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ABSTRACT
We Obtain a direct theorem for the simultaneous approximation of 3-monotone functions in L p by

splinesin Lp.

1. Introduction and Basic definitions
A function x:[a, b] ® R issaidto be k-monotone k3 1,0n [a, b] if and only if for all
hoices of Kk +1distinct points xg,%q, K, X, in [a,b] the inequality x[xo,xl,K,xk]>O,

ko fX;
holds, where X[xg,%,K,%]= & i) , denotes the kth divided difference of xat

K
Xo, %1, K, X, and W(y)= O (y- xj).
j=0
Note that 1-monotone and 2-monotone functions are just nondecreasing and convex
functions, respectively. We denote the class of al k-monotone functions on [a, b] by D¢, 1f

x1 CX[a,b], then xT D¥if and only if x)(y)3 0, y1 [a,b].

In the recent years the first author has many papers dealing with the degree of
approximation of nonnegative, of monotone and convex functions by algebraic polynomials
and splines that are similarly nonnegative, monotone and convex, the so called positive,
monotone and convex approximation( see [2], [1]). Also She has papers dealing with the
degree of approximation of functions that change their posativity, monotonicity or convexity
finitly many times in [- 11], by polynomials and splines that have the same changes at
exactly the same points. This is the copositive comonotone and coconvex approximation( see
[2], [3], [4]). On the other hand, very little is known on the degree of 3-monotone functions
by 3-momotone polynomials and splines. We are aware of only one paper [5] by Konovalov
and Leviatan on the uniform Jackson estimates of 3-monotone functions by 3-monotone
splines. In this paper we will obtain the degree of simultaneous approximation of such
functionin L.

We need a few notations. Let ||| o P>0, denote the L ,quasi norm. The rth symmetric
difference of Xisgiven by

1 a8 v.iae rh .o rh -

i 2-1) " xcy- —+ihf, yx—1 |ab
D, (x y.[a,b]):= O} (f,%):= }_igogi ;T,( ) g 2"y Y [ ]

{O, O.W.
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Then the rth usual modulus of smoothness of XI Ly|a,b| is defined by

w; (x,d,[a,b]), = sup HDr H d 3 0.
O<h£d
We prove:

Theorem1.1: Let xT L?(I) , be 3- monotone function, and ml N ,set t=tm; : a+i*m]|l|,
i=0,1,...,m, then there exists a 3- monotone quadratic spline s , . (x;.) withknotst; i=1,...,m
1 such that

(L.1) X () ES, (XEX (L) , tT (t.,t),i=1,.,m
and

(1.2) Ix()-s Zym(x,.)Hp £ Cm 21 w(x ,m i),

(1.3) Ix()-s 'z,m(x,.)up £2Cm I jw(x, m 1)),
And

(1.4) [X()-s "z,m(x,.)Hp £w(x',mYI]), .

2. Proof of the main result
First let us prove

Lemma2.1 : Let X[ab] and ml N, and set t =tm; : a+i’m, i=0,1,...,m then for every

function X such that x1L, and X 1 %),
. -1 I

Hx”p £2m3[" (b~ a)" max|x(t;)| + 3 mJ| Ix H

Proof ; Let t.,EtEL, , 1£EKEm , by  Taylors formula

¥

x(t)+x(t)(t - ) =x(t;)- O‘( (t)(t -t)dt , j=k-1 , k solving this system of linear

equation for x (t), we obtain x (t) = (t, - t,_,)™" ékl (- DI(x(t)) - (‘)x (t)(; - t)dt)
j=k-1 t
Hence

) ;
dtU
U

(dx ®)"dty £m3| a_( b

aJkt

"dt)y” +mjJ[ # dx(t)\(t-t)
é

and |x| £2 J’l(b-a)“”maxx(t)+l J| X Thlscompletstheproof
L E2m))| [xt)] +3nfg]

O£i£m

The proof of theorem 1.1
First observe that (4) follows immediately from () and we do not have to prove it
separately , and that with no loss of generality we may assume that 1=[0,1] . Note that if

w(x',h), =0 for someh >0, then x is a quadratic polynomial and there is nothing and
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there is nothing to prove . thus , we assume that w(x ,h), >0, O0<h£1 ,dsif m=1,
then we may take the quadratic polynomial <t*, where x (0) £c £ X (1) , thus we assume m
> 1. First assume that x(0) = x (0) = x'(0) .Then x is nonnegative and non decreasing . . Let
c=(cy,...,Cm) , and denote by s, (.;c) the quadratic spline defined by

s,(tc)=c tl (t ,.t)i=1,.,m

s'z(t;c)ztc‘yg(t,c)dt andsz(t;c)ztc‘y'z(t,c)dt t1 [0]]

