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ABSTRACT
The problem of estimation of variance components occurs in many areas of research. This paper is
devoted to study the comparison between Minimum Norm Quadratic Unbiased Estimator (MINQUE) and

Ordinary Least Square Estimator (OLSE) of S 2 in the Gauss Markoff Model {Y, Xb,s 2V}, under mean

square errors criterion, where the model matrix X need not have full rank and the dispersion matrix V' can be
singular.

A necessary and sufficient condition is obtained for that MINQUE is superior to simple estimator, in
particular, a simple sufficient condition is that the degree of freedom of errorsis equal to or greater than 4.
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1.Introduction
We consider the Gauss Markoff Model

y=Xb +e, E(e =0, Cov(e)=s?V, @A)
Where y isan n” 1 observable random vector, an n° p matrix X and n° n nonnegative
definite matrix V is known, while b isa p~ 1 vector of unknown parameter, the positive

scalar s 2 is aso unknown. The error vector € has the normal distribution N(0,s 2V). The
matrices X and V are both allowed to be of arbitrary rank. But it is assumed, throughout this
chapter, that the model is consistent, [27]

i.e. yI M(X:V), where M(A) stands for the range of a matrix A and (AIB) denotes the
partitioned matrix with A and B placed next to each other.

In the statistical literature, there are two important estimators of s 2. One of which is the
MINQUE (Minimum Norm Quadratic Unbiased Estimator)

Sn = yM(MVM)"My/k, 2
suggested by Rao(1974), where M =1 - X(X&)* X ¢, A" stands for the Moore-Penrose
inverse of amatrix A,
k =rank(XHlV) - rank(X).
According to Theorm 3.4 in Rao (1974) [28], the MINQUE can be represented in several
different forms.
Another estimator of s ?is given by
$2=yumy/k, 3
which is obtained simply by replacing V by | in (2), and is called smple estimator or the
ordinary least squares estimator. Some authors studied statistical properties of 2 when V
has some special structures, see, for example, Neudecker (1977) and Dufour (1986)[7,21].
Grop(1997)[11] established some necessary and sufficient conditions for the equality
S2 =52 when X and V can be deficient in rank, without the normality assumption of error
distribution.
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The object of the present work is to make further comparison of these two estimators.

Obviously in the general case S'Z need not even be unbiased.
Thus the mean square error (MSE) criterion is adopted, where the mean square error of an
estimator q of ascalar parameter q is defined by

MSE@) =E(@ - 9)*.
A necessary and sufficient condition for the following inequality

MSE(S 2) £ MSE(S ?), (4)
is obtained. Our results show that although when V is nonsingular and k3 4 (4) aways
holds, there are some cases, such that the reversed inequality of (4) holds.

2 Comparison of the Estimators
The following lemmas are necessary for the proof of our main theorem.

Lenma 1. Let A be n n nonnegative definite matrix with rank r. Random vector
X~Np(mé) if and only if X=m+ AU, whereA is p  r matrix with rank r and
AA(=3 ,U~N, (01,).

A proof can be found in [27].

Lemma2. Let X beann” p matrixand V n” n nonnegative definite matrix. Then
rank(VM) =rank(V I X) - rank(X),

where M =1 - X(XX)" X¢.
Proof . Denote by dim(S) the dimension of alinear space S.
We have

rank(VM ) = dim(VM ) = dim{vMt, for anyt, . }
=dim{vu, X = ¢}
=rank(VIX) - rank(X).
The last equality follows from Theorem 2.1.4 in [32)]. i

Lemma 3.

s2=4au’/k, ©)

SASZ = a I uiz/k’ (6)

where u ~N(0O,s ?),i =1...,.k are independent and |,3..21, >0 are the positive
eigenvalues of MV .

Proof. Since MX =0 thus s 2 and s'2 can be rewritten as
$2 =eM(MVM)*Me/k,

m

s2 =eMe/k,

S
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In view of Lemma 1 and e~ N(0,s *V),r =rank(V), we note that thereisan n” r matrix A

such that

e=Ae, e ~N(0,s °l),V = AAC,
thus

s2=eQe/k, (7)
S:=eQe/k, )

where

Q, = AM (MAAM )" MA,

Q, = AMA,
It is easy to verify that QQ, =Q,Q,, which implies [see for example 27] that there is an
r° r orthogonal matrix T suchthat both TQT and TQ,T arediagonal. By using lemma

2, it can be shown that
rank(Q,) = rank(AM) = rank(AMA) = rank(VM )

)
=rank(VIX) - rank(X) =k.
Wenotethat Q, isa projection matrix, thus
TQ,T =diag(l,,0), (20
TQ,T =diag(L ,,0), (WA
where L, =(I,,..., ). Denote u=Te, then
u~N,(0s?l,). a2
Substituting (10), (11) and (12) in (7) and (8) yields (5) and (6). The proof of Lemma 3 is
completed.
Denote
2 2
fMv, K = TMV)° (M) gy o K
k 2k 2

where k isdefinesin (9), that is, the number of the nonzero eigenvalues of MV .

