Rajaa C. Shaheen

Ameer H. Rahman

Representation of n- BiHom I'-L.ie algebra

Rajaa C. Shaheen
Mathematics Department
College of Education
University of Al-Qadisiyah
Al-Qadisiyah , Iraq
rajaa.chaffat@qu.edu.iq
Orcid.org/0000-0003-2783-9298

Ameer H. Rahman
Mathematics Department
College of Education
University of Al-Qadisiyah
Al-Qadisiyah , Iraq
edu-math.post29@qu.edu.iq
Orcid.org/0009-0002-7439-4041

DOI: http://dx.doi.org/10.31642/JoKMC/2018/100219

Received Jul. 14, 2023. Accepted for publication Aug. 14, 2023

Abstract— The purpose of this paper, is to define and discuss a representation on an n-Bi-Hom I'-Lie algebra and

give some results about them.
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I. INTRODUCTION

Kitoune — Makhlouf — Silvestrov in [1] define n-Bi-Hom Lie
algebra. The representation notion of algebra is very
essential since it defect some of its difficult structure invisible
below. In [2,5] they study the theory of a representation of
3-Bi-Hom Lie algebra inserted and construction of n-Lie
algebras. Rezaei and Davvaz in [3] define I'- algebra , AT-
algebra is an algebraic structure composed of a vector-space V,
a groupoid T jointly with function from VX T x V to V. Then,
on every associative T -algebra V and for all « €T ,they
establish an a-Lie algebra. The purpose of this paper, is to
introduced a new concept which is representation of an n-Bi-
Hom I'-Lie algebra and equivalent two representation of an n-
Bi-Hom I'-Lie algebra . It is mentioned the reader that, and field
K of characteristic 0 and every the vector-spaces are on K.
Every place here after, the notation § attened that s is except,
for example, record f(sq,...,5;,..., 8,) for f(sq, ..., 8i_1, Si+1
yerer Sp)-
Now, we will recall the followings concepts which are
necessary in this paper.
Definition 1.1 :- [1]

An n- Bi-Hom Lie-algebra be a vector-space g, supplied
with n-linear process [., ..., .] with 2-linear function
D, wsatisfying the following conditions:
l-Dom=woD
2- For all s; ...,
[D(sl)' ) D(Sn) ]g and

w ([51 ’ ---'Sn]g) = [?D'(Sl), ...,?D'(Sn) ]g-
3- Bi-Hom- skew symmetry: forall s, ,...,s, € g,
[@(51), .., @(51), @ (Sper1), o) @ (S0-1), D (52 1 g

= - ['(U(Sl), ey '(D'(Sk+1), ZD'(Sk), ey ZD'(Sn_l), D(Sn) ]g

=- [E)'(Sl), R w(sn—z): ZD'(Sn), D(sn—l) ]g
whenk=1,2,..,n—2.
4- n- Bi-Hom Jacobi-identity:for all s, , ..., 5,_1 , %, , ..., ¥, € g,

s €g, D ([51:---r5n]g)
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[wz(sl)t L ZD-Z(Sn—l): [w('tl)t y w('tn—l)f D(tn)]g ]g
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@ (5-1), D(ek)]g ]
g

Note 1.2 [8]-[9]

1- when D = @ = id, we obtain n-Lie algebra .

2- when n = 2, the Bi-Hom Jacobi-identity be:

[@2(8), [@(t,), D ()] ] Pk [@2 (&), [@(s), D(#1)]4] s T

[@2(ky), [w(s),D(tz)]g]g (2.1)and the identity (2.1) is

equivalent to 34, +, [@°(s), [@ (%), D(e)],] ;=0
3- For n = 3, the 3 Bi-Hom Jacobi-identity be:
[@2(s1), @*(52), [@(#1), W (%), D(k3)]] p
[@2 (%), @2 (&), [w(51), @(5,), D(&:)] ] p
—[@? ), @* (&), [w(51), w(52), D(’ez)]g]g
+ [@? (), @* (1), [@(51), w(52), D(’eg)]g]g
Definition 1.3:-[4]

