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ABSTRACT
For fixed postive integer N2 3 ,let D, be the dihedral group, D= D, TC, and cf(Dy,Z) be the abelian

group of Z-valued class functions of the group Dy, .The intersection of cf(Dy,Z) with the group of all
generalized characters of Dy, , R(Dn) is a normal subgroup of  cf(Dnn,Z) denoted by ﬁ(Dnh),then

cf(Dnh,Z)/ﬁ (D) isafinite abelian factor group which is denoted by K (D).
In this paper ,we determine the cyclic decomposition of the finite abeian factor group cf(Dyn,Z)/R(Dnn)

when n is an odd number, we find that the cyclic decomposition of K(D,,) depends on the elementary divisor of

a a. a
n.,if n= pl1 .p22 ..pmmwhere P1,P2,...., Py aedistinct primesand a as.an arepositiveintegers, then ;

2 (a1+1)£a2J;2|_(a m+l)- 2
K(Dm)= j=1 K(Dn) i=1 C, K(C,). And we find the rational valued

characterstable of the group Dyp.

1. Introduction

Let G be afinite group ,two elements of G are saidto be G- conjugate if the cyclic
subgroups they generate are conjugate in G, this defines an equivalence relation on G .Its
classes are called G- classes. The Z - valued class function on the group G, which is
constant on the G- classes forms afinitely generated abelian group cf(G,Z) of arank equal
to the number of G- classes.

The intersection of cf(G,Z) with the group of all generalized characters of G ,R(G) isa
normal subgroup of cf(G,Z) denoted by R(G) then cf(G,z)/ R(G)is a finite abelian factor
group which is denoted by K(G).

Each element in R(G) can be written as uy0;+ U+ ... ... +u,0,, where | isthe number

o
of G-classes, uy , wp, ..., ul Z and qj= aS(C') , where ¢, is an
sl Ga@(g) Q)

irreducible character of the group G and s is any element in Galios group Gal(Q(c,)/Q).
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Let =*(G) denotesthe | “ | matrix which correspondsto the g 's and columns correspond to

the G- classes of G .The matrix expressing R(G) basisin terms of the cf(G,Z) basisis=*(G).

We can use the theory of invariant factors to obtain the direct sum of the cyclic Z-
module of orders the distinct invariant factors of =*(G) to find the cyclic decomposition of
K(G).In1982 M.SKirdar[13] studied the K(Cy).In 1994 H.H. Abasg[3]studied the K(D,) and
found ="(Dy).In 1995 N.R. Mahamood [15] studied the factor group cf(QamZ) / R (Qam).IN
2005 N.S. Jasim [16] studied the factor group cf(G,Z)/ﬁ(G) for the specia linear group

SL(2p).
In this paper we study K(Dy) and find = (D) when n is an odd number .

2. Preliminaries
In this section we review definitions and some results which will be used in later section.

Definition (1.1):[1]

The set of al 1”1 non-singular matrices over the field F which forms a group
under the operation of the matrix multiplication is called the general linear group of the
dimension | over thefield F, denoted by GL (I ,F).

Definition (1.2): [1]
A matrix representation of agroup G is a group homomorphism T of G into GL
(I,F), | iscalled the degree of matrix representation T .

Definition (1.3): [1]
Thetraceof an | * | matrix isthe sum of the main diagonal elements, denoted by tr(A) .

Definition (1.4): [3]
A matrix representation T: G—GL (I, F) is said to bereducible if there exists a non-

singular matrix A over F such that:

1 Tl E )
AT (@ AcS@ B

,for al gl G.
g 0 T,(o)
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Where T ,(9) , T, (g) are matrices of representations T, and T, of agroup over F of the
dimension rxr, sxs respectively and E(g) is a matrix of the dimensionrxssuchthat 0O<r<|
and r+s= |.If no such reducible matrix exists then T is called an irreducible matrix

representation.

