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ABSTRACT

We Obtain a direct theorem for the simultaneous approximation of 3-monotone functions in pL  by

splines in pL .

1. Introduction and Basic definitions
A function [ ] Rbax →,:  is said to be k-monotone, 1≥k ,on [ ]ba,  if and only if for all

hoices of 1+k distinct points kxxx ,,, 10 K  in [ ]ba,  the inequality [ ] 0,,, 10 >kxxxx K ,

holds, where [ ] ( )
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Note that 1-monotone and 2-monotone functions are just nondecreasing and convex
functions, respectively. We denote the class of all k-monotone functions on [ ]ba, by k∆ . If

[ ]baCx k ,∈ , then kx ∆∈ if and only if ( )( ) 0≥yx k , [ ]bay ,∈ .
 In the recent years the first author has many papers dealing with the degree of
approximation of nonnegative, of monotone and convex functions by algebraic polynomials
and splines that are similarly nonnegative, monotone and convex, the so called positive,
monotone and convex approximation( see [2], [1]). Also She has papers dealing with the
degree of approximation of functions that change their posativity, monotonicity or  convexity
finitly many times in [ ]1,1− , by polynomials and splines that have the same changes at
exactly the same points. This is the copositive comonotone and coconvex approximation( see
[2], [3], [4]). On the other hand, very little is known on the degree of 3-monotone functions
by 3-momotone polynomials and splines. We are aware of only one paper [5] by Konovalov
and Leviatan on the  uniform Jackson estimates of 3-monotone functions by 3-monotone
splines. In this paper we will obtain the degree of simultaneous approximation of such
function in pL .

 We need a few notations. Let 0. >pp , denote the pL quasi norm. The rth symmetric

difference of x is given by
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Then the rth usual modulus of smoothness of [ ]baLx p ,∈  is defined by

[ ]( ) ( )
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We prove:

Theorem1.1 : Let )(2 ILx p∈  , be 3- monotone function, and Nm ∈ ,set ti =tm,i : a+i-1m I ,
i=0,1,…,m , then there exists a 3- monotone quadratic spline ;.)(,2 xmσ  with knots ti , i=1,…,m-
1 such that
(1.1) )();()( ""

,21
"

imi txtxtx ≤≤− σ   , mittt ii ,...,,1),,( 1 =∈ −

and
(1.2) ppm ImxwICmxx ),(,.)((.) 1"22
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2
7

,2
'' −−≤−σ
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,2

"" −≤− σ .

2. Proof of the main result
First let us prove

Lemma2.1 : Let J=[a,b] and Nm ∈ , and set ti =tm,i : a+i-1m, i=0,1,…,m then for every
function x such that pLx ∈`  and )(2" JLx p∈ ,
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p
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Proof : Let kk ttt ≤≤−1  , mk ≤≤1  , by Taylor`s formula
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− +−≤ . This complets the proof .

The proof of theorem 1.1
First observe that (4) follows immediately from (  ) and we do not have to prove it

separately , and that with no loss of generality we may assume that I=[0,1] . Note that if
0),( " =phxw  for  some h > 0 , then x is a quadratic polynomial and there is nothing  and
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there is nothing to prove . thus , we assume that 0),( " >phxw  , 10 ≤< h  ,  also if   m = 1 ,

then we may take the quadratic  polynomial 2
2 tc , where )1()0( "" xcx ≤≤  , thus we assume  m

> 1 . First assume that )0()0()0( "' xxx ==  .Then x" is nonnegative and non decreasing . . Let
c=(c1,…,cm) , and denote by )(.;2 cσ  the quadratic spline defined by

icct =);("
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t
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It follows that )(.;2 cσ is linear in c . Let e(1) = (1,0,…,0), e(2) = (0,1,…,0),…, e(m) =
(0,0,…,1), denote the usual unit vectors in Rm . Then it is easy to see that
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For mRc ∈ , set
]1,0[,),()(),,( 22 ∈−= tcttxctx σδ

Where
 (2.2) 0),0,(),0,( 2

'
2 == cxcx δδ

Now let mitxc ii ,...,1,0,)("* ==       it follows that if c=(c1,…,cm) is so that
miccc iii ,...,1,**

1 =≤≤−  then
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We are going to construct the required ;.)(,2 xmσ  in stages step 1 .Let
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The function micx i ≤≤0,),.,( *
'
2δ  , are increasing in the weak sense , i.e. non decreasing  in

[0,ti] and decreasing in the weak sense i.e  non increasing  in [ti,1] . (we will continue to use
increasing and decreasing in the weak sense with out mentioning the latter), since
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2
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i
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i

p cτ , i.e , ),,( *2
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and (1.2) hold , and as we will  see towards the end of the proof , (1.3) will follow  Other wise
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While ]1,0[,),,(),,( *202 ∈= tctxctx ii δδ

By virtue of (1) ,(5) & (6) we conclude that for *
io εε ≤≤  .
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Note that  all the above vectors icε  , are  admissible , by continue there exists an *
io εε ≤≤

such that 0)),(,( **
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Next we show that ),,(2
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(2.8). we only have to estimate ),,(2
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only have to obtain an estimate in [ti ,ti+1] .Indeed , our claim is self-evident if 1)( +≤ i
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It follows by 2.1 that ),,(),,( '
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since 11,),(,0)()()(),,(
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where we have applied (2.19) , and the fact ),,( )(^
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Here we have used the fact 0)),(,( )(^)(^
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This completes step 2
If j2 = m then we are done . Other wise  , 1
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(2.23) .However ,the upper estimate of the newly constructed spline in that interval is
),( 1"2 −− mxCwm  , just as in (2.25) . We alternately   repeat step 2&1 until we get to the end
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The theorem under the additional assumption that x(0)=x'(0)=x"(0)=0 , for a general
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This completes  the proof.
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