Suppose T be a groupoid and V is a vector-space on a field
F. Then, V be invited a I'- algebra on the field F if there exist

function V X T' xV - V ( the image be sat for s,+ € Vand
a € T') such the following satisfy:

(1) (s +¥)az = saz + taz, sa(t + z) = sat + saz,

(2) s(a+p)t=sat+spt,

(3) (cs)at = c(sak) = sa(ct),

(4) Oat=%a0=0,foralls,y,zeV,ce Fanda €T.
Moreover, a I'- algebra is called associative if

(5) (sat)Bz = sa(¥Bz).
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Example 1.4 :- [4]

Suppose that V is a vector-space and I' a groupoid. For all
s,£ €V and o € I' we define sat = 0. There after, V is a I'-
algebra.

Definition 1.5 :- [3]

Suppose V is an associative I'-algebra on a field F.There
after, for all A € I' one can construct an I'-Lie-algebra
Ly (V). As a vector-space, Ly (V) is the like with V. The
Lie I'- bracket of 2-elements of Ly(V ) be define to be their
commentator in V, [¥,v];=¥ -y v - v -y ¥ . Note that [¥, v]; =

—[v, 75
Theorem 1.6 :- [9]-[7]
Let (g,[.,...,.1,) be an n-Lie-algebra, and assume D, @ :

g— g is algebra morphism such Do @ = @ o D. The algebra
(g.L,..lpemD@w) , when [,..,.]pp be define
[51, ., 8n]pw= [D(51), ..., D(5n_1), @(5,)]4, is an Bi-Hom-
Lie-algebra.

Definition 1.7 :- [9]

Ahomomorphism f: (g, [., ...,.15, D, @) -

(g,[., .14, D,%) forman n-Bi-Hom Lie-algebra is a linear-
function f: g — gsuch foD=Do f,fow =t o f and for
any sy € g. f([s1, - 8nlg) = [F(51), s f(50)]

Definition 1.8 :- [9]-[6]

Let (g, [0 D, w) be an n- Bi-Hom Lie-algebra. We
define, for every s = s; A ...As,_1 , t= % A ... AN¥,_,
in A1 gand z € g the nest :

1- the action fundamental subject over g:

5z = ady(2) = [54,..5,,2]4

2- The linear functions D, @ :A*(n—1)g »A(n—1) g:
D(s) =D(spyA ... A D(sp—1) and @ (s) = w(spA ... A

0,(Sn-1)

1l. MAIN RESULTS

In this section, we give a definition of n- Bi-Hom I' — Lie-
algebra, a representation on n- Bi-Hom T'-Lie algebra, two
equivalent representation of an n-Bi-Hom I'-Lie algebra.
Definition 2.1:-

A representation an n- Bi-Hom I'-Lie algebra

(9., .. 124, D, @) over a vector space V regarding
endomorphisms D,,, @, € End (V)is a linear-function p: A"~1
g— End (V) such for every

5=8;Ae ASp_q =% A.. N, EAV L g,
D) =D A AD(sy1), @ (5) =@ (51) A e A D(5p1)
we have

1-p(D(s)) ° Dy = Dy o p(s);
2-p(& (5)) e @, =@, © p(8);
3-p (lj‘z‘v (s)) o p®) — p(&®) o p(D(s))
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-1

( w(ty), ., o), [@(51), ..., w(sn—l)'ti]lg ’)
p m’(»tH_l), ...,m(’en_l)

o w,;
4' p( ZD'('tz), bR w(tn—l)’ [ZD'(Sl), e ?D'(Sn_l),’tl]lg) ° ZUU

I
3

1l
[y

i

=D, 0 (R@(s), o, D), o, D (snn), W)
i=1
© pltzy s tn-1, D)) +p (D@ (5)) © p(8)
We symbolize a representation by (v, p, D,, @,).
Proposition 2.2:-

Let (g, [, ]ag D, w) isan n-Bi-Hom I' — Lie algebra .
Definead : A" g - End(g) by ad,(y) [s1, ..., 5n-1,%]2g,
foreverys =s; A.. A s,_; EA"1g £ € g.Then
(g,ad,D,w) is arepresentation of the n-Bi-Hom T’