Theorem (1.5):[1]
Let T,: Gy — GL(Vy) and T.: G2 — GL(V2) be two irreducible representations of the

groups G; and G, respectively, then T, A T, isirreducible representations of the group G, T
G,.
Definition (1.6): [3]

Let T be a matrix representation of a group G over the field F, the character ¢ of a
matrix representation T is the mapping ¢: G—F defined by c(g)=Tr(T(g)) for al gi G where
Tr(T(g)) refersto the trace of the matrix T(g) and c(1) isthe degreeof c .

Remark (1.7):

(DA finite group G has a finite number of conjugacy classes and a finite number of distinct
irreducible character, the group character of agroup representation is constant on a conjugacy
class , the values of irreducible characters can be written as a table whose columns are the
conjugacy class and rows the value of irreducible characters on each conjugacy class, this
table of the group G, denoted by ° (G).

2pi
(i) If G = C, =<r > is the cyclic group of order n generated by r .If w=¢e 4 is the

primitive n-th root of unity , the

CL, 1 r r? Ya rmt

|CL, | 1 1 1 Ya 1

|CG (C, )| n n n Ya n

°(C)= |¢, 1 1 1 Ya 1
c, 1 w w? Ya w"t

67



Hussein Hadi Abbas

=

=

Yy

2

=

=

=

=

[ —

n-1

2

n-

2

Yy

=

Definition (1.8):[3]
Let c andy ascharactersof agroup G, then :
1. The sum of charactersis defined by:

(c+y )(@) =c(9)+y (9) foralgl G
2. The product of charactersisdefined by : (c.y)(g) = c(g).y (g) , for all gl G.

Theorem (1.9):[3]
Let T,: Gi—GL(n,K) and T.: Go—GL(m,K) are two matrix representations of the

groups G, and G, , ¢,and ¢, betwo charactersof T and T, respectively, then the character

of TlATzisclcz.

Definition (1.10):[1]

A rational valued character q of G is a character whose values are in the set of integers Z,
whichisq(g) T z,forallgl G.

Proposition (1.11):[ 4]

o
The rational valued charactersq = as (C') form basis for R(G), where
sl Ga@Q(g) Q)

c, arethe irreducible characters of G and their numbers are egqual to the number of all

distinct G- classes of G.

2. Thefactor group K(G)
In this section , we study the factor K(G) and discuss the cyclic decomposition of the
factor groups K(C,) and K(Dy,) .
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Definition (2.1):[4]

Let M be a matrix with entries in a principal ideal domain R , a k-minor of M is the

determinate of k™ k sub matrix preserving rows and columns order.

Definition (2.2):[4]
A k-th determinant divisor of M is the greatest common divisor (g.c.d) of all the k-
minors of M . Thisis denoted by D, (M).

Lemma (2.3):[4]
Let M, Pand W be matrices with entries in aprincipal ideal domanR, if Pand W
are invertible matrices, thenD, (PM W)= D, (M) modulo the group of unites of R.

Theorem (2.4):[4]
Let M bean| " | matrix entries in a principal ideal domain R, then there exists matrices
Pand W such that:
1- Pand W areinvertible.
2- PMW=D.
3- D isdiagona matrix.
4- if wedenoteD, byd, then there exists a natural number m

OE£mE£| suchthat j>m impliesd; =0and j£m impliesd;* 0 and 1£j£m

impliesd ; |d,.;.

Definition (2.5):[4]
Let M be a matrix with entries in a principal ideal domain R be equivalent to a matrix

D=diag{d,d, , ... . dm,0,0, ... ,O}suchthatd, |d,,, for LE£ j<m.

We cal D theinvariant factor matrixof M and d,,d, , ... ,dny theinvariant factors

of M.
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Theorem (2.6):[4]
Let K be a finitely generated module over a principal ideal domain R, then K is the

direct sum of a cyclic sub modules with an annihilating ideal <d,>, <d, >, ... ,<d >, d; |

d,forj=1,2..,K1L

Proposition(2.7):[4]
Let A and B be two non-singular matrices of the rank n and m respectively, over a

principal ideal domain R . Then the invariant factor matrices of A AB equals D(A)AD(B) :
where D(A)and D(B) are the invariant factor matrices of A and B respectively .

