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Abstract— This article explores the properties and theorems pertaining to subtractive and distributive semimodules.
The focus is on understanding the relations between these characteristics and their implications within the context of
semimodules. The investigated propositions establish conditions for distributivity in semimodules. It is shown that under
certain circumstances, the preimages of subsemimodules under homomorphisms exhibit specific additive properties.
Furthermore, the study introduced definitions and propositions related to supplements, principally supplemented
semimodules and H-supplemented semimodules. The findings reveal the importance of supplements in understanding
the structure and properties of semimodules, particularly in relation to their distributive nature.
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INTRODUCTION

A semiring is a nonempty set R on which operations of
addition and multiplication have been defined such that the
following conditions are satisfied: (R,+) is a commutative
monoid with identity element 0; (R,-) is a monoid with identity
element 1+ 0(1 = 1z); multiplication distributes over
addition, i.e. a(b + ¢) = ab + ac and (a + b)c = ac +
bc for all a,b,c € R; the element 0 is the absorbing element
of the multiplication, i.e. -0 =0-r =0 for all r € R. The
semiring R is said to be commutative if its multiplication is
commutative [1, p. 1].

Let R be a commutative semiring with identity. An R-
semimodule M is said to be distributive if, for all
subsemimodules 4, B, and C of M, the following equality holds:
An (B+C)=(A nB)+ (A nC)[2].The notion of distri-
butive semimodules has been studied and developed as a
generalization independently in [2] and [3]. As for the module,
in the last six decades much research and results on the structure
of the modules with a distributive lattice of submodules (see for
example [4], [5], [6], [7], and [8]). In this study, our focus is on
investigating the properties of distributive semimodules. We aim
to delve deeper into understanding the nature of the distribution
property and its implications within this research. In section 2,
some definitions and facts that are important in our study will be
given. In section 3, some properties in homomorphisms of
distributive semimodule. In section 4, the concept of
supplemented extending (principally@-supplemented,
principally supplemented, and H-supplemented) semimodules
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and a relationship between distributive semimodule and these
concepts are studied.

Il. PRELIMINARIES

In this section, we will present some definitions and remarks
that are needed in the next section.
Definition 2.1. Let R be a semiring, a left R-semimodule is a
commutative monoid (M, +) with additive identity 0 for which
we have a function R X M — M defined by (r,m) — rx
(scalar multiplication), which satisfies the following conditions
for all elements r,7' € R and all elements m,m’' € M:
1 (rrx = r(r'm);
2.r(m + m) = rm + rm/;
3.(r + Ym = rm + rm,
4,10y = 0y = 0pm.
If the conditionlzm =m for all m e M hold then the
semimodule M is said to be unitary. [1, p. 149]
Definition 2.2. A non-empty subset N of a left R-semimodule
M is called a subsemimodule of M if N is closed under addition
and scalar multiplication that is N is an R-semimodule itself
(denoted by N < M). The set of all subsemimodules of M is
denoted by L(M) [1, p. 150]
Definition 2.3. An element m of an R —semimodule M is called
cancellable if for all m,m' € M withm+m' =m + m"”
implies that m' = m'’. The semimodule M is cancellative if
and only if every element of M is cancellable. [1, p. 49]
Definition 2.4. Let M be an R-semimodule. A subtractive
subsemimodule (or k —subsemimodule) N is a subsemimodule
of M such that if z,z + w € N, then w € N, and the
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semimodule M is subtractive if each subsemimodule is
subtractive. [9]
Definition 2.5. A left R -semimodule M is called Noetherian,
if M satisfies the ACC (Ascending chain condition) onits R -
subsemimodules, i.e., if there does not exist an infinite strictly
ascending chain M; ¢ M, c M; c...of subsemimodules of
M. [10]
Definition 2.6. An R -semimodule M is called uniserial if for
any two subsemimodules H and L of M, either H € L or L ©
H.[11]
Definition 2.7. If R is a semiring. The R-semimodule M is
semisubtractive if each x,y € M, there exists z € M where
x+z=yory+z=ux[12]
Definition 2.8. Let M and D be R - semimodules the map f:
M — D is called a homomorphism if Ve,n € M,s € R

1- fle+n)= f(e)+f(n).