Lie algebra (g, [, ]ag D, zzr) on g, called adjoin
representation.
Proof:-

An n- Bi-Hom T -Lie algebra (g,[.,...,.11, D, @) over a
vector space V regarding
endomorphisms D @ € End (g)is a linear function ad: A™™!
g— End(V) such for all
S5=8; A A Sp_q k=8 A .. Ak, EA" g,

D(s) =D(5;) A...AD(s,), @ (s) = @(5)) A ... A w(5,), We
have
1-ad (B (s)) o D=D o ad(s);
2- ad(z% (s)) ow =w o ad(s);

3-ad (D@ (5)) o ad(¥) — ad(&(®)) ° ad (D(s)) =

n-1 < m(tl)f R w(’ti—l)f [m(sl)f R w(sn—l)!ti]ﬂ.g )
Yo ad °
@ (kig1), o, W (1)

w,
4- ad( w(ky), oo, w(y_q), [0 (sy), ---,W(Sn—1),’€1]/1g) ow =
SIS0 ad (D@ (sy), .., DD (51), o, DI (5r), @ (k) ) ©
ad(t, .., t,_1,D(s;) ) + ad (157;; (s)) o ad(t) We denote a
representation by (g, ad, D, @)
Proposition 2.3:-

Let (v, p,D,, @w,) be a representation of n- Bi-Hom I'-Lie
algebra (g, [., ..., 124, D, @).
suppose the maps D and w, are bijective. There after
(9®v,[., ... 125, D+ Dy, @+w,) is an n-Bi-Hom T -Lie
algebra,when D + D, , @ + @,: g®v — g®v are defined by
(D+D)G+5) = D) +D,(¥) and (@ +@,)(s +#) =
w(s) + @, (¥) and the bracket operation
[)oes1ap: AM(g®BV) — g®v be define by [s; + 74, ...

‘Fn]/lp: [51' R rS’n]Ap
n-1

£ D (51,018 S DB () D, 1))
i=1

, 8,

+ p(51, ) 8n-1) (Fn)
forall s; € g,#; € V. We symbolize this semi direct n- Bi-Hom
I'-Lie algebra simply by g « v.
Proof :-
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It is clear that [(ZD' + wv)z(sl + 'Fl): i (ZD' + wv)z(sn—l

M+D))e(wt+w)= (@+wm)eD+D,) + ¥, [(@ + @) + 1), .., (D

fromthefactDew =woD,D, o @, = w, o D, . +D,)(k, + Vn)hp]

Now , we clear that D + @ be an algebra morphism. On the 5 5 , 5

other hand, we have = [w (51) + @,°(#1), ., @*(5p-1) + @° (F1), [0 (&) +

(D +Dy)[s1 +#4,,8, +#]5, = @, (v1), .., D(&,) + Dv(vn)]lp]lp

(D + Dv ) <[51: e Sn]lg [ 2(51) + ZD'UZ(Fl) 'wz(sn—l) + wvz(fn—l)i [w('tl)' R D(’tn)]lg]
+ TS0 (@), o, B, o, B0, D (D)) |

Ap

+ Z(—l)"‘i p(51, )5y e, 5n_1, D7t (5,)) (D, zzrv‘l(ri))) | (Dvwv_l(wy(vi))) +p(@), ., w(y_1)) (Dy (v)) ]

i=1 =[@2(sy), ., @%(5,,_1), ., D&,
n | Sm-1(— 1yt <w (81), e, @2(8,), o, @2 (85-1), D )

+ ) (=Dmip, o([@(), -, Dlt)]ag) (Do, (7))

i=1 + p(@2(51), o, @2 (5n1))
° ,0(51, e §u o Sp—1) D_l‘(D'(Sn)) Dv (wv_1(¥i)) n-l
on the other hand, we get (Z D" p(@ ), o, @&, o, @y q), D‘lw(p(tn))>
[(D + Dv )(51 + i’.1)' R (D + Dv )(Sn + ’Fn)]lp i=1
=[D(s1) + Dy (#1), ..., D(8n) + Dy ()11 (D, (Ui)) +p(@(#), ., @ (r—1)) (Dy (1))

