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Abstract—The main purpose of this research is to study the degree of the best multiplier approximation of monotone 

unbounded functions in 𝑳𝑷,𝝀𝒏
(𝑿) −space, where 𝑿 = (𝒂, 𝒃) by spline polynomials in terms of averaged multiplier 

modulus smoothness 𝝉(𝒇, 𝜹)𝑷,𝝀𝒏
 using some definitions and theorems necessary for this. 
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I. INTRODUCTION 

Many specialists and researchers in this field approximation 
theory have studied the approximation of monotone function by 
polynomials, such as; in 1995 [1], Hu, Y. K., obtained some 
results about approximation of bounded function in 𝐿𝑃[0,1] − 
space by spline polynomials, in 1995 [2], Kopotun, Kirill A., 
introduced a paper on 𝑘 −monotone polynomial and spline 
approximation 𝐿𝑃 , 0 < 𝑃 < ∞ quasi norm. in 1998 [3], Hu, Y. 
K, Kopotun K. and Yu, X. M, once again gave us a study on 
approximation by polynomial. In 2014 [4], S. K. Jassim and 
Zaboon had studied and analyzed the approximation of 
unbounded functions by the trigonometric polynomials in 
locally-global space in 𝐿𝑃,𝜎,𝑤 and they got important results. In 

2016 [11], S. A. Abdul-Hameed and Murtada J. Mohammed, 
obtained some results about approximation by using the method 
of Korovik-type statistical approximation. In 2017 [12], Ghazi 
Abdullah, introduced a paper about ∀𝑛 nonnegative integer 
number, we can find a monotone function depending on 𝑛. In 
this paper, the spline polynomial will be utilized to study and 
analyze the degree of the best multiplier approximation of 

monotone unbounded functions 𝑓 in 𝐿𝑃,𝜆𝑛
(𝑋) −space, 𝑋 =

(𝑎, 𝑏) in terms of averaged multiplier modulus smoothness 
𝜏(𝑓, 𝛿)𝑃,𝜆𝑛

. in this work, we take the span (basis) of spline 

function be a 𝐵 −spline, (𝐵1
𝑘 , . . . , 𝐵𝑛+1+𝑘

𝑘 ) [9]. 
We give a definition for basis spline function which are 

usually denoted by 𝐵 −spline and we will also record various 
properties of the 𝐵 −spline. 

Let 𝑡 = {𝑡𝑖} be a non-decreasing sequence (which may be 
finite or infinite). The 𝑖𝑡ℎ normalized 𝐵 −spline of order 𝑘 for 
the knot sequence 𝑡 is denoted by 𝐵𝑖,𝑘,𝑡 and is defined by the 

rule: 

𝐵𝑖,𝑘,𝑡(𝑥) = (𝑡𝑖+𝑘 − 𝑡𝑖)[𝑡𝑖, 𝑡𝑖+1, . . . , 𝑡𝑖+𝑘](−𝑥)+
𝑘−1, ∀𝑥 ∈ ℝ

where [𝑡𝑖, 𝑡𝑖+1, . . . , 𝑡𝑗] is the divided deference of order 𝑗 − 𝑖 
of 𝑓 at the points 𝑡𝑖 , 𝑡𝑖+1, . . . , 𝑡𝑗 for all 𝑖, 𝑗 are integers. 

As for the properties of 𝐵 −splines: 

We notice that it is right a way that 𝐵𝑖,𝑘,𝑡 has small support, i.e.: 

𝐵𝑖,𝑘,𝑡(𝑥) = 0, for all 𝑥 ∉ [𝑡𝑖 , 𝑡𝑖+𝑘]

We have: ∑ 𝐵𝑖,𝑘,𝑡𝑖 (𝑥) = 1  ∀  𝑡𝑟 < 𝑥 < 𝑡𝑠, 
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𝐵𝑖,𝑘,𝑡(𝑥) > 0, 𝑡𝑖 < 𝑥 < 𝑡𝑖+𝑘. 

Note that the space of spline with simple knots 
(𝑥1, 𝑥2, ⋯ , 𝑥𝑘) denoted by 𝑆𝑁(𝑥1, 𝑥2, ⋯ , 𝑥𝑘), consider 
𝑎 = 𝑥0 < 𝑥1, ⋯ , < 𝑥𝑘 < 𝑥𝑘+1 = 𝑏 a partition on the 
interval, for 𝑘 = 1,2, ⋯.  