2- f(sn)= sf(n).[1,p. 156]
Definition 2.9. [11] For a homomorphism of R - semimodules
n: B —» D we define

1- n(B) = {n(e)| e € B,

2- ker(m) ={e € B|n(e) =0}.

3- mnisk —regular,ifn(e) = n(é) implies e+ h =
é + h for some h, h € ker ().

4- Hom (B,D) = {n: B —» D | i is a homomorphism}.

Definition 2.10.

A subsemimodule U of M is called a fully invariant

subsemimodule if f(U) <€ U forevery f € End (M). [12]
Definition 2.11. [12]A semimodule U is said to be duo if each
subsemimodule of U is fully invariant.
Definition 2.12. Let D be an R-semimodule, and £, L, €
L(D). D is called a direct sum of Land L, , if each u € D can
be represented uniquelyasu = k + h,wherek € Land h € L,,
then we can say that £ (similarly £,) is a direct summand of
D and denoted by D = LBL,. [1, p. 184]

Definition 2.13. Let D be an R-semimodule, and J,S €
L(D). The subsemimodule J is called supplemented of § in D
if J+8 =D, and J is minimal with this property. That is, if
F+S=DandF c J,then F = J. Asemimodule D is called
supplemented if each § € L(D) has a supplemented in D. [13]
Definition 2.14. A subsemimodule ¥ of semimodule D is
called closed if K has no proper essential extensions in D. [12]

I11. ON HOMOMORPHISMS OF DISTRIBUTIVE
SEMIMODULE

Definition 3.1. [2] Let R be a semiring. A left R-semimodule D
is called a distributive semimodule if, for all subsemimodules
A, B, and C of D, the following equality holds: A N (B + C) =
(ANB)+ (ANC).

Lemma 3.2. If pe Hom (U, A), where U and A are R —
semimodules. If B is a subtractive subsemimodule of 4, then
sois u~(B).

Proof: The same as in the semiring (see [1, p. 116]) .
Lemma 3.3.

Let U and A be R — semimodules and pe Hom (U, A), and
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M € L(A), then p (W™ 2(M)) = M n p(U).
Proof. The same as in the modules (see [14, p. 44]).

Remark 3.4: If pe Hom (U,A), where Uand A are R —
semimodules, then:

i) For W,N € L(U), p(W + N) = p(W) + p(N),

i) for @,5 € L(A), ™' (@ N S) = u™(Q) N u™'(S),

i) 1= (u(V)) = U,

Proof: it’s clear.
The following Proposition mentioned in [2],will be proved
under different conditions.
Proposition 3.5. Let U and A be an R-semimodules, p is k-
regular homomorphism from U to A
i. If Aisdistributive, W and N subsemimodules of A
with W + N subtractive, then p=*(W + N) =
wrW) + (V).
ii. If U isdistributive,
T and S subsemimodules of U, then p(T N S) =
w(T) N p(s).
Proof.

(i) Itis clear that p™ (W) + u Y(N) € u (W + N).

Letx € u~ (W + N), then u(x) € W + N. So u(x) € (W +
N) N (V).

Since A is distributive, p(x) € [W n p(U) + N n p(U)], by
Lemma 3.3 then p(x) € [p(p=t(W)) + u(p=1(N))] this mean
n(x) = ulxy) + plxy) with x; € p=t (W), x, € u~'(N) by
Remark 3.4 p(x) = u(x; + x5).

By hypothesis, p a k-regular, hence x + k; = x; + x, + k,
for some ky, k, € kerp. Now, x; +x, + k, € g 1(W) +
uI(N) (since erp < w1(N)),sox + k; € u (W) +
u"(N).Butk, € kerp € p*(W) + p~1(N), then x €

u t(W) + u (W) (by Lemma 3. 3 and subtractive property).

