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SOME PROBLEMS IN THE CHARACTERIZATION OF THE WISHART DISTRIBUTION
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ABSTRACT:
  Under the multivariate linear model{ },,, ∑ ⊗ VXY β A number of characterization of the distribution of

iX  have been made based on the properties of the statistics 1Y and 2Y  when 1Y and 2Y  be two linear functions

defined on 1R as follows nn XaXaY ++= ....111  and nn XbXbY ++= .....112 . Generalizations of these
problems to the multivariate case have been made by several authors by extending the techniques used in the
univariate case. In my paper I shall consider some other generalization, which possibly require development of
new techniques ,if 21, XX   be independent and identically distributed p-vector r.v.,s such that

0)\( 2121 =′+− XBXAXXE ,where A and B are nonsingular matrices. In special case when 1−= BA , A

is symmetric and the egen values do not take values 1± . Under these conditions that 1X has an m.n.d.
in the present paper we shall consider a few other cases.

1. Introduction: Let nXX ,.....,1 be n independent random variables defined on 1R  and

nn XaXaY ,.....,111 =  and nn XbXbY ,.....,112 = be two linear functions. A number of
characterization of the distribution of iX  have been made based on the properties of the
statistics 1Y and 2Y of  which the following are a few examples:
(i) 1Y and 2Y  are independently distributed (Darmois-skitovic);
(ii) 1Y and 2Y  are independently distributed(Linnik , [8]);
(iii) E( 1Y / 2Y )=constant (Ramachandran and Rao ,[9,10]);
(iv) conditional distribution of 1Y and 2Y   is symmetric ( Heyde , [3]).
Generalizations of these problems to the multivariate case have been made by several authors
by extending the techniques used in the univariate case. In my paper I shall consider some
other generalization, which possibly require development of new techniques.
The following definitions , notations and abbreviations are used through out the paper.

Nonsingular distribution: A random variable X is said to have a nonsingular distribution if
no linear combination of X has a degenerate distribution.

Homoscedasticity: Let 1X  and 2X  be the random variables. The conditional distribution of

1X  given 2X  is said to be homoscedastic  if the conditional distribution of 2X - E( 2X / 1X )
given 1X  does not depend on 1X .

Weak Homoscedasticity: The conditional distribution of 2X   given 1X  is said to be weakly
homoscedastic  if D( 2X / 1X )  = Σ  is independent of 1X  where D stands for the dispersion
operator.

Abbreviations:
r.v. = random variable

m.n.d. = multivariate normal distribution,
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                               w.d = wishart distribution
i.d = independently distribution

                               c.f = characteristic function
                              s.c.f = logarithm of c.f. defined in the
                               neighborhood of origin, also called the second characteristic function.

2. The ever green Cauchy equation.
The famous Cauchy equation

)()()( YfXfYXf +=+                                         (2.1)
Where V is some space and f is a function defined on V . Under some mild conditions on f ,
the solution is known to be linear.
Suppose we restrict the validity of (2.1) not to all VYX ∈, , but only to pairs X,Y satisfying
some condition. Does the solution remain linear ? As a specific problem, let V be a vector
space furnished with an inner product and the restriction be such as (x,y) = 0 , i.e., the inner
product vanishes . In such a case f  in (2.1) can be a quadratic function as shown in lemma 1.

Lemma1:  let V a vector furnished with an inner product and f be a continuous complex
valued function defined on V such that

)()()( YfXfYXf +=+                                   (2.2)
VYX ∈∀ ,  such that (X,Y)=0

Then  f is a polynomial of degree not greater than two.

Proof: Let us consider any two dimensional subspace V2 .Suppose that there exist two pairs
of unit vectors e1,e2 and h1,h2 each constituting a basis of  V2 , such that ≠1e 1h±  or 2h±  and

Ftthtfhtfhthtf ∈∀+=+ 2122112211 ,)()()(                       (2.3)
Fuueufeufeueuf ∈∀+=+ 2122112211 ,)()()(                 (2.4)

Where F is the scalar  filed associated with V.
There exist Fbbaa ∈2121 ,,,    such that 22111 eaeah +=  and 22112 ebebh += .Substituting
for h1 and h2 in (2.3) and using (2.4) we obtain the equation

)5.2(
)()()()(
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+++

Denoting )()( cgcef ii =  , we have from (2.5)

)6.2(
)()(

)()(

21

2221212111

tBtA
btatgbtatg

+=
+++

Where A and B are suitably defined functions. Applying lemma 1.5.1 of KLR (page 29), g1
and g2 are polynomials of degree not greater than two, unless b1=1 , b2=0 , in which case g1 is
linear. Under the conditions of lemma 1 we can choose e1,e2 and h1,  h2  to be two different
orthogonal pairs. In which case gi(c) is possibly quadratic  in c, say .

iii WcVcu ++2                                             (2.7)
Where ui,vi and wi  may depend on ei.
Let x,y be may two vectors belongs to V and e1,e2 be a pair of orthonormal vectors in the
plane determined by x,y . Then

., 22112211 ededYececX +=+=
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Using ( 2.7) for  i=1  and 2 , it is easy to show that
)8.2()]()()()([2)()()(2 yfyfxfxfxyfyxfyxf −++−+=−+−++

Valid for all VYX ∈,  . The equation (2.8) can be written in the form
)9.2(,)()()()( VyxyBxAyxgyxf ∈∀+=−++

Where A and B are suitably defined functions . from (2.9) we conclude that f is a polynomial
of degree not greater two .lemma 1 is established.

Note 1:
In order to establish the possibly quadratic nature of the solution of (2.2) , we used only the
condition that on any given two dimensional subspace , for any given pair of vectors e1,e2
there exist another pair h1,  h2  such that (2.3) and (2.4) hold . Such a condition may replace
the condition that (2.2) holds for all orthogonal vectors.

Note 2:
It is seen from the proof of lemma1 that the solution of (2.2) is linear if it is satisfied for all
pairs x,y such that