,(X), X = (a, b).
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Theorem 1. [5]
For each f € Cla, b], there exist s, € S}, such that:

Igimllf — Skllee = 0 if and only if Iéim m, =0
Now, we want to find some results, but for all unbounded
function in the space Lp ;, —space, 1 < P < o,

Theorem 2.
Let f be unbounded function, f € Lp; (a,b), sk € S, then:

1
En(f)P,an <|f- Sk”P,,ln < Cpt(f, Z)P,/ln

Proof:

Let f € Lp,,(X), be unbounded function on (a,b), we
divide the interval (a, b) to n subintervals a < x, < x; < x, <
X3 < <x, <1, such that |x; —x;..] = %,n — oo, Let

O(f 8)pz, = max (1A (F () = FYNI,0 <6<,
v6 > 0.LettF e B¥n(a,b),i=1,-n+k+1.

Let s, be quasi operation denoted by:

n+k+1 x x ] kK
s.(x) = z__l F(E9) BEGO), V) = 01,2,k x € [, xK,1]

Then:

b Yp
En(fpa, < Nf —sillpa, = {J |20 (f () = s ()P dx}

i

Now, we use new step, since:

n+k+1 p /p
M@= FE)BE) dx} (1)

n+k+1
> B =1 @)
We multiply both sides of equation (2) by f(x), we get:
n+k+1
D B®f@=fE 3)

We substitute equation (3) in equation (1), we get by using
Jensen’s inequality [10] which are: for P > 1 and a; > 0, we
have: |Y1-; a;Bi|P < X, a; |B:|P, where Y- a; = 1.

b n+k+1 l/p
En(f)P,An={f D |An(f(x)—f(t!‘))Bi,k(x)l’”dx}
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n+k+1 1/
En(fpa, = b ,k [ (f () — £ ()| dx '
i=1

Since Y1 B (%) = 1.

b ) Un
En(F)pn, < { f 18 1 ) o | dx}

b ) Yy
En(Ppa, < {f lw(f; x5 (0 + 2) )| dx}

En(fpay, = Cpllo(f;x; (n + Z)mk)”mn

En(f)pa, = Cot(f, (N + 2 )p 2,

Corollary 3.

Let f €Lpy, (X),X =(a,b),f be unbounded function,
Sk € S, then:

,gimllf — Skllpa, = 0ifand only if ;{im m, =0

Proof:
First, we assume that Iéim m, =0, such that
|x;+1 — x;] = 0 by Theorem 2
1
Ilf— Sk”P,An < 7p(9, E)P,/ln
Since ]{im m; = 0, such that [x;,; —x;| = 0
T(f' 6)P,ln = ”w(f' X, 6)"P,)Ln
= SUP|n|<s {A’fl,m(/lnf)(t): t,t+kh
€ [ ko + ko N {a, b}
X > )X > a,

Since m;, - 0 implies that § — 0.
Then |AF (A, f)(x)| tend to zero (Ak— 0).

Therefore 7(f, §)p 1, tend to zero (z — 0).

Since ||f — sillpa, < 7p(9, %)Mn by Theorem 2, we have
that:

lf — skllp.4,, tend to zero.

Hence, lim||f — sillp2. = 0as k — 0.
k—oo o

Converslely:
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Suppose that Iiim Ilf = skllp,a, = 0,if }gim m,, does not tend

to zero, so there exist a subinterval, such that d (xy, x;4,) does
not tend to zero.

That is big interval, so s, (x) does not converge to function
f inthis subinterval.

Then, in this subinterval, we get that:
um|If = sillpa, = €
Where C is constant and this is contraducti

lim||f — skllpa, = 0,hence limm, =0
k— 00 m k-

CONCLOSION

the aim of this paper is to obtain the degree of the best
multiplier approximation of monotone unbounded functions,
f € Lp,,(X) —space, X = (a,b) by spline polynomials in
terms of averaged multiplier modulus smoothness z(f, §)p s,
using some definitions and theorems necessary for this.
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