(ii) Itis clear that W(T N S) € w(T) N u(S). Lety € wW(T) n
u(S), theny = pu(t) = u(s), t € T,s € S. Since , pis k-
regular, t + k; = s + k, for some k,, k, € kerp. Then t +
ki € (T + kerp) N (S + kerp), since U is distributive, t +
ki€eTNS+Tnkeru+TNkerp+ kerpso, t+k; €T N
S+ kerphencet +k, =x+ks;wherex eT NS, k; €
kerp. Then pu(t) = p(x)impliesy = p(x) € w(T N S).
Therefore (T N S) = u(T) N u(S)

Proposition 3.6. Let D and M be R-semimodules,
and V', H € L(D). Consider the following statements:

i. D is a distributive semimodule.

ii. Forany f € Hom(D, M), f(N N H) = f(N) N f(H).
iii. For any € Hom(M, D) , then g~ (W + H) = g }(WV) +

g7 iF0)).

iv. D and M are modules and D is distributive.
Then the following implications: iii — i, ii — i, iv — ii, and iv
— 1i hold.



Journal of Kufa for Mathematics and Computer

Vol.10, No.2, Aug., 2023, pp 90-96

Proof. (iii—i)

If B, N, € L(D) and o: B — D be the inclusion map, so
BANW+H)=0"'W+H)=c"1(WNV)+0 1(H)=Bn
N+BnH.

(ii—i)

Let B, N, % € L(D) and let m: D — D/N be the natural
epimorphism

Since (B N H) = n(B) N n(H), we have:

T (mBNH)=BnH +kern =BNH +N ....(1)
Also,

i (m(BNH)) = (n(B) nr(#)) =n"1(@(B)) N

7 (H)

=(B+kern)+(H +kermt) =(B+N)NH +N) ....(2)
Therefore, the distributivity of D follows from the equivalence
of the two expressions (1) and (2).

(iv—ii)

Let € Hom(D, M), such that f(m) = f(n)

Since D and M are modules we have,

f(@m) — f(n) = 0 which implies that

f(m —n) = 0. Therefore, m —n € kerf

Let k = m —n, so f is k-regular. By the Proposition 3.5, we
have

fNNH)=f(NV) N f(H) forany N, H € L(D).

(iv - iii)

Now, since g is k-regular, Proposition 3.5 implies that
gTWN +H) =g (W) + g7 ().

The following Proposition mentioned in [3],will be proved
under different conditions.

Proposition 3.7. Let D and M be R — semimodule, and q €
Hom (D, M).If D is a distributive semimodule and q is k-

regular, then q(D) is a distributive semimodule.

Proof. Let 4, B, and C € L(q(D)), since
An(B+C)=AnqD)n [Bnq(D)+CnqD)]
=q(q7*@) n [a(g7(B)) + q(q7*(C))] ( by Lemma 3.3)

by Proposition 3.5

An(B+C) =qlg™* (A n(g7*(B) +
a7 H(O)]

=qlq (A nqg~'(B) +q ' (4)
N g~ 1(C)](since D is a distributive)

= q[q~*(A N B) + ¢~*(A n €)]( by Remmark 3.4)
=q(@'(AnB)) +q(g " (AN C))
= (ANnB)Nnq(D)+ (AN C)nq(D)(by Lemma 3.3)
=(ANB)+(ANC).

Lemma 3.8. Let C be a fully invariant subsemimodule of R-
semimodule M, and let 4, B be subsemimodules of M such that
ANnB=0. If each idempotent endomorphism of every 2-
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generated subsemimodule of M is extended to an
endomorphism of M. ThenCN(A+B)=CnA+CnB.
Proof: Assume that H = (Re;@®Re,) Where e, € A, e, € B.
Let f;:H — Re; be natural projections. ldempotent
endomorphisms f; of H are extended to endomorphism g; €
End(M) . Hence gi(e;) =€, g.(e2) =€, and gy(e;) =
g,(e))=0. If h=e,+e,€ CN(A+B), then ¢ =
gi(e;+e;) = g;(h). By hypostasis g;(h) € C, therefore h =
gi1(e) + g2(e;) E(CNA+CNB).
Proposition 3.9. Assume that each idempotent endomorphism
of any 2-generated left ideal of any arbitrary factor semiring B
of a commutative semiring R is extended to an endomorphism
of B (as a semimodule over itself). If R is subtractive, then it is
distributive.
Proof. It is clear that a commutative semiring R is duo as (a
left or right) semimodule over itself, for if f € End( zxR) and
I is a left ideal of R, then for each x €I, f(x) = xf(1) =
f(1)x € I, thatis f(I) S I. This property hold for any factor
of zR. Let F,G,and H be left ideals of R, and let h:R —
R/(G n H) be a natural epimorphism.
Not that, h(G) and h(H) are subsemimodules of the factor
semiring R/ (G n H), with h(F) N h(G) = 0.
Applying Lemma 3.8 to R/(G N H), we have