Theorem 1.

(i) 1f f(MV,k)<1,then MSE(S?)>MSE(S?)
(i) 1f f(MV,k)=1,then MSE(S2) = MSE(S?)
(i) If f(MV,k)>1, then MSE(S %) < MSE(S ?)

Proof .
Since ' 2 is unbiased and from (5) we have
k k
MSE(S ) = vars 2) = var(§ u?/k) =, var(§ u?)

2
i=1 i=1

—ivar(é i)_ %ks* %1
k? i%lsz k? k
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Now, from (6) we have

var(s 2) —var(a liu? /k) _—(a | 2 var(u?))
-1 k2 =1
4 K u? X
S 2 _S 2 2U
=5 (&l var(—))——?Z +...+2¢2U
K2 e s 2 261 kg
4 k
2 "8
:—a||2
ke i=

thus
MSE([SZ)=E(S2-s?)*=E(SI- 2% 2+s )
=EESY)- 2 °E(S)+s*
=E@E)- (EC2)*+(ES?)*- 25 °E(S) +s*
=var(§ ) +(E[S2)* - 23 °ES)+s”

254 k st &
all+—@l,)’-
k2 i=1 k? i=1 i=1
, @, v u
4§a| ¢ali- u
_23"&a  ,em o g, Lka
=g ali+og
k € k 2k o1 2u
é a
3 ¢

k k
sncetr(MV)=g |, and tr(MV)2=8 | 2wehave

i=1 i=1
4 A 2 2 l]
_2 gtr(MV) +(tr(MV)) -tr(MV)+50
k & K 2k 25
4
=5 f(MV,K).

Therefore the proof is completed.

Lemma 4. For any nonnegative definite matrix A,
(trA)? £1 xr (A)?,

where r is the number of the positive eigenvalues of A, and the equality holds when all
positive eigenvalues are equal.

Proof . Let|,, ..., |, bethe positive eigenvaluesof A.
Consider
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s=4(, -1y

i=1

where

" Q)o-.

1
=

T=181 b §1, =81, =u(n) I—:tr(rA).

|
r i=1 i=1

Itisclear that S3 0;also S=0 ifandonlyif |, =1, =...=1, =1,

r

that is, if and only if eachand every |, isequalto | fori=12,...,r

)-r§ﬂ9230
&r g

S=4(2-2,7+)p s=§12- 12 =tr(a2
i=1 i=1
and hence
(trA)? £1 xr (A)
Corollary 1. If k3 4, then
MSE(S2) £ MSE(S 2)
Proof . According to the proof of Theorem 1, it is sufficient to show that k3 4
implies that
09=4 % kax+ %2 +X ko0
i=1 i=1 28ix 1] 2
In fact, it is easy to show that at x, = (k/(k +2)),
where 1, isa k™ 1 vector of ones, g(x) hasits minimum
-2k _ (k- 4)k+2)
k+2  (k+2)

9(x,) =

which completes the proof.

Corollary 2. Suppose that matrix V isnonsingular and rank(X) £n- 4.
Then
MSE(S2) £ MSE(S?).
Proof . since V isnonsingular, thus
k =rank(MV) =rank(M) =rank(l - X(XX)* X9
=n- rank(X),
from which and corollary 1, the proof is completed.
There two corollaries show that in most of cases the performance of s ? is superior tos'Z .

115 1
1+=. —+—~
2V 4 K2

el 190

2+ _—+

&2 2Ky
Corollary 3. If tr(MV) 3 ¢, then

MSE(S 2) £ MSE(S 2)

Denote c=

Proof . since
tr(MV) =tr(MVM,),
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tr(MV)? =tr (MVM)?,
applying lemma 4 yields

FMV, k)2 B2+ 29 (Mv))? - tr(mv) + K.
ek® 2kg 2
Thus a sufficient condition for f (MV, k) 3 1is
el 19 5 k
-— +—Htr(MV))“ - tr(MV) +—- 13 0,
0% Zk;’( (MV))~ - tr(MV) >

which holds when tr (MV) 8 c.
The proof is completed.

Example

The estimate of s? are often need in the estimation of variance of estimable
functions. In what follows we will give simple example to illustrate applications of the result,
obtained in this paper.
Congder the following linear model

Y=nl +e, E(€)=0, Cov(e)=s?V 12)
This model has been found useful in certain statistical inference problems on the mean i of a
population when the observations vy,,y,, K, y, are not independent. For some examples of
applications in medical data and animal genetic selection.
For the model (11), if the matrix V isnonsingular and n3 5, we know from Corollary | that
S 2 isbetter than s 2.
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