It follows that s, (.;c)is linear inc . Let ¥ = (1,0,...,0), €? = (0,1,...,0),..., €™ =
(0,0,...,1), denote the usual unit vectors in R™ . Then it is easy to see that
s, (te)y=(t-t.),-(t-t),

10, O£tEtL,,
= :,t_ti—l’ t, <t<t
Im?, t£t£l
(21) s,(te")=4((t- t.,)3- (t-t)3)
10, OE£tEL,,
:.:,.%(t_ t)®, t, <t<g
Hm2+mit-t), tEt£1
For cT R™, set
d,(x,t,¢) = x(t) - s ,(t,c), tT [0]]
Where
(2.2) d,(x0,c) =d,(x,0,c) =0
Now let c =X (), i=0L...,m itfollowsthat if c=(cy,...,Cm) iS SO that
c,Ec £c ,i=1..,m then
(2.3) HdJXMCNDEWK%,m*)p

We are going to construct therequired s ,  (X;.) instagesstep 1 .Let

¢ =(cl,cp)and ¢ =c- (¢ - ¢l,)e  1EIEm
i=1

That is
i(c,..C) i=0
i I * * * * .
(2.4) C: ={(CysesC 1,CirgsesCr)  L1EIEM-1
T, « . .
’I\(Co,...,cm»l) |:m

The function d,(x,.,c.) , 0£i £m , are increasing in the weak sense , i.e. non decreasing in
[O,ti] and decreasing in the weak sensei.e nonincreasing in [t;,1] . (we will continue to use
increasing and decreasing in the weak sense with out mentioning the latter), since
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d,(xt,c?)=x"(t)- ¢, =x(t)- x'(t,,) 20, tI (t_,.,t,) 1E£KEI
dy(xt,c?)=x"(t)- ¢, =x"(t)- x'(t,) £0, tT (t_,t),i+1E£kEL
By (22) d,(x0,c)=0, 0£i£m , hence d,(x,.,c!) 3 0 andin particular d, (x,.,C.) is
increasing in [O,ti] . Alsoforal O£i£m
(2.5) d,(xt,cl) =d,(xt,c™), tT[0,t ]
d,(x.t,cl) £d,(xt,c™y, tT[t 1]

1 1
Let t, (0= ((‘bz(x,t,c)”‘dtfp =[d, (xt,c), Thenby
0

the above discusson , t (c)3t,1£i€m . Ift (c)<1 , then
clearlyd,(xt ,(c),cl) =0 , and since d,(x,.,c) isdecreasingin|[t;, 1] , it follows that it is
non negative in [0t ,(c!)] and non positive in [t ,(c!)1] , i.e, d,(xt,c!) isincreasing in
[O;t p(cl)] and decreasing in [t p(ci),l] .Also, it isreadily seenthat for every O£i £ m
d,(xt,cl)=d,(xt,c™), tT[0,t]
(2.6) d, (x,t,cl) £d, (x,t,c"™), tT[t. 1]
We are ready to begin the construction . If
d, (xt,(c™),c™) =d, (xLc") £ELm2w(x ,m*) £1Cm2w(x ,m*) |
Then we take ¢ =(c;,..,C,)=c” And set s, (xt)=s,(tc"),tT [0]]. Then (1.1)
and (1.2) hold , and as we will see towards the end of the proof , (1.3) will follow Other wise
d, (x1,cM) =d, (xt p(c™),c™) >%m' 2wW(x ,m’ 1)IO 3 %Cm' 2w(x ,m 1 o
Since d, (x,.,c) £0 thenfor some i, 0£i £ m- 1, we have
d, (xt  (c),c) £4Cmw(x' ,m?) ) <d,(xt (c™),c™)
Denote ¢, =c! - ee™ , el R.Then
dX(xt,cl) =df(xt,cl)+es X(t,e™) OEKE, tT1[0]]
Hencefor e, =c,, - C
dz(x,t,c;x) =d, (xt,c™), tT[0]
While d, (x,t,c}) =d, (xt,c), tT[0]]
By virtue of (1) ,(5) & (6) we concludethat for o£e £e; .
(27  d,(xt,.cl)=d,(xt.cl)=d,(xtc™), tT[0t]
d,(xt,cl) £dy(xt,cl) £dy(xt,c™), tT[t.] .
And
(2.8) d,(xt,cl)=d,(xt.cl)=d,(xtc™), tT[0t]
d,(x,t,c) £d,(xt,cl) £d,(xt,c™), tT[t,] .
Note that all the above vectors c. , are admissible , by continue there existsan o£e £e;
such thatd, (.t ,(cl),c}) =0
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Pdt)% :dz(x,t p(cie),cie) :%Cm-ZW(X",m-l)p