h(F) n (h(G) + h(H)) = h(F) N h(G) + h(F) N h(H)
the left-hand side

F G H _Fn(G+H
l6an"C/gan*"6an = /(GnH)
the right-hand side

Floanneam)+Eleannean
:(FnG+FnH)/
G NH)

Therefore FN (G+ H) = (FNG+ FnNH),thenis, gRis
distributive.

Proposition 3.10. [3] Let D and M be subtractive
R —semimodules with M isomorphic to D, then D is
distributive if and only if M is distributive

Recall that the semiring R is called uniserial if for any two

ideal I andJ of R, either I < Jor] < I. [15]

Proposition 3.11. If M is a subtractive cyclic semimodule
over a uniserial semiring R, then M is a distributive
semimodule.

Proof. Assume that M = Rm, for some m in M, and let

y: R —» M be a homomorphism map such that y(r) = rm,
then y is an epimorphism with ker(y) = I(m), hence M =
R/l(m)' By hypothesis, R-semimodule R is a distributive

semimodule. So, R/l(m) is a distributive semimodule, by
Proposition 3.10 M is a distributive semimodule.

Lemma 3.12. [16]Let B be a semisubtractive cancellative
semimodule, and {B; };¢; is a family of subsemimodules of B,
such that ¥;¢; B; is subtractive for each ] € I. Then },;¢; B; =

@;e/B; ifand only if B; N ¥;; B; = 0 foreach i € J.
Lemma 3.13. If ABelLM), AnB=0, A+B is
cancellative and semisubtractive, then there is a bijection
between the complements of B in A@B and the split of maps
the projection of A@B onto A.
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proof. Let p: A@B — A be a natural projection map then p
splits, there exists q: A - A®B such that pq = 1,, hence
A®B = Imq @ kerp = Imq ® B. Itis clear that Imq isa
complement of B in A@B. Now if g # ¢ are distinct split
maps of p then g(a) # ¢(a) for some a € A.

Claim: g(a) € Imq, and then Im q # Img.

For, if g(a) € Imq, then g(a) = q'( a) for some a@ € A.

Hence p(q(a)) = p(q'(4)), s0, a = d (since pq = pq’ = 1,)
thatis, g(a) = q( &) = ¢(a) C!, therefore Im q +# Im g.

Hence there is a bijective between the split maps of p and the
complements of B in A@B.

Lemma3.14. IfA,B € L(M),AnB =0,A+Bis
cancellative and semisubtractive, then there is a bijection
between Hom (4, B) and the split maps of the projection p of
A®Bonto A.

proof. Let a € Hom (4, B) and p: A@B — A be the natural
projection

Defineq: A - A®B bya ~ a + a(a), then
(®P9)(a) = p(a+a(a)) = a
q is aright inverse of p, that is, a split map of p
Itis clear thatif @ # a' € Hom(4, B), then for some a € A.

a(a) # a(a), q(a) = a+a(a) #a+ d(a) = q (a).
On the other hand, if q is a split map of p, then it is 1-1, and it
induces an @ € Hom (A, B), by a = g q where 1 is the
natural projection of A@B onto B. Therefore, there is a
bijection between Hom (4, B) and the split maps p.

Corollary 3.15. IfA,B €e L(M),ANB =0,A+ B is
cancellative and semisubtractive, then there is a bijective
between Hom (A4, B) and the set of complements of B in
A®B.