Let 𝑆𝑘 = 𝑆𝑁(𝑥1
𝑘, 𝑥2

𝑘, ⋯ , 𝑥𝑘
𝑘), for some 𝑘 knot. 

Let 𝑚𝑘 = 𝑚𝑎𝑥𝑖=0,1,⋯,𝑘(𝑥𝑖+1
𝑘 − 𝑥𝑖

𝑘) is called the mesh 

length. And the formula for the spline polynomial is: 

𝑆𝑘(𝑥) = ∑ 𝑓(𝑡𝑖
𝑘)𝐵𝑖

𝑘(𝑥)

𝑛+𝑘+1

𝑖=1

, ∀ 𝑗 = 0,1, ⋯ 𝑘, 𝑥 ∈ [𝑥𝑗
𝑘, 𝑥𝑗+1

𝑘 ],

where 𝐵𝑖
𝑘(𝑥) is 𝐵 −spline. 

II. DEFINITIONS AND CONCEPTS 

Definition 1. [7] 

We denote by 𝐿∞(𝑋), 𝑋 = (𝑎, 𝑏), the space of all bounded 
measurable function of 𝑓 on 𝑋 with the norm: 

‖𝑓‖∞ = 𝑠𝑢𝑝{|𝑓(𝑥)|, 𝑥 ∈ 𝑋} < ∞

Definition 2. [6] 

Let 𝑓 ∈ 𝐿𝑃[𝑎, 𝑏], where 1 ≤ 𝑃 ≤ ∞, be the space of all 
bounded measurable function 𝑓 on 𝑋 with the norm: 

‖𝑓‖𝑃 = [∫ |𝑓(𝑥)|𝑝
𝑏

𝑎

𝑑𝑥]

1
𝑝⁄

< ∞, 1 ≤ 𝑃 < ∞

Definition 3. [8] 

A series ∑ 𝑎𝑛
∞
𝑛=0  is called a multiplier convergent series if 

there is a convergent sequence of real number {𝜆𝑛}𝑛=0
∞  such that 

∑ 𝛼𝑛
∞
𝑛=0 𝜆𝑛 ≤ ∞ and {𝜆𝑛}𝑛=0

∞  is called multiplier for the 
convergence. 

Definition 4. 

For any real valued function 𝑓 ∈ 𝐿𝑃,𝜆𝑛
(𝑋), where 𝑋 =

(𝑎, 𝑏), if there is a sequence {𝜆𝑛}𝑛=0
∞ , such that: 

∫ 𝑓(𝑥)
𝑏

𝑎

𝜆𝑛𝑑𝑥 < ∞,

then 𝑓 is called a multiplier integrable function, 𝜆𝑛 is called 
a multiplier integrable sequence. 

Definition 5. 

Let 𝑓 ∈ 𝐿𝑃,𝜆𝑛
(𝑋), where 𝑋 = (𝑎, 𝑏), then: ‖𝑓‖𝑃,𝜆𝑛

, is 

given by the below definite multiplier integral norm: 

‖𝑓‖𝑃,𝜆𝑛
= [∫ |(𝑓𝜆𝑛)

(𝑥)
|

𝑝𝑏

𝑎

𝑑𝑥]

1
𝑝⁄



This represents the space of all unbounded functions defined 
on 𝑋 with the norm ‖𝑓‖𝑃,𝜆𝑛

, where 1 ≤ 𝑃 < ∞. 

Definition 6. [7] 

Let 𝑓 ∈ 𝐶[𝑎, 𝑏], then 𝜔(𝑓, ℎ) = 𝑚𝑎𝑥|𝑥−𝑦|<ℎ|𝑓(𝑥) − 𝑓(𝑦)| 
is called the modulus of continuity of the function 𝑓 with size 
(distance).  

Definition 7. 