(29) ((F.(xt.cl)

Next we show that d,(xt,c.) can not be too small in [0t ,(c;)]. To thisend , in view
(2.8). we only have to estimate d, (x,t,c;) from below in[t;,t ,(c.)] . We claim that we
only have to obtain an estimate in [t; ,ti+1] .Indeed , our claim is self-evident if t  (c,)£t,., ,
and we may assume the opposite .Note that

d,(x.t,c) =d,(xt,c)+em?* , tl[t,,.]]

And this in turn implies that d,(x,.,c.) is decreasing in that interval . Since
dy(xt,(c),cl)3 0 , it follows that di(xt,c.)3 0 for tf [t,,t,(c)] , so that
d, (xt,cl) isincreasing there . By Taylor's formulaand (2.3)

(¢ (xt,c2) "at)” = (X0 s (c;,t)‘pdt)%

d,(xt,c,) =d, (xt,,cL) =d, (x.t;,cl)(t - t,) + ¥l (x,cl)(t - g)cly

t.

i+1?

p

)

t

¥, (x,0,¢0)(t - q)dg

tI

t .
? - g (xa. - aydal,

*(

¢ 3 md;(xa.cl)

p
3 AmPw(x,mt) t £t£t,,

By (2.7) ,(2.8) , d, (x.t,c.) 2 0 and d,(x.t.,c.) ® O hence

(210)  min  d,(xtch)3 Zem “wix ,mhy,
iT [0t p(ce)]

Now , t (el [t;.t;,] where j3i,if t (c)=t,,,.Then we take c" =(c,....c;) =C,
andset s, (xt)=s,(t.c"),tl [0]
Then1.1and 1.2 holds (the latter in[0,t;+1] aso by (2.9)
(211) X(tj+1)- S 2m(Xtj+1)2Cm’ “w(x ,m %) andif j<mr1 then

(212) X (tjia)-s I2,m (X.tj,4) =0
Then t £t p(c;) £t.,, we need so we fine —tuning, and we continue with step 1, we first
note that

(213) d,(xt;,c)30 ,e30forj>i,
we have explain it above, and if j=i then it follows immediately from (2.7)
Set ¢l =c,-he™ , hiR.
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It follows by 2.1 that d,(x,t;,cl) =d,(xt;,c.),
and d,(xt;,cl)=d,(xt;.c).

Also , d,(x,t;.;,cl,) depends continuously on h .

Ifj=ithenforh/ =e/-e , c,. =c",

andd, (x,t;,;,cl) Whiled, (x,t ,c ) =d,(xt ,c)) tT [t t.,]. For all
-e£h £h;,c,, aeadmissble,and d,(x,t,c!)£d,(xt,c.,)£d,(x,t,c™) .

It follows from (2.7) and (2.8) that t (c!)£t (c;) hence t £t (c))£t, since
da(xtp(c).c)=0 and d,(x.cl), is decreasing in [t,t,] , we see that
d,(xt,,cl)£0 . On the other hand d,(xt,,c™)3 0 . By continuity there exists
-e£h £h; suchthat

(214) d,(xt,.,c,) =0

Otherwise j>i .thenforany hi1 R, d,(xt ,cl,)=d,(xt ,c.) and
d,(x.t,cly)=d,(xt,c.) OEtEL,.

Recall that d,(x,.,c.) isdecreasingin [t.,,,]]

So that in particular d,(x.t;,,,¢l,) £d,(Xt,5,¢.) £d,(xt (c),C)

Onthe other hand for h; =cj,;- c¢; , it followsby (2.1)and (2.4) that

dy(xt e ) =d, () + (- €S, (L)

=X (1) - Cjuy Gy +C

=X (t)- c;
30 t, EtEL;,
d,(x.t,cl,h}) =d,(xt ,cl)+his,(t,e™)
Is increasing in ti[t,t,,] . by vitue of (213) we conclude that

d,(x,t ,cl,h})3 0.Thereforethereexists 0£h £h suchthat
(215) d,(xt,,,cly)=0
And ¢/, isadmissible. Evidently d, (x,t ,c/,)=d,(xt ,c;) t1[0t]
Thusweonly haveto estimate d, (x,..cl,) , t, £t£t,,
To thisend
d,(xt,cl,)=d,(xt,c.)+h s,(te™)
£d,(xt (cr).ct) +h] 4(t-t))?
E%m' 2ow(x ,m™ Y o +%Cm' 2w(x ,m 1 o
= mw(x,m?).
And by taylor's formula
d,(xt,cl,)=d,(xt,c.)+h s,(te™)
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t t
3d, (%t ,(cy),c) +dy(xt (c).c)t-t) + ¢ (¥a(x0,c.)dt dg
t (et p(ch)
2

3d, (0t 5 (€),6) - [d3 (% c0)

-t
3 %m' ZCW(x",m' 1) P +%Cm' 2w(x",m' 1) p=0.