Proposition 3.16. A Lattice L is distributive if and only if for
each interval I of L any two elements of I which are related in
I are equal. (See [17, p. 68])

Proposition 3.17. Suppose that M is a cancellative and
semisubtractive semimodule. A,B € L(M) suchthat AN B =
0. Then M is a distributive semimodule if and only if

Hom (4,B) = 0.

proof. Since A N B = 0, by Corollary 3.15, there is a bijection
between Hom (4, B) and the set of complements of B in A®B,
and by Proposition 3.16 a lattice is distributive if and only if
relative complements are unique. Now, we get that
Hom (A,B) = 0 ifand only if M is a distributive semimodule.
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Corollary 3.18. Suppose that M is a cancellative and
semisubtractive semimodule. 4, B € L(M), such that AN B

subtractive subsemimodule. Then M/(A nB) is a distributive

semimodule if and only it Hom (4/ 4 (\ 5y B/c4 1 3y) = 0.

Corollary 3.19. If M is a cancellative, semisubtractive, and
distributive semimodule, such that M = A + B, where A, B are

subtractive subsemimodules of M then Hom(M/,, M/p) = 0.

Definition 3.20. Let M be R - semimodule, and m € M we
define: I((m) = {r € R:rm = 0}. [1]

Corollary 3.21. Let M be a distributive, cancellative, and
semisubtractive semimodule over cancellative, semisubtractive
semiring R. If [(m) =0,m € M, then Rm is an essential
subsemimodule of M.

Proof. Let f: R = Rm be epimorphism such that f(r) = rm.
Since kerf = l(m) = 0, then f is a monomorphism, hence
R=Rm. IfFRmnNnA=0, for some Ae L(M), if0#ac€
A, then there exist g: R — A defined by g(r) = ra. But we
have h: Rm — R ( inverse of f) which is not zero hence 0 #
gh € Hom(Rm,A) Cl,hence A=0 .

Proposition 3.22. [2] Let U be a subtractive distributive R -
semimodule and B be an R —semimodule, and w, g €

Hom (U, B) such that w + g is k- regular. Then, for any C €

L(B), € = (C+ w(g™ (@) n(c+ g(0™(©))

Theorem 3.23. Let M be subtractive and distributive
semimodule, N a noetherain semimodule, f,g € Hom (M, N)
such that f + g is k-regular, if g (M) < f (M) then
ker f C kerg.
Proof. Suppose that g (M) < f (M) butker f & kerg. Let
A=n{BELN):f(B)< g (B)}
note that f~1(N) = g~ (N) = M, that is, the above set is not
empty. Clearly, A is the smallest subsemimodule of N such
that £=1(A4) < g~ (4). In particular, we see that 4 <
g (M) € f(M)...** [since f~(g (M) € g™ (g (M)].
Since ker f & kerg, A # 0 and so, by hypothesis, we can find
a subsemimodule X such that 0 < X < A and A/X is simple.
Butg (f'(X) cg(fl(A) cAandsoA=X+
g (F~1(X)). .#[ since € g~ (X) and X is maximal in A].
By proposition 3.22

X=(X+gFeONN &+ f(g™ (X))

X=AnX+f(g™ X))

and so

leads to
RO =@+ (fet )]
FROO = ANFIX) + g7 (0]
[from* g71 (A) = g™ (X) + £ 1 (0]

X)) =f1Ang™A)=f1(4)
XN (M) =Anf(A)
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JbutX € Ac f (M) by **
S0 X = A contradiction, hence A = 0, thatis ker f =
fA) g™ (A) = kerg.

Proposition 3.24. Let D, and N be modules over semiring R.
Where D be distributive , N is a noetherain and 4, B are

submodules of D. 1f P/, =D/ then A = B.

Proof. Assume that A, B € L(D), such that P/, = P/ by .
Let B.:D - D/C be the natural epimorphism for C € L(D).
Then aB,: D - D/B is an epimorphism and af, + Bg is k-

regular ( since D, N are modules). Thus af,(D) = (D), so
by using Proposition 3.23 ker(aB,) = ker(Bg), hence A = B.

1VV. ON SUPPLEMENT PROPERTY IN DISTRIBUTIVE
SEMIMODULES

In this section, we aim to define the concepts originally
introduced in the context of modules to semimodules, with a
focus on generalizing their associated properties related to
distributive laws. The definitions we will be exploring and
expanding upon include supplemented extending [18],
principally @-supplemented [19], principally supplemented

[20], and H-supplemented [21].