Let 𝑓 ∈ 𝐿𝑃,𝜆𝑛
(𝑋), where 𝑋 = (𝑎, 𝑏), 1 ≤ 𝑃 < ∞, then the 

multiplier continuity modulus of the function f with step 
size (distance) is known as the following: 

𝜔(𝑓, ℎ)𝑃,𝜆𝑛
= 𝑚𝑎𝑥

|𝑥−𝑦|<ℎ
|𝜆𝑛(𝑓(𝑥) − 𝑓(𝑦))|

Definition 8. [7] 

Let 𝑓 ∈ 𝐿𝑃[𝑎, 𝑏], where 1 ≤ 𝑃 ≤ ∞, then the integral 
modulus (𝐿𝑃 −modulus or 𝑃 −modulus) of order 𝑘 of function 
𝑓 is the following function of 𝛿 ∈ [0, (𝑏 − 𝑎)/𝑘]:  

𝜔𝑘(𝑓; 𝛿)𝐿𝑃
= 𝑠𝑢𝑝0≤ℎ≤≤𝛿 {∫ |∆ℎ

𝑘𝑓(𝑥)|
𝑝

𝑑𝑥
𝑏−𝑘ℎ

𝑎

}

1
𝑝⁄



Definition 9.  

Let 𝑓 ∈ 𝐿𝑃,𝜆𝑛
(𝑋), where 𝑋 = (𝑎, 𝑏), 1 ≤ 𝑃 < ∞, then: the 

multiplier integral modulus of smoothness of order 𝑘 of 
the function f, where 0 ≤ 𝛿 ≤ 𝑏 − 𝑎𝑘, is defined by:  

𝜔𝑘(𝑓, 𝛿)𝑃,𝜆𝑛
= 𝑠𝑢𝑝ℎ∈[0,𝛿](∫ |∆ℎ

𝑘(𝜆𝑛𝑓)(𝑥)|
𝑝

𝑑𝑥
𝑏−𝑘ℎ

𝑎

)
1

𝑝⁄ 

Where: 

∆ℎ
𝑘(𝜆𝑛𝑓)(𝑥) = ∑ (−1)𝑚+𝑘 (

𝑘

𝑚
)

𝑘

𝑚=𝑖
(𝜆𝑛𝑓)(𝑥 + 𝑚ℎ); (

𝑘

𝑚
) =

𝑘!

𝑚! (𝑘 − 𝑚)!


Definition 10. [7] 

Let 𝑓 ∈ 𝐿𝑃(𝑋); where 𝑋 = [𝑎, 𝑏] and 1 ≤ 𝑃 ≤ ∞. The local 
modulus of smoothness of the function 𝑓 of order 𝑘 at a point 
𝑥 ∈ [𝑎, 𝑏] is the following function of 𝛿 ∈ [0, (𝑏 − 𝑎)/𝑘]: 

𝜔𝑘(𝑓, 𝑥; 𝛿) = 𝑠𝑢𝑝 {|∆ℎ
𝑘𝑓(𝑡)|; 𝑡, 𝑡 + 𝑘ℎ

∈ [𝑥 −
𝑘𝛿

2
, 𝑥 +

𝑘𝛿

2
] ∩ [𝑎, 𝑏]}

Definition 11. 

If 𝑓 ∈ 𝐿𝑃,𝜆𝑛
(𝑋), where 𝑋 = (𝑎, 𝑏), 1 ≤ 𝑃 < ∞, then the 

multiplier local modulus of smoothness of a function 𝑓  of order 

𝑘 at a point 𝑥 ∈ [𝑎, 𝑏], 0 ≤ 𝛿 ≤
𝑏−𝑎

𝑘
 is defined by:  
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𝜔𝑘(𝑓, 𝑥, 𝛿)𝑃,𝜆𝑛
= 𝑠𝑢𝑝ℎ∈[0,𝛿] {∆ℎ

𝑘(𝜆𝑛𝑓)(𝑡); 𝑡, 𝑡 + 𝑘ℎ

∈ [𝑥 −
𝑘𝛿

2
, 𝑥 +

𝑘𝛿

2
] ∩ [𝑎, 𝑏]}. 

Definition 12. [7] 

The averaged modulus of smoothness of order 𝑘 (or 
𝜏 −modulus) of the function 𝑓 ∈ 𝑀[𝑎, 𝑏] is the following 
function of 𝛿 ∈ [0, (𝑏 − 𝑎)/𝑘]: 

𝜏𝑘(𝑓; 𝛿)𝑃 = ‖𝜔𝑘(𝑓, . , ; 𝛿)‖𝐿𝑃
= [∫ (𝜔𝑘(𝑓, 𝑥, 𝛿))𝑝𝑑𝑥

𝑏

𝑎

]

1
𝑝⁄

.

Definition 13. 