Here we have applied (2.9) and the fact that d,(xt ,(ct),c.) =0

In particular we have

(2.18) 0£d,(xt

And combining with 2.9 and 2.10 we obtain that

min x,t,c) )3 im2Cw(x ,m?
tT[Oyti+1]d2(’ ’Ceh) 2 CW( ’ )’

t.

(Old.(xt.cl,
0

cp) EmCw(x,mt)

m,j+1°

"dt)? £ m 2ow(x ,mY),

Now let c" =(c,..C,)=cl,  which , as we know , is admissble , and set
S,m(X%t)=s,(t,c"), tT [0]
Then (1.1) and (1.2) hold the latter in [O,t,,;] , and by virtue of (2.11) and (2.12)and (1.15)
and (1,18)
X (tj.1)-s 2,m(tj+1!CA): 0,
and
(219)  O0EX (tj4)- S m(t;s,C)EMZCwW(Xx ,m™).
We conclude step 1 by designating ji=1+]j . if j1<1,thet; <1, and we proceed to step 2,
which isamost amirror image of step 1.
Sep 2. write  ti =t +i i=0L...m- jandlet ¢ =(c,....c],C] ,....Cp, ) for
1£i£m- j, ,set

C*A(i) :C:(O) +é (CLH - C*jkl+l—l)e(jl+l)

1=1

: (Cl ,...,le,le,..,Cm- 1) ) i=0

:: (q""’c?l’C?1+1""’C?1+i ’C?1+i c:n 1) , 1EiE£m- j;-1,
N Ak *
¥ (cl,...,cjl,cj+l,...,cm) , I=m- j;
note that
(2.20) ¢ (M =¢",
By virtue of (2.12) and ( 2.15) we have
2.21 d,(x,t;,,c’)=0, OEif£m- j,

and it is readily seen that d,(x,.,c’”) , 1£i£m- j, -1 is decreasing in[to,ti] and

increasing in [ti ] ,
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sincedy(xt,6. ")) =X (1) - €j,4k =X ©- X (tk) £0 , tT (tk-1,tk) , 1EKET+1,

andd, (x,t,c’) =X (1) - €y =X ()= X (tir) 20, t1 (tes,te) , i +1EKEM- jj,

so by (2.21) , in particular , d,(x,.,c/”) is nonnegative in [ti]] , so that d,(x,.,c/®)is
increasing and by (2.18), nonnegative there , and d,(x,.,c,™ ) is non positive in [t 1] ,s0
that d,(x,.,c.™ ") is decreasing there . We proceed asin step 1, except that for an
admissible cI R™ ,

1 1
we denote t ,, (c) = (dd,(xt,0)"dt )" =mind,(x.t,c)
0

to£t£l

notethatt . (c’)3t , i=0L..m- j, , thusif

min

dp(xt min(e ™ 1), ™ W) =d (x2,6. ™M Wy 2 Lem 2w, m Y,

Thenwe put ¢ = (C,...,Cm) =C.™ ¥ and sets am(Xt) =S ,(t,0), t1 [0].

In view of 2.20,(1.1) and (1.2) are satisfied and step 2 is complete . other wise

d(xt IO(C*A(m- 11)),C:(m- 11)) <-_210m- zw(x"’m- 1) )

While as has been mentioned , d,(x,.,c.”)is nonnegative in [ti;]] . Hence for some
OLi£m- |,

d, (%t p(C;\(i)),CkA(i)) 3 %m- 2W(X",m' 1) o >da(xt p(C*A(Hl)),C*A(i))

Repeating the considerations of step 1 in mirror image which we only out line below (leaving

the details to the reader) , there exists ¢, - ¢} .., £€ £0 , sothe ¢, isadmissible and

(222) dy(xt plce®),ce®) ==t ow(x ,m1),
Asbefore  d, (x,.,c.?) isdecreasing intheinterval [ti,t ,(c.”’)] , and in order to estimate

it from above in [ti,t ,(c;”)] , it suffices to estimate it in [ti,t,,,] . To this end we have by