Definition 4.1. An R-semimodule D is called supplemented
extending if every closed subsemimodule is supplemented.
Lemma 4.2. Suppose that M = M, &M, where M, M;, M, are
R-semimodules and M distributive , if I € L(M) is closed in
M, then I n M; closed in M; (i = 1,2).

Proof. Assume that I N M; <¢ M;* < M; where = 1,2 . Then
INM®INM, < M,"®M,* < M;®M, = M , thus

I <° M;"®M," since I closed in M, then I = M;"®M,".
Hence I n M;®1 N M, = M;"®M," implies that I n M,
M;"and N M, = M," ,so I n M; closed in M;(i = 1,2).

Lemma 4.3. [3] Let D be a distributive R- semimodule, and
T,L € L(D). Then T is a supplemented of £ if and only if D =
L4+TandT nLissmall inT.

Proposition 4.4. Let M = M, ®M, where M, M, M, are
R-semimodules and M distributive , then M is supplemented
extending, if M;, M, are supplemented extending.

Proof. Suppose that M, M, are supplemented extending, and
L is closed subsemimodule in M. By Lemma 4.2 L n M; is
closed subsemimodule in M;(i = 1,2) but M; is supplemented
extending , then L n M; is supplemented in M;, then by

Lemma 4.3 there exist a subsemimodule K; of M; such that
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Ki+(LnM)=MandK,NLNM;=K,NLKLKLNM L
L.Now, (K; +K,)nL=(K, nL)+ (K, nL) «Land
M=[K +(LnM)]+[K,+(LNM)] S K +K)+L,
by Lemma 4.3 L is supplemented.

Following Mohammad in [22] we use a concept T-direct
summand in the module. We use the definition in semimodule.
Let 4, B, and C be subsemimodules of R-semimodule M. 4 is
called the T-direct sum of B,and C (denoted by A = B® ()
if A=B+ Cand BnC € L(T). In this case, each of B,and C
is called a T-direct summand of A.

Proposition 4.5. Let A, BandC be subsemimodules of

cancellative, semisubtractive, subtractive, and distributive

semimodule M, such that M = B&®,C. Then M/, =

(B+A)/A®(C+A)/A'

Proof. It’s clear M/A = (B®AC)/A — B+ A)/A +
C+A

¢+ )/A

and (B+A)/An(C+A)/A=[(B+A)ﬂ(C+A)]/A
_BAEC+H+ANCHM] _

= =

[BAO+EAD+ANO+MD] _ A7 — 0 hence by

Lemma3.12 M/, = (B + A)/A o+ A)/A.

Proposition 4.6. LetM =M, @ M, =K+ Nbea
semimodule and K < M;. If M is distributive and K N N is
small in N, then K n N is small in M; n N.

Proof. LetM; N N = (K n N)+L,WhereLisa
subsemimodule of M; N N. Since M is distributive, N =
(M; N N)@® (M,nN).WehaveM = K+ N = K+
(M;nN)+(M,nN) = K+L+M,nN)andN = (Kn
N)+ L+ (M, nN).Since K n N issmall in N, we have N
L®M,NnN).ThenN = (N n M;) & (N n M,)and
L <M nNimplyL = M; n N.Hence K n N issmall
inM; N N.

Definition 4.7. Let M be an R-semimodule, m € M, and L a
direct summand of M, the subsemimodule L is called
principally @-supplemented of Rm in M if Rm and L satisfy
M =Rm+ Land Rmn Lissmallin L, and the

subsemimodule M is called principally @-supplemented if
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every cyclic subsemimodule of M has a principally &@-
supplemented in M.

Proposition 4.8. Let M be a semisubtractive, cancellative,
and distributive principally @-supplemented semimodule.
Then every homomorphic image of M is principally &-
supplemented.

Proof. Let L be a subsemimodule of M and (Rm + L)/L a
cyclic subsemimodule of M /L. Then there exists a direct
summand 4 of M suchthat M = A@ B = Rm+ A and
Rmn Aissmall in A. We prove (A + L)/L is a principally
@-supplemented of (Rm + L)/L. Now M/L = (Rm +
L)/L+ (A+ L)/L and, since M is distributive, (Rm + L) N
(A+L)=L+(Rmn A).So(Rm+L)/Ln (A + L)/L
issmall in (A + L)/L. Again by distributivityand An B = 0,
we have (A+ L) N (B + L) =L.Hence (A+ L)/L isadirect
summand of M /L.