If 𝑓 ∈ 𝐿𝑃,𝜆𝑛
(𝑥), where 𝑋 = (𝑎, 𝑏), 1 ≤ 𝑃 < ∞, then the 

multiplier averaged modulus of smoothness of order 𝑘 of 𝑓 ∈
𝐿𝑃,𝜆𝑛

(𝑋), is defined by: 

𝜏𝑘(𝑓, 𝛿)𝑃,𝜆𝑛
= ‖𝜔𝑘(𝑓, . , 𝛿)‖𝑃,𝜆𝑛

= (∫ (𝜔𝑘(𝜆𝑛𝑓, 𝑥, 𝛿))𝑝𝑑𝑥
𝑏

𝑎

)
1

𝑝⁄ .

Definition 14. [7] 

If 𝑓 ∈ 𝐿𝑃(𝑋), 𝑋 = [𝑎, 𝑏], then: 

𝐸𝑛(𝑓)𝑃 = 𝑖𝑛𝑓{‖𝑓 − 𝑃𝑛‖𝑃: 𝑃𝑛 ∈ 𝑃},

where 𝐸𝑛(𝑓)𝑃 is called the degree of the best monotone 
multiplier approximation of 𝑓 by polynomial 𝑃𝑛. 

Definition 15. 

If 𝑓 ∈ 𝐿𝑃,𝜆𝑛
(𝑋), 𝑋 = (𝑎, 𝑏), then: 

𝐸𝑛(𝑓)𝑃,𝜆𝑛
= 𝑖𝑛𝑓{‖𝑓 − 𝑆𝑛‖𝑃,𝜆𝑛

: 𝑆𝑛 ∈ 𝑃}

Such that 𝐸𝑛(𝑓)𝑃,𝜆𝑛
 is called the degree of the best monotone 

multiplier approximation of 𝑓 by polynomial 𝑆𝑛. 

Definition 16. [9] 

Let 𝑋 be a Banach space with real or complex scalar. Let 
𝑥1, 𝑥2, ⋯ , 𝑥𝑛 be given vectors in 𝑋.  

Consider the polynomials of the form 𝑦 = ∑ 𝛼𝑖𝑥𝑖
𝑛
𝑖=1 , where 

𝛼𝑖 are scalars, 𝑥𝑖 ∈ 𝑋, then the degree of approximation of 𝑥𝑖 ∈
𝑋 is 𝐸𝑛(𝑥) = 𝑖𝑛𝑓‖𝑥 − 𝑦‖. 

If the infimum is attained for some 𝑦 = 𝑦0, this 𝑦0 is called 
a linear combination of the best approximation or a polynomial 
of the best approximation to 𝑥. 

III. MAIN RESULTS 

In this work, we prove theorems to find degree of the best 
multiplier approximation of monotone unbounded functions by 
spline polynomials in 𝐿𝑃,𝜆𝑛

(𝑋) −space in terms of averaged 

multiplier modulus of smoothness 𝜏(𝑓, 𝛿)𝑃,𝜆𝑛
(𝑋), 𝑋 = (𝑎, 𝑏). 

 

Theorem 1. [5] 

For each 𝑓 ∈ 𝐶[𝑎, 𝑏], there exist 𝑠𝑘 ∈ 𝑆𝑘 such that:  

𝑙𝑖𝑚
𝑘→∞

‖𝑓 − 𝑠𝑘‖∞ = 0 if and only if 𝑙𝑖𝑚
𝑘→∞

𝑚𝑘 = 0 

Now, we want to find some results, but for all unbounded 
function in the space 𝐿𝑃,𝜆𝑛

−space, 1 ≤ 𝑃 < ∞. 

Theorem 2. 

Let f be unbounded function, 𝑓 ∈ 𝐿𝑃,𝜆𝑛
(𝑎, 𝑏), 𝑠𝑘 ∈ 𝑆𝑘, then: 

𝐸𝑛(𝑓)𝑃,𝜆𝑛
≤ ‖𝑓 − 𝑠𝑘‖𝑃,𝜆𝑛

≤ 𝐶𝑃𝜏(𝑓,
1

𝑛
)𝑃,𝜆𝑛



Proof: 