=[D(s1), ... D(s)]
I (D6, D), D ) P () Z( DM@, o), @ ), [050), o @m0, REDLag
since D an algebra-morphism p and D,, satisfies the condition +p(w(,€1) L (t, 1))(Dv(vn))

(i) in definition (2.1), so that D + D,, is an algebra- morphism

regarding the bracket [.,...,];,. The same way, we get @ + +Z(_1)n i (wz(’el), o @2, (1), wz(’en))

@, is an algebra-morphism regarding the bracket [, ..., ];,.

follow we clear that the bracket [., ..., ], satisfying Bi-Hom I p(w(sl) ,@(5n-1)) (D, (1)

-Lie algebra skew-symmetry,

foreverys; € g,¥; €V +Z( 1H™ip 2(sl), v, @2(s), ...,wz(sn_l)) D lw
[(ZD' + wv)(sl + ‘Fl)’ ey (ZD' + wv)(si + ‘Fi): (ZD' + ZD-U)(SH—l
+ Fip1), o, DA Dy(sn + 7l ([w(tl)' o D) 12g) (Do, (7))
=[w(s1) + @, (1), ., () + e [ @20, T2, e @ ()
@, (#), @ (51) 4, i), s D) + Dy (e =) D i Dzakmg .
~ g

—[ZD'(Sl) w(sl) ZD-('5’L+1)' --"D(Sn)]/lg

neke (FEDs e, @6, o, @), D (514, + (—1)nk
+Z( bt (7 ety ) kzl
D, @, (@, (¥;) gmei (wz(tl),...,wz(tk),...,wz(‘el), ...,wz(‘en),> '
( (@l )) <i=1( D™e D@ ([@(s1), ... @(5p-1), D)1 2g) R ()

+ p('(D'(Sl), LN w(si)l w(si+1)l ey w(sn—l))(pv(rn))

__[w(sl) L@ (8i41), @(51), D(Sn)]lg Z( 1)n- kp(wz(tl) @2 (), .. z(tn))

+
n— @(5), - w(sk) @ (8i41), @(81), o, @(5p-1), k=1
Z( 1) k < D_l’(D'(D(Sn)) ) n-1 w(s ) w(s )
(Dvwv @) =D"p <w s _11)'"5'_1(3(‘])'(;{'))> (D, ()
_p(w(sl), v, @(8141), @(5;), ""w(sn—l))(]}y(rn)) i=1 2 )
RS A A +p(@(s), ., w(sn-l))(Du(vk))>

= —[(@+@,)(51 + #1), ..., (@ + @) (5141 + ¥i11), (@
+ wv)(si + ‘Fi)’ e (D + Dv)(sn + ‘Fn)]lp-
The end, for every s, %; € g,¥;, v; € V we get
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=N @ ) @ T (0@) < o0 = @100 -5 (p2)
k=1 2 (1), o, (Bi21), [D(51), ., D(8p_1), (8)]ag
+ V1), (@ + @)% (s - Z @ p( Girt), s (1) )
+ Vis1) oo, (@ + @) 2 (%, =t r = -
+ 1), [(@+ @,)(51 +#1), ..., (@ = @,*(p(D(s) e p(¥) — p(®) ° p(D(s) —
+@,)(Sp_1 + Fn_1), (D + D) (%, 2 p(E)s ey (n=1))[D(51), s D(Sn1), 8D ]3g, Ctix1), vy (brmr))
+ Ui)]lp]lp - 0
fhen g Lfe”a‘;e(grf_’" 139D+ D@ + ;) s an n-Bi- (w(tz) 8o, [ (50, e, (1), 1] apr) © T
Definition 2.4:- n—i ~ ~
Assume (v, py, Dy, @1) and (v,, py, Dy, @) is 2- Z( D (D @(s1), - DB, - w(s"_l)’w(tl))

representation from n-Bi-Hom I'-Lie-
algebra (g, [., ..., 124, D, @) . They are said to be equivalent if
there exist

