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ABSTRACT

In this paper, we review here some of the ideas we have encountered in Orlicz function and define S-
Orlicz lattice. We have proved that S-Orlicz space (X, ||||r) is a normed S-Vector Lattice, complete and
therefore, it's a Banach S -Vector Lattice.

1. Introduction

In this work a series of known notions, notations and facts of the theory of Boolean algebra,
vector lattices [2,3,13], the integration theory for measures with values in semi-field
[7,8,11,12] is cited.

Suppose that R is the set of real numbers and E is a partially ordered set (Ei R). Our
interest in this work is to define the S-Orlicz Lattice. The main result in this work is the
following:

Theorem |: Suppose that X is an S -Orlicz modular on an S -vector lattice X, then (X, ||.|l) is
anormed S -vector lattice.
Theorem I1: Suppose that X is an S -Orlicz modular on a S -vector lattice X, then (X, ||.|l) is
aBanach S -vector lattice.

2. The Basic Concepts
In this section, we shall review some of the ideas we have encountered in Orlicz
function and define S - Orlicz lattice.

2.1. Definition [1]
A non-negative convex function M(u) defined on the semi-axis [0,¥) is called an Orlicz
function, if M(0) =0and M(u) >0foru? O.

2.2. Proposition [10]
Suppose Xn, XI C¢(Q(N)) , 0 £ X~ X, then M(x,) - M(X) .

2.3. Proposition [4]

If M(u) is an Orlicz function, then M(u) is strictly increasing and M(u) ® ¥ asu® ¥.

It is clear that any N-function on [0,1] is an Orlicz function. The converse is not
generaly true.

2.4. Definition[5]

We say that an Orlicz function M(u) satisfies the D,-condition, if M(2u)£cM(u) for al u
3 0 and some constant c>0.

Suppose that N isan arbitrary s-complete Boolean algebra, m is astrictly positive
measure on N with values in' S, (we assume that the Boolean algebra of idempotent of S
isaregular Boolean subalgebra N; of N and that m has the moduleness property,
m(eg) =em(g) foral el Ny, gl N).

Suppose that M(u) is an Orlicz function with the D,-condition. For every xI C¢(Q(N)) ,
we define M(x), and Ly(N, m) = Ly = {xI Cx(Q(N)) : M(Jx|)T L1(m)}.
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2.5. Proposition [9] A
Suppose that ||.||m) isan S-norm on Lu. Furthermore, it follows from |x|E|z|, X,z 1 Lwm,
that Xl £ lIzllvy» thus (Lwm, ||-llmy) isanormed S -vector lattice.

2.6. Proposition [9] . .
Let ||.|lm) be an S -normon Ly, then (Lwm, ||-llm)) isaBanach S -vector lattice.

2.7. Definition [6]
Suppose that X isa S - vector lattice. A mapping F: X ® S is caled an S- Orlicz
modular if:
1. F(x)3 Oforalx1 X and F(x) =0, if and only if, x = 0.

F(x) £ F(y), if || £ |y| for all x,yl X .

F(( x + (-p) y) £ 1 B(X) + (-p) F(y) for adlxyl X ,ul'S and O£ £7.

F(2 x) £ ¢ F(x) for all xI X and ¢ >0.

F(x +y) = F(X) + F(y), if x,yl X and xUy=0.

. Flex)=eF(x) foralxi X andel N(S).
From the definition, we get that F(x) = F(Jx|) and F(u x) £ p F(x) for al xI X, pi S
andOE£pN £7.

o swWN

2.8. Remark [6]
If (Lwm, ||-llmy) is an S -Orlicz space generated by the Orlicz function M(u) with the Dx-
condition, then F(x) = m(M(|x])) isan S'-Orlicz modular on Ly, .
Now, suppose that X is an S'- Orlicz modular on a S -vector lattice X. For all xI X,
weset B¥) ={IT S:F(I ™) £7,] isinvertible}. If xI X ,| =F (x) +1, then F(I *x) £1*
F (x) £1, it means, that B(x) * /& For eachxi X , we set ||x||==inf {I : 1 T B(x).

3. Themain result .
In this section, we shall prove an important proposition related to the S -Orlicz lattice.

3.1. Proposition . .
Suppose that X is an S -Orlicz modular on an S -vector lattice X , then (X, ||.|[p) isa
normed S -vector lattice.

Proof. It isclear that, |X]l3 O for al xI X, so F(x) = m(M(|x|)) and therefore F is a S -Orlicz
modular on the S -vector lattice X.

For all xI X, we have B(x)={I 1 S F(*x)£1,! isinvertible}.

Choose an arbitrary element say | 1 S such that F(I * x)=m(M(l * x[))<i and [|x||=O0.
From proposition (2.5), we have F(x) = 0, therefore x = 0. Suppose
Bo)={11 S,: F (I )& , |1 is invertible}, and By)={1 o S.: F (12 y)&i , |, is
invertible} . Using the triangle inequality and the fact, that
F(u x + (1-p) y) £ p F(X) + (1-p) F(y), we get
F( i+ 1" (x+ ) =Rl 1+ 1) (1t ) + 1o (et 1) (121 y)

Eli( 1+ 1) FU )+ 1231+ 1 ) F(Q SMy)
Eli(li+1 )+, 1+1)TET
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Therefore, B(x +y) = {(I 1 + | 2)I S F(1+ 1M (x+y) £1, (I 1+ 1) is invertible} .

Hence, |x + ylle=inf {(I 1+ )1 S (I 1 +1 ) B(x+Y)}.

Now, since F(x) = m(M(|x])) , then by using the similar proof of the proposition (2.5), it
can be shown that ||x + y||r < |X|lF + IVl 1f xyT X, AT B(X), |x| < ly], then
Fl*x) <Kl ty) <t.
It means, that AT B(x). Since |||l =inf {I : 1T BX)} , |Ivlle = inf{l : 17 B(y)}. Then ||X||r <
Y]l - In the same way of proE)osition (2.5), we can prove the inequdlity || X]|[== | |IX]]e-
Thus, (X, ||.||r) isanormed S -vector lattice.

3.2. Theorm . .
Suppose that X is an S-Orlicz modular on a S -vector lattice X , then (X, ||.||p) isa
Banach S -vector lattice.

Proof. Since (Lw, ||.[lm)) is an S- Orlicz space generated by the Orlicz function M(u) with
the D2-condition, then F(x) = m{M(|x[)) isan S - Orlicz modular on Ly, and

B ={IT S:F(XET,I isinvertible},

So, ||l = inf {I : 11T B(x)} foral xi X. To show, that (X, ||.]lF) is complete, recall the same
proof of proposition (2.6). .
Thus, (X, ||-||p) isaBanach S -vector lattice.
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