Theorem(2.8):[4]
Lee H and L be p;-group and p.-group respectively ,where p; and p, are distinct
primes. Then,="(HxL)=="(H) A ='(L).

Remark (2.9):[4]

Suppose cf(G,Z) is of therank | , the matrix expressing the E (G) basisin terms of the
cf(G,2) = Z' basisis= (G).

Hence by theorem (2.4),we can find two matrices P and Q with a determinant + 1 such
that P. = (G).Q =D(= (G))= diag{d, 0, ........., d}, d=+D (=(G) £D_,(=(G).

this yields a new basis for R (G) and Cf(G,2),{V1,v2,.-- ...y v,} and {uguy,........, u,}
respectively with the property v, =d; u; .
Hence by theorem (2.6) the Z-module K(G) isthe direct sum of cyclic submodules with

annihilating ideals <d,>, <d, >, ... ,<d,>.

Theorem(2.10) :[ 4]
Let p beaprime number, then:

K(G) = A é_l Cdi suchthat d; = £ D, (= (G))/ £D_,(= (G)) .
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Theorem (2.11):[4]
|K(©G) | =det (='(G)).

Proposition (2.3.1):[14]
The rational valued characters table of the cyclic group C p° of the rank s+1 where p

is a prime number which is denoted by (='(C p*)), isgiven as follows:

G [1] r Psl] . PSZ] Ir P> Vo | e | Iee1 | I
classes

a, psi(p-1) |-pSt 0 0 .. |10 0 0
d, P (p-l) | PTP(pD) [-pT* |0 - |0 0 0
Js pi(p-D) | PE(p-D) | PP |-pT | | O 0 0

O

d.., | PP p(p-1) p(p-1) | p(P-l) | ... |p(P-L) |-p 0
q . p-1 p-1 p-1 p-1 e | pl p-1 -1
9... |1 1 1 1 |1 1 1

where itsrank s+1 represents the number of all distinct G-classes.

Example (2.13):
Consider the cyclic group C,, by using table (2.3), we can find the rational valued

characterstable of C ., asfollows:

G-classes [1] [r®] [r]
* * 20 '5 O
=(Cx)==(C,)= q,
a, 4 4 -1
a, 1 1 1
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Remark (2.14):
In general, for n=p?*.p3°.....po where g.cd(p,,p;)=1,if i* |, p,'sareprime

numbersand a, T Z*, then we have the following formula :

= (C)==(Cpat)A=(CR®2)A ...A=(CpM).

Proposition (2.14):[4]
If pisa prime number , then D(= (C,) ) = diag{p®,p°"......., p,}.

Remark (2.15):[4]

For n=p2 .p3% ....p2" where p,'s are distinct primes and a,1 Z*, then :

D(='(C,)) =D(='(C p* ) AD(= (C g2 ) A .. AD(E (CRAM)

Theorem(2.16) :[4]

o
Let p beaprime number, then :K(C,") = A a Cpi .
i=1

Example(2.17):-
K(C25) = K(CSZ ):C5 A 052 .

Proposition(2.18):[4]

& -
Let n=Q P* ,wherep,'s aredistinct primesand a | Z* then:

i=1

¢ )
k & P2 00 X k p

KC)=A & EAaKSC o 72 80 (aj +1f time.
i=18 & B og altl U
gi=1 H

Example(2.19) :
Find K(C54o)
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K(Couo) =K(C235) = §(GdB Aoy 48 K(Ce)
(1+3).(1+1) times

A KGdA Aol AEIC A §G ol A

(2+1).(1+1) times (2+1).(3+1) times
By theorem (2.16 ) we can find :

K(Cz)=C2 AcC, KCg)=CsA cgA CcsadK(Cs) =Cs

B o ® o6 o6 (6 @
Then K(Csw) =C2AC,ACsAcCsACACs.

Definition (2.20):[3]
For a fixed positive integer n3 3 ,the dihedral group D, is a certain non- abelian group
of the order 2n . In general can write it as: D,={ S’ r*:0£ k £n-1, 0 £ j £ 1} which hasthe

k

following properties:r"=1, S* =1, *S* =r*,

Definition (2.21):[3]
The group D, isthe direct product group D, 1C,.