an isomorphism of vector spaces T: v, = v; such that nei — _ N
Tpl(g)(p) = pz(s)(T{:)’ To Dl = DZ oT and Te W, = W, ° T Z( 1) wy P ( (51) D ZD'(Si), ey D w(sn—l)!w(tl))

o p(tz, wor s b1, D(5)) — ( ) p®)

n-1

foreverys =s; A ... A 8,_4,¥ € V. i=1 ~
In terms from diagrams, we get o, Ptz o -1, D(5)) — @, p (Dw(s)) ° @, p(t)
- L
At g x =" Vy——DB—>V, ,——F—>V,
iml lr Tl lr rl lT
1 DZ wZ
NGV — oy, Vy————>V, >,
Theorem 2.5:- . =@,%p (&), ) (0=1), [D(51), -, D(Sna), g )

Let (g,[.,..,]2,) be a I'-Lie algebra and (V,p) be a

representation of g. Let D, w: g — g betwo endo morphisms of Z —1)"i@.2 5(D e D %
g and any two of the functions D, @, replace, and assume D,, , D" @, p(R(s), -, D) - RS-, 1)

@, v — v is 2-linear-functions from v and any 2-functions D,, y (=
, @, commute such °p(ts - -1, D(s)) — @, p (D(S))
~ — o t
D, op(s) = p (D)) oDy and @, ©p(s) = p(&()) o, . P
Then = @2 [ p (&), ) na), D(51), o, D(5nor) trag )
V,p=w, cp ,D,,w,) be arepresentation from an n-
Bi-Hom I'-Lie algebra n-1
(g’ [ RN ]AD:,AE)’[' )y ]Ag ° (a ® ® D ® ZD-)I D )] ZD-) - Z(_l)n_i P(D(51); ---;:]j(si)' ey D(sn—l)l'tl)p('tZl ---l'tn—li D(Sl))
Proof:- i=1
For every s =8 A..A8,_1,Y =% A..A%_4 € - _
A1 g we get - p(D(S)) °op®) | =
1- .5 (E(S)) ° Dv =wyep (E(S)) ° Dv Definition 2.6:-
=, oD, o p(s) Let (g,[.,...,124.D, @) be an n-Bi-Hom T-Lie algebra. A
=Dy 0@, o p(s) bilinear form f over g is told to be nondegnerate if
=Dy 0 p(s) gt={€g/f(s,t) =0,VtE g} =0;
2-p (ﬁ(s)) ° W, = W, ° p(ﬁ(s)) ° @, Dw-invariant if for everys,,...,s,41 € 9,
— 2 °
=@ ° A(S) (@) e @ (ne1) , D(5)]ag: D)) -
=@, o p(s)

_f(D(sn)’ [ZD'(Sl) 2oy w(sn—l) , D(sn+1)]lg);

symmetric if f(s,£) = f(£,5). D is invite f symmetric , if

f(D(s),8) = f(s,D(®)) .The sub space I from g be invited
@, p (D0()) o @, p(®) =@, p(F®) o, p (D)) isotropicif I € I+

~ Z (w(tl), ey @ (1), [D B (51, ., D w(sn_l),w(’eahg)
Wy P

’ ﬁ('ti+1)r R ﬁ—(’tn—l)

35 (Dw(s) 5@ ~ (@) ° 5 (D))

Definition 2.7:-
Assume that (g,[.,...,124,D,@) is an n-Bi-Hom T-Lie-
algebra on a field K. if g is admits a nondegenerate, D w-

i=1
° w,
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invariant and symmetric-bilinear form f such D,w are f-
symmetrics, then we name (g, f, D, @) a quadratic n-Bi-Hom
T-Lie algebra. Assume (g, [.,...,124,D,@) be another n-Bi-
Hom T-Lie algebra. Two square n-Bi-Hom T-Liealgebras
(9.f.D,®@) and (4, f, D, ) are told to be isometric if there
exist algebra isomorphism @: g — g such that

f(s,%) = f ((D(s),(b(t)) ,forall s, € g.

