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ABSTRACT

In this paper, we introduce the concept of Banach Algebra valued measure, several properties of this
measure are proved.

1. Preliminaries
Definition (1.1)

Let X be areal vector space. A partial order relation £ on X is called vector order,
if the following axioms are satisfied

() xEy P x+z£y+z "x Y,z X

(2 xEy P IxEly "x,yl X and |30

A real vector space endowed with a vector order is called an ordered vector space.
An dement x of an ordered vector space X is said to be positive if x3 0, and negative if
x £ 0. The set of al positive elements of an ordered vector space X with be denoted by X, ,
ie. X, ={xI X:x3 0, X, iscaledthepositiveconeof X . Itiseasy to show that

(1) X, isaconvex coneof X ,i.e. X, +X, 1 X, and I X, 1 X,

(2 X, C(-X,)={q.

Definition (1.2)
Let X beareal vector space. A function || .[: X ® R issaidto benormon X if the
following axioms are satisfied
@20 "xi X
2 [x=0 iff x=0
@) =l “xI X, TR
@ [ x+ vl £yl "%yl X
A normed spaceis the pair (X, ) where X isareal vector space and |4 .
A Banach space is a normed space which is complete in the metric defined by its norm.

Definition (1.3)
An algebrais a vector space in which a multiplication is defined that satisfies
D x(yg)=(xy)z , " xvy,zl X
(2 x(y+2)=xy+xz , (x+y)z=xz+yz , " xy,zI X
@ Ixy)=(0x)y=x(y) , " xy,zl X, ITR

Definition (1.4)
A real vector space X is called Banach algebra if the following axioms are satisfied
(1) X isaBanach space
(2) X isdgebra
(3) $el X st ex=xe=x "xI X and |¢|=1
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@ Iy x|ly] " xyl X
A commutative algebra is an algebra where the multiplication satisfies the condition:
xy=yx, " xyl X
An algebra with identity is an algebra with the following property. There exists a non — zero
element in the algebra, denoted by 1 and called the multiplication identity element , such that
|x=x|=xforal x
A normed agebra X, is a normd space and aso an algebra over F, and
sl [yl %yt x.

Example (1.5)
Let X beaBanach space, and let B(X) denote the set of all bounded (or continuous)

linear function of X into itself, then B(X) isaBanach algebra with the algebra operation
(1) (f +9)(x) = f(x) +9(x)

(2) (f9)(x) = f(9(x))

Q) H)=1 f(x)

And the operator norm || f | =sup{|| f(x)|: xT X,|x|£%

Remark
If X1 {0, then the identity linear function | is the identity element of B(X) such

that | 1| =1.

2. The main results
Definition (2.1)

Let (W,F) be ameasurable space, and let X =(x,>,) be an ordered Banach algebra. A
set function r: F 3%4® X issadto be

(1) BA- finitely additive if n(LnJ A)= én m(A,) , whenever A, A, L, A, digoint sets in
k=1 k=1

F.
(2) BA-countably additive if m(|J A.) :5 m(A,) , wherever {A}is a sequence of

digoint sets in F . X
(3) BA- measure if m is BA- countably additiveand n(A)2 0 " Al F, whereOisthe
identity element for the operation.

Remark
Every BA- countably additive is BA — finitely additive but converse is not true.

Example (2.2)
Let W=(0]] , F the class of half — open intervals (a,b] where O£ a£ b £1. Define
m:F %® A by
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ib-a , ato0

I

ma,b] = |
1o a=0

It isclear to show that i is BA- finitely additive .
1 1
Let A =(——,-],n=123 L
A (n+1 n] a

¥
Then {A} isdigoint sequencein F and |J A, =(0]]

n=1

mUA,) =m0y =0

g g 11 &1 1
amAIzam g lTa )T

¥ ¥
P mUA)* & mA,)

n=1 n=1
P isnot BA- countably additive
The following theorem is the main result

Theorem (2.3)
Let m be an BA — finitly additive set function on measurable space (W, F), and let

ABI F

(1) m(A)=nm(ACB)+n(A|B)

(2) m(AE B)=m(AC B)+m(A|B)+m(B| A

(3) m(AE B)+m(AC B) =n(A) + (B)

(4) m(ADB) =r(A|B)+n(B| A

(5) If Al B,then n(A) =n(ACB)+mr(A|B).

Pr oof A A A
(1) Let A BT F then ACBIT F and A|BT F
Since AC B and A|B aredisjoint set, (ACB)E (A|B) = A
m(A) = m((AC B)E (A|B)) =n(AC B) +(A| B)
(2) ABT Fb ACBI F, A|Bl Fand B|Al F
Since ACB ,A|B and B| Aaredigjoint set , and
(ACB)E (A|B)E (B|A)=AEB
m(AE B)=n(ACB)E (A|B)E (B|A) =n(AC B)+mr(A|B)+n(B| A
) m(A) =nm(ACB)+n(A|B), n(B)=n(AC B)+mr(B| A
n(A)+m(B)=n(ACB)+mn(A|B)+n(AC B)+n(B| A
=(m(AC B) +m(A|B) +n(B| A) + m(AC B)
=m(AE B) +r(AC B)
(4 ABT Fp A|B, BJ|Al F
A|B and B| A aredisjoint sets, and ADB = (A|B)E (B|A)
m(ADB) = m((A|B) E (B| A)) =m(A|B) +(B| A)
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(5)8?(ACB)E(BIA) ‘ ‘
Al BP ACB=AP B=AE(B|A P n(B)=n(AE (B|A))
Since A, B| Al F and A B| A aredisoint set
m(AE (B|A) =n(A)+n(B|A b n(B)=n(A)+n(B|A)
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