Lemma (2.22):[2]
The rational valued characterstable of D,when nisan odd number is given as follows;

G classes of C, [S]
d, E*(C”) 0
_* _ i1 1 1 .. 1 1
=(D.)=
(B € 0
q, 1
. 1 1 1 .. 1 1 -1

Where | isthe number of G- classesof C, .
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Example (2.23):

To find = (D ,, ),From example (2.13), we obtain = (C ) and by using lemma (2.22) ,

we have
= (D) == (D) Gelasses [ [1] [r*] [r] |IS
i =(Cs?) °
9. 1 1 1 0
s, 1
a 1 1 1 ]
G [1] [r°] [r1 |I[S
= classes
g, |20 5 0 |0
q, 4 4 -1 0
9, 1 1 1 1
q, 1 1 1 -1

Proposition(2.24):[2]

énle” (C 0u
D(E*(Dn))zg ( O( n)) ; - 28Where D(='(Dr)) and D(='(C,)) are the invariant factors

matrices of = (D,,) and = (C,,) respectively .

Theorem(2.25) :- [2]
& R
Let n=Q P* ,where P aredigtinct primes,a | Z"andP * 2for all i then:
i=1

K(Dn)=K(Cy) A C,

Example(2.26): -
To find K(D540)
K(Ds40) = K(Csa0) A C;
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From example(2.19) we find K(Csag) , then we hav

(8) (8) (6) (6) (6) (12)
K(C540) = sz A Cz A C33 A C32 A C3 A C5.

3. The Main Results
This section is devoted to study the rational valued characters table of the group D,y and

to find the cyclic decomposition of K(Dyn) where n is an odd number .

Theorem(3.1) :-
The rational valued characters table of the group D,, when n is an odd number is
given as follows: = (Dy,) == (Dy) A =(Cy)

Proof :-
since
=Ce= of | of
(o] 1 1
c§ 1 -1
and by proposition (2.12),
=*(C) 3 of | 9¢
e af [1 |1
qf 1 |-1
Table (3.5)

then, c{(gf) = c{(9%)=a{(gf) =aLgf) =1 ci(gf)=af(gf) =1,ci(gs)= as(gf)=-1.
from the definition of Dy, (Theorems (1.5) and (1.9)), =Dy == D, A = C,, each element in
Dmh O =9.9¢ " Gl Dn, ggl Co,k =123,.....2n ,h=12 and each irreducible
character of Dmis ¢, = C;.c{ wherec, is an irreducible character of D, and c¢ isthe
irreducible character of C,,then

iclg) if j=1 and h=12
i clg) if j=2 and h=1
1-c(g) if j=2 and h=2
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from proposition (1.11) q; = é s (c;) where q; isthe rational valued character of Dnn
sTeal(Q(c;)/Q)

Then, g; (g, )= ) é s (¢ (9kn))
sl Gal (Q(cjj (9kn))/ Q)

() If j=land h=120,(ge)= &S (c(9))=0,(g) - 1=q,(g,) - af(g§) where g;is
sl Gal(Q(c;(9k))/ Q)

the rational valued character of D, .
(I @ If j=2 and h=1

d4;(9a)=  &s(c(9))=0,(9)-1=0,(g,) - af(gf)
sl Gal(Q(c;(9k))/ Q)

(b) If j=2 and h=2
qij(gkh): éS (-ci(9))=- éS (c.(9.)

sTGal(Q(ci (9))/Q) sTGal(Q(c (9¢))/Q)

= &s(c(9)).-17q,(g,) - af(gy) .
sl Gal(Q(c; (9«))/Q)

From[l] and [l1] we haveq; =q; .q{ .Then =(Dm) == (Dy) A ='(Cy).