Theorem 2.8:-

Let (g,[.,....12. D, @) be an n-Bi-Hom T-Lie-algebra and
(V,p, D, w,) a representation from g. Assume that V* is the
dual space of V and D,,&,:V* > V* 2-Homomorphisms
defined by D,(f) =f oD, , &,(f) = fow,,Vf €V*. Then
the skew-symmetry linear-function g:A"~* —» End(V*) , define
by

P51, s Sp_)(f) = —fop(5y, e, 84-1) VfEV™,
(81, ., 5n—1) € g be arepresentation from g over

(v*,5,D,,@,) ifand only if for all s = s;A ... A8, ,
t=HAN .. Nt  EANV g,
1-D,0p (D) = p(s) o D, ,
2-w, o p(&(s)) = p(s) ° @, ,
3 2 (0() = £ (0) < 1)

_Z <w(€1) @), [@(81), o, @ (8n-1), %i]2g

@ (kig), @ ()
4-@, p ([w(sl). L (ORI R P CO W [CRR) B

= > (0" pltgs b2, D)
FICEI
°op (D’Yv(s))-
Proof :-

Let fEV, 5 =5,A ...ASp_1 , £ =H A ...\%,_, EAN" g
First, we have

)

D@ (s), ., D@1, @) = p(®)

(B(D(s1), -, D(5n-1)) © Du) () =-D.,(Ne
p(D(51), -, D(5n-1)) = = f 2 Dy © p(D(51), ., D(5-1))
and

By 0 51, 5n-0) (F) = =Dy (f 0 P51, s 801)) = = f o
p(81, ., 5n_1) © D, , which implies

ﬁ(D(sl)' ey

D(sn—l)) ° Dv = Dv °p(51, s8p-1) © Dy o

p(])(sl), ...,D(sn_l)) = p(sq,,8p-1)° D, .
Similarly ,
P(@(51), o, @(8p—1)) © By = @y © P(8q, e, 8p—1) S @y ©

p(])(sl), ...,D(sn_l)) = p(81,,50-1) © @, .

Then we can get

ﬁ(D @(51), .., D ‘(D(Sn_l)) ° p(ky, ., n1)(f)

= —p(D@(51), -, DI (5-1)) (fP(ky, e 80 1))

=fp(ey, o nq) p(D @(81), -, D w(Sn—1)) and

ﬁ(w(ﬁ)' ey w(tn—1)) ° ﬁ(D(SJ' ey D(Sn—1))

N Z (O e [@(50), o, T (5n-1), i1, D (E142),

@ (k1) 0 @y

)0
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- fp(D(sl) D(Sn 1))p(ZD'(‘t1), '":w(tn—l))
Z f (W(ﬁ) L@ (Ei-q), [@(s1), e, w(sn—l)'ti]lg>
@ P !w('ti+1)l "'lw('tn—l)

WhICh implies that
P(Dw(51): -"’Dw(sn—l)) ° p(ky, . ¥n_1)
= ﬁ(w(tl)' "'iw('tn—l))
) o p(D(s1), ., D(5p-1))

(@E), ., w(Ei_), [@(51), ---:w(sn—1):ti]ﬂg:

* Z d @ isn)s s @) © By )

If and only if

p (&, ---,’en—l)P(Dw(SJ, e Dw(sn—1))

= P(P(Sﬂ; e D(sn-))p(@(®), oo, W (1))

. Z iy p (P8 P D60, o)

— v @ (k1)) o, D (=)
In the same way

o ([G)’(Sl), ey w(sn—l)itl]lg! w(’tZ)!

)

,w(’fn—1)) @,

TN P (D@(s1), e DT (), ) DD (50-1), () ) @
p(‘tz, R n—1' D(sl)) + ﬁ(Dw(sl)! e Dw(sn—l)) °
P&y, o En_q)-

If and only if
w, p ([w(sl), s

_ Z(_l)"_i p(tz, o ¥n_1, D(SL))

o p (DEs2), 0, (50, . D 501), (1)

—p(ty, e Ey_g) © P(Dw(’h)' e Dw(sn—1))-
It is clear that the theorem has been verified
Corollary 2.9:-