Recall that a semimodule M is said to be regular if every
cyclic subsemimodule is a direct summand of M (refer
Definition3.3 in [23]). In the context of modules, this concept
is known as principally semisimple [24].

Lemma 4.9. Let M be a semisubtractive, cancellative
semimodule with Rad (M) = 0. Then M is principally @&-
supplemented if and only if M is regular.

Proof. Let M be a principally &-supplemented module and
m € M. Then there exists a direct summand A of M such that
M = A+ Rmand An Rmissmall in A. Since AN Rm is
also small in M and Rad(M) = 0,then An Rm = 05s0, Rm
is a direct summand of M. Therefore M is regular. The rest is
clear.

Proposition 4.10. Let M be a semisubtractive, cancellative,
and distributive principally @-supplemented semimodule.
Then M /Rad (M) is regular.

Proof. By Proposition 4.8, M /Rad (M) is principally -
supplemented. Since Rad (M /Rad(M)) = 0,M/Rad(M)is
regular from Lemma 4.8.

Definition 4.11.Let N be a cyclic subsemimodule of M. A
subsemimodule L is called a principally supplemented of N in
M if N and L satisfy the condition M = N+ Land N n L is

small in L. The semimodule M is called principally
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supplemented if every cyclic subsemimodule of M has
supplemented in M.

Proposition 4.12. Let M be a principally supplemented
distributive semimodule. Then every direct summand of M is a
principally supplemented semimodule.

Proof. LetM = M; @ M, and m € M,. There exists a
subsemimodule A of M suchthat M = mR + Aand (mR) N A
issmall in A. Then M; = (mR) + (M; n A). By Proposition
4.6, (mR) n Aissmall in M; N A.

Proposition 4.13. Let M be a principally supplemented
distributive semimodule. Then M/Rad (M) is a principally
semisimple semimodule.

Proof. Let m € M. There exists a subsemimodule M, such
that M = mR + M; and (mR) n M, issmall in M;. Then
M/ Rad(M) = [(mR + Rad(M))/Rad(M)] + [(M1 +
Rad(M))/Rad(M)]. Now we prove that (mR + Rad(M)) N
(M, + Rad(M)) = Rad(M). The distributivity of M implies
(mR + Rad(M)) N (M, + Rad(M)) = (mR) n M, +
Rad(M). Since (mR) n My is small in M, therefore small in
M, (mR) N M; £ Rad(M).Hence M/ Rad(M) = [(mR +
Rad(M))/Rad(M)] ® [(M, + Rad(M))/Rad(M)] and so
every principal submodule of M /Rad (M) is a direct
summand.

Definition 4.14. Let M be an R-semimodule. M is called H-
supplemented if, given any subsemimodule A of M, there
exists a direct summand D of M such that M = A + X holds if
andonlyif M =D + X.

Lemma 4.15. Let M be an H-supplemented semimodule and
X a subsemimodule of M. If for every direct summand K of
M, (X + K)/X is a direct summand of M /X, then M/X is H-
supplemented.

Proof. Let N/X < M/X. Since M is H-supplemented, there
exists a direct summand D of M suchthat M = N + Y if and
only if M = D + Y. By hypothesis,

(D + X)/X is adirect summand of M/X. Then M/X =

N/X + L/X if and only

ifM/X=({D+X)/X +L/XforeveryL/X < M/X.
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Proposition 4.16. Let M be a semisubtractive, cancellative,
and H-supplemented distributive semimodule. then M /X is
H-supplemented for every subtractive subsemimodule X of M.

Proof. Let D be a direct summand of M. ThenM = D @ D'
for some subsemimodule D' of M. Now M/X = [(D +
X)/X]+[(D'+X)/X]andX = X+(DnD) =X +D)n
(X +D").SoM/X = [(D +X)/X] D [(D" +X)/X]. By
Lemma 4.15, M /X is H-supplemented.
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