Example(3.2): -
To find the rational valued characters table of D,sp, we can use theorem (3.1) .
By lemma (2.23) and proposition (2.12), we have

G (1] [r®] [r1 [|I[S
. classes
= (D52) =
a, 20 -5 0 0
q, 4 4 -1 0
qs 1 1 1 1
q, 1 1 1 -1
1
gf |1 |1
q$ 1 |-1

='(C) =
Then, by theorem (3.1) = (Dasn) = = (Das) A = (Co)="(Dasr)
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I Classes (3[4 ] [[e5a | Lesr] | I ([rort] [ IST | [Sr]
ICLd 1 |1 > > > > 5 5
ICoCL)l |20 |20 |10 |10 10 10 4 4
011 20 20 -5 -5 0 0 0 0
012 20 -20 -5 5 0 0 0 0
0 21 4 4 4 -1 -1 0 0
0 22 4 -4 4 -4 -1 1 0 0
031 1 1 1 1 1 1 1 1
032 1 -1 1 -1 1 -1 1 -1
041 1 1 1 1 1 1 -1 -1
042 1 -1 1 -1 1 -1 -1 1
Theorem(3.3) :-

For a fixed positive odd integer n such tha N = pl szsz where

Pys Pos--s Py aredistinct primesand a ,a,,...a,, are positive integers, then ;
,&2\ (a 1"‘1)’(32";2'—(3 m+1)- 2
K(Dw)= {=; K(Dn) =1 Co K(Ca) .

Proof:-
By theorem (3.1) and proposition(2.7) D(=(Dw))= D(=(Dy))AD(E=(Cy)) By
proposition(2.24)

e x. 0

. eDé% ‘ 0y

D(E (Dn))zé L:]

e |- 2

Then,

200" () o ol
3 D(°” A& ou S ] G
oY) AL St
é At é 0 ) D(O* (Cn)) O@
g 0 23
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= dlag { 2d1,2d2, e ,2d (@,+20a,+)L(a,,+1) -4, -dl,-dz ..........

-d ((a,+1)%a, +1)L(a ,+1)) ’2}

where d; isthe invariant factor of = (C,). Then, by theorem (2.10)
(as e, +1)L{a 1) (as+1pa, +1)L{a 1) A

K(Dnn)= i=1 Cad, Cs i=1 Cy. C.

a+ifa ) (e dllan+)
= é Cdi é CZA C4

(s +1)}a, Lan+)
A A

i=1 Cdi Cz

(Y2 ]| NEWRE) (a1 +1)fa, +D)L{a, +1)- 2
AT p BTRRET R A

= i= Ca, C i=1 C C Cq
(o +MarLlan+]
A A

i=l Cy, Cz
(o +MarLlan+] (o +MarLlan+]
= é\l Cdi A C é\l Cdi A C
(a; +1)%a, +1)L(a,+1)- 2
A

CZAC4AC2

By theorems(2.16) and (2.25) , we have :

2 (a;+1)fa,+1)L(a ,+1)- 2
£ R A

K(Dw)= [y K(Dn) =1 C' " K(Cy).
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Example(3.4): -
To find the CyC”C decomposition K(D25h) ) K(D35h), K(D1125h), K(D1157625h) and
K(D1s015n) by theorem (3.3)

2 (2+1)- 2 2
KOa=kO& =B koD A cAkc)=A konAc A ke
(1+1).(1+1)- 2 2 2

2
K(D3sh)= K(Ds.7m)= él K(Ds.) CzA K(Cy)= él K(Dzs) é‘l CzA K(Cs)

i=1

(2+1).(3+1)- 2

2
K(DllZSh) = K(D 253 h) = 'i&:\l K(D 3253) i=1 C2 A K(C4)
2 10
:'i&:\l K(D1125) él Cz A K(Ca)
2 (3+1).(3+1)(3+1)- 2
K(D11s7625n) = K(D 55.50) = él KD ;) =1 G A K(Cs)
2 62
= 13 K(D1157625) él Cz A K(Ca)
2 (1+1).(2+2)(2+2)(2+2).(142)- 2
K(D15015n)=K(D 35711130)= 'i&:\l K(D3571113) i=1 Co A K(Ca)
2 30
= él K(D1s015) él Cz A K(Cs) .
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