Assume ad is the adjoint representation from an n-Bi-
Hom T - Liealgebra (g,[.,...,1;5, D, @) .Assume that the
bilinear function ad*:A""1g — End(g*) defined by
ad*(sq, o, 57— () —foad(sy,..,5,.1) , for all
§1,..,5,-1 €g .Then ad*isa representation of g on
(g*,ad*, D, @) if and only if
1-Doad (D(s)) = ad(s) o D,

2-w o ad(z’ﬁ(s)) =ad(s)cw,
3-ad(¥) o ad (D@ (s)) — ad (D(s)) ° ad(F())

4-w ad ([w(sl), ey @(8p-1), %2, (%), o0 w(tn_l)) =

,w(’fn—1))

?D'(Sn_l), tl]lgt w(’fz):

n-1

- Z(_l)n_i ad(tZ' !tn—lﬂ D(SL))

o a; (Dw(s‘q), ...,]A)’z\v(si), . Dw(sn_l),w(tl)) — ad(®)
> ad (0 (s)).

Proof:-

Let feg’s=sA ... €

A""1g. First, we have

/\Sn_l y t=‘t1/\ --~/\’tn—1
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(ad*(D(s1), -, D(5n-1)) ° D)(f) =-D() e
add(D(Sl)’ o D(Sn—1)) =—foDo ad(D(Sl)’ e D(Sn—l))
an

Do ad*(sy, -, 5n-1)(f)
ad(sy, --.,5,-1) ©D. Then

ad*(D(s1), -, D(sp-1)) ° D = Doad*(sy, ., 5n-1) © Do
ad(D(SJ' e D(Sn—1)) = ad(sy, ,5p-1) o D.

The same way ,

ad*(w(sl), ...,w(sn_l))w(sl) oW =wo

ad*(sy, ., 8n_1) © @ o ad(D(sy), .., D(sp_1)) =

ad(sy, ...,5,_1) © @ . There after we have

ad* (D@ (51, ., D (1)) © ad* (s o, ) ()
—ad*(Dw(5y), ..., Dw(5,_1))(f ad(ty, ..., ty_1))

= f ad(ty, ..., ,_1) ad(Dw(sy), ..., Dw(s,_,)) and
ad*(w(tl), ...,w(’en_l)) ° ad*(])(sl), ...,]Q(sn_l))

+ nzf ad* (w(’el), v @), [@(81), -, @ (5n-1), Eilag,

i=1 @ (1)) o, W) 0 @
= ]iad(]?(sﬂ, v, D(sp_1))ad(w (), ..., w(ty_1))
- Z fwad (w(tl)' e, @ (1), [@(51), o, T(Sp_1), Eilag

D(foad(sy,..,5p-1)) =—f o

1%

)

o @ (Eiy1), e, @ (1)
whli_ch implies that
ad*(Dw(sl), ...,]Qw(sn_l)) oad*(%y, .., ¥,-1)

= ad*(w(tl), ...,w(’en_l))
- > ad*(D(s,), -, D(sp-1))
(@), .., @Ei_y), [@(51), ., @(57-1), %10

# Y (T )
I and only if
ad(%y, ..., %,_1) ad(]QzU(sl), ...,Dw(sn_l))
= adl(v(sl), ...,[)(sn_l)) ad(w(tl), ...,w(tn_l))

S @ (&), o, @1, [@(51), o, D (Ena) i)
_121 wad( @ (k1)) o, T (By—1) g)
In the same way
ad* ([@(5)), ., @(5p-1) i l2g, T2), o, Btn) ) B
- Z(—nn—i ad* (D@ (5,), .., D& (50), ., D (1), @ (81))

i=1

119

o ad*(tz, ,‘tn—li D(Sl)) + ad*(D(D'(Sl), R Dw(sn_l)) °
ad*(tl, ---;'tn—l)'
If and only if

w ad ([w(sl), ey @(8p21), %12, @ (%), ...,w(’en_l))

n-1

== Z(_l)n_i ad(tZ! L AP D(Sl.))

i=1
oad (Dw(sl), s, DE(s), ) Dw(sn_l),w(’el))
—ad(ky, .., %,_1) © ad(l)w(sl), s Dw(sn_l)).
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