Taylor's formula
t ot

d,(6t,c.7) =d, (xt,c.”) +d, (xt,c;”)(t- t) + O ¥ (xa,c.”)dt dg

ot

o ) L 1
£d, (x1,,¢.”) + (9 O (x..") et )*

=d, (x,t,,c.0) + Hd;(x,.,c“)up
£cm Zw(x" ,m 1) P +%m' ZCW(x" ,m 1) P

=3m?Cw(x ,m?),
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where we have applied (2.19) , and the fact d,(x,t,,c.") for later reference we conclude
that

(2.23) (bddz(x,t,cg‘”

Now

1
"dt)’ £ 2mfow(x ,m?)

i (CO)T [t ta] L TEj<m-j; Lt (@)=t

Then we take ¢ = (él,...,ém) =c," and sets , (%) =S Z(t,&), t1 [01]
Zm Zow(x ,m Y £x(t)- s, (LOEImM Towmx ,m Y, OEtEL,

and (2.24) X(tj+1)- S 5(tj+1,0)=5m 2ow(x ,m1)
Furthermore X ()~ S »n(t12,0)=0

And step 1 is complete . If on the other hand  t ;. (c.) <t,,, , then we again need some
fine — tuning and we continue with step 2 Just as in step 1 . We find an
C, - Ciju-e%h?-e sotha cf isadmissbleand d,(xt,,,c.{’)=0
Compare with 2.14 & 2.15 again

d,(xt,c) =d, (xt,6.0) , tT [tg,t;]

So it suffices to estimate d,(x,.,c,t”) in ti [t;,t;,,] . To this end compare €ith (2.16) &
(2.17) we obtain by (2.22)
d, (xt,c.) =d, (x,t,c’) +hs , (t,e""'™)

3.d, (Xt i (€2),65") +(C 4 - Clajn)

3 =12 S| 21,72 S|
> M Cw(x ,m )p+2m Cw(x ,m ),

=-m ZCW(x",m' 1) p-

0,001, C0) £ (8 1 (€5),27) #5001 i (€5),€2)

min min

t t

t-tm @D+ O ¥(xg,c”)dt dg

t min (Cg(‘))t min (Cé\(‘))

£d, (Xt o (C2),c2") +(

min

_ p L
OOd: (..o )dqdt ‘ )P

)+ 500

£d,(xt

min
and

d;(x,tj+l,c(:§1j)) =0.
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Here we have used the fact d, (x,t . (c."),c.”) =0

(226) - m2Cow(x,mY)£d,(xt,,.,c.0") £0.

Now wewrite j, =], +j+1 .denote <~::(<~:1,...,<~:m)=cgy‘h”.
Which is admissible , and set

s ,m(Xt) =5 ,(t,), t1 [01].

Then it follows that (1.1)&(1.2) hold (the latter in [0,t; ] and X (t; ) - s 7, (t,, ,(E): 0
Furthermore , by (2.24) and (2.26)

- m2ow(x,mY) £ X(t,)- S m(t, ,O£0.
This completes step 2
If jo= mthenwearedone. Other wise , t,, <1, andwereturntostep 1, theonly

difference this time is that we have (2.27) (like (2.18)) indeed of d,(x,0,c ) =0. This

accounts for the lower estimate of the right of tj. , being - 3m2Cw(x’,m?) , just asin
(2.23) .However ,the upper estimate of the newly constructed spline in that interval is
m2Cw(x ,m") , just asin (2.25) . We aternately repeat step 2& 1 until we get to the end
point . The upper and lower estimates each time we apply step 1 , never exceed
m2Cw(x ,m*)and - 2m?Cw(x ,m ") respectively , and when we apply step 2 they never
exceed $m?Cw(x ,m™*) and -m *Cw(x ,m *) respectively . The construction in achieved in
finitely many steps (at most m steps ) , then we obtain quadratic  spline s, (X,.)that
satisfies (1.1)&(2.2)
In order to prove (1.3) we see that by virtue of lemma 1 .(1.2) and (1.4) yield
Ix()-s 'Zym(x,.)Hp £2mx()- s zym(x,.)Hp +A&[x()-s ;Ym(x,.)Hp

£ (ng m 2 +%m' howx',m™h 0

=%m' 1CW(X" ,m 1) P

The theorem under the additional assumption that x(0)=x(0)=x (0)=0 , for a general

xI D)L%([0]]), wetake ;<(t) =x(t)- (0)- x (O)t- Lx (O)t? , t1 [0.1]
This completes the proof.
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