Let 𝑓 ∈ 𝐿𝑃,𝜆𝑛
(𝑋), be unbounded function on (𝑎, 𝑏), we 

divide the interval (𝑎, 𝑏) to 𝑛 subintervals 𝑎 ≤ 𝑥0 < 𝑥1 < 𝑥2 <

𝑥3 < ⋯ < 𝑥𝑛 ≤ 1, such that |𝑥𝑖 − 𝑥𝑖+1| =
1

𝑛
, 𝑛 → ∞. Let 

𝜔(𝑓, 𝛿)𝑃,𝜆𝑛
= 𝑚𝑎𝑥

|𝑥−𝑦|≤𝛿
{|𝜆𝑛(𝑓(𝑥) − 𝑓(𝑦))|} , 0 ≤ 𝛿 <

1

𝑛
,      

∀𝛿 > 0. Let 𝑡𝑖
𝑘 ∈ 𝐵𝑖

𝑘 ∩ (𝑎, 𝑏), 𝑖 = 1, ⋯ 𝑛 + 𝑘 + 1. 

Let 𝑠𝑘 be quasi operation denoted by: 

𝑠𝑘(𝑥) = ∑ 𝑓(𝑡𝑖
𝑘)

𝑛+𝑘+1

𝑖=1
𝐵𝑖

𝑘(𝑥), ∀𝑗 = 0,1,2, ⋯ 𝑘, 𝑥 ∈ [𝑥𝑗
𝑘, 𝑥𝑗+1

𝑘 ]

Then: 

𝐸𝑛(𝑓)𝑃,𝜆𝑛
≤ ‖𝑓 − 𝑠𝑘‖𝑃,𝜆𝑛

= {∫ |𝜆𝑛(𝑓(𝑥) − 𝑠𝑘(𝑥))|𝑝
𝑏

𝑎

𝑑𝑥}

1
𝑝⁄



= {∫ |𝜆𝑛(𝑓(𝑥) − ∑ 𝑓(𝑡𝑖
𝑘)

𝑛+𝑘+1

𝑖=1
𝐵𝑖

𝑘(𝑥))|

𝑝𝑏

𝑎

𝑑𝑥}

1
𝑝⁄

  (1)

Now, we use new step, since: 

∑ 𝐵𝑖
𝑘(𝑥)

𝑛+𝑘+1

𝑖=1
= 1                               (2)

We multiply both sides of equation (2) by 𝑓(𝑥), we get: 

∑ 𝐵𝑖
𝑘(𝑥)

𝑛+𝑘+1

𝑖=1
𝑓(𝑥) = 𝑓(𝑥)                              (3)

We substitute equation (3) in equation (1), we get by using 
Jensen’s inequality [10] which are: for 𝑃 ≥ 1 and 𝛼𝑖 > 0, we 
have: |∑ 𝛼𝑖𝛽𝑖

𝑛
𝑖=1 |𝑝 ≤ ∑ 𝛼𝑖

𝑛
𝑖=1 |𝛽𝑖|

𝑝, where ∑ 𝛼𝑖
𝑛
𝑖=1 = 1.  

𝐸𝑛(𝑓)𝑃,𝜆𝑛
= {∫ ∑ |𝜆𝑛(𝑓(𝑥) − 𝑓(𝑡𝑖

𝑘))𝐵𝑖,𝑘(𝑥)|
𝑝

𝑑𝑥
𝑛+𝑘+1

𝑖=1

𝑏

𝑎

}

1
𝑝⁄


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𝐸𝑛(𝑓)𝑃,𝜆𝑛
= {∫ ∑ |𝜆𝑛(𝑓(𝑥) − 𝑓(𝑡𝑖

𝑘))|
𝑝

𝑑𝑥
𝑛+𝑘+1

𝑖=1

𝑏

𝑎

}

1
𝑝⁄



Since ∑ 𝐵𝑖,𝑘(𝑥)𝑛+𝑘+1
𝑖=1 = 1. 

𝐸𝑛(𝑓)𝑃,𝜆𝑛
≤ {∫ |∆ℎ,𝑚

𝑘 (𝜆𝑛𝑓)(𝑥)|
𝑝

𝑏

𝑎

𝑑𝑥}

1
𝑝⁄



           𝐸𝑛(𝑓)𝑃,𝜆𝑛
≤ {∫ |𝜔(𝑓; 𝑥; (𝑛 + 2)𝑚𝑘

)|
𝑝

𝑏

𝑎

𝑑𝑥}

1
𝑝⁄



  𝐸𝑛(𝑓)𝑃,𝜆𝑛
= 𝐶𝑃‖𝜔(𝑓; 𝑥; (𝑛 + 2)𝑚𝑘

)‖
𝑃,𝜆𝑛

 

  𝐸𝑛(𝑓)𝑃,𝜆𝑛
= 𝐶𝑃𝜏(𝑓, (𝑛 + 2)𝑚𝑘

)𝑃,𝜆𝑛
             

Corollary 3.  

Let 𝑓 ∈ 𝐿𝑃,𝜆𝑛
(𝑋), 𝑋 = (𝑎, 𝑏), 𝑓 be unbounded function, 

𝑠𝑘 ∈ 𝑆𝑘, then: 

𝑙𝑖𝑚
𝑘→∞

‖𝑓 − 𝑠𝑘‖𝑃,𝜆𝑛
= 0 if and only if 𝑙𝑖𝑚

𝑘→∞
𝑚𝑘 = 0

Proof: 

First, we assume that 𝑙𝑖𝑚
𝑘→∞

𝑚𝑘 = 0, such that                   

|𝑥𝑖+1 − 𝑥𝑖| → 0 by Theorem 2 

‖𝑓 − 𝑠𝑘‖𝑃,𝜆𝑛
≤ 𝜏𝑃(𝛿,

1

𝑛
)𝑃,𝜆𝑛



Since 𝑙𝑖𝑚
𝑘→∞

𝑚𝑘 = 0, such that |𝑥𝑖+1 − 𝑥𝑖| → 0 

𝜏(𝑓, 𝛿)𝑃,𝜆𝑛
= ‖𝜔(𝑓, 𝑥, 𝛿)‖𝑃,𝜆𝑛

                                                   

          = 𝑠𝑢𝑝|ℎ|≤𝛿 {∆ℎ,𝑚
𝑘 (𝜆𝑛𝑓)(𝑡): 𝑡, 𝑡 + 𝑘ℎ

∈ [𝑥 −
𝑘𝛿

2
, 𝑥 +

𝑘𝛿

2
] ∩ {𝑎, 𝑏}}

Since 𝑚𝑘 → 0 implies that 𝛿 → 0. 

Then |∆ℎ,𝑚
𝑘 (𝜆𝑛𝑓)(𝑥)| tend to zero (∆ℎ

𝑘→ 0). 

Therefore 𝜏(𝑓, 𝛿)𝑃,𝜆𝑛
 tend to zero (𝜏 → 0). 

Since ‖𝑓 − 𝑠𝑘‖𝑃,𝜆𝑛
≤ 𝜏𝑃(𝛿,

1

𝑛
)𝑃,𝜆𝑛

 by Theorem 2, we have 

that:  

‖𝑓 − 𝑠𝑘‖𝑃,𝜆𝑛
 tend to zero. 

Hence, 𝑙𝑖𝑚
𝑘→∞

‖𝑓 − 𝑠𝑘‖𝑃,𝜆𝑛
= 0 as 𝑘 → 0. 

Converslely: 

Suppose that 𝑙𝑖𝑚
𝑘→∞

‖𝑓 − 𝑠𝑘‖𝑃,𝜆𝑛
= 0, if 𝑙𝑖𝑚

𝑘→∞
𝑚𝑘 does not tend 

to zero, so there exist a subinterval, such that 𝑑(𝑥𝑘 , 𝑥𝑘+1) does 
not tend to zero. 

That is big interval, so 𝑠𝑘(𝑥) does not converge to function 
𝑓 in this subinterval. 

Then, in this subinterval, we get that: 

𝑙𝑖𝑚
𝑘→∞

‖𝑓 − 𝑠𝑘‖𝑃,𝜆𝑛
≥ 𝐶

Where 𝐶 is constant and this is contraducti 

𝑙𝑖𝑚
𝑘→∞

‖𝑓 − 𝑠𝑘‖𝑃,𝜆𝑛
= 0, hence 𝑙𝑖𝑚

𝑘→∞
𝑚𝑘 = 0

CONCLOSION 

the aim of this paper is to obtain the degree of the best 
multiplier approximation of monotone unbounded functions, 
𝑓 ∈ 𝐿𝑃,𝜆𝑛

(𝑋) −space, 𝑋 = (𝑎, 𝑏) by spline polynomials in 

terms of averaged multiplier modulus smoothness 𝜏(𝑓, 𝛿)𝑃,𝜆𝑛
 

using some definitions and theorems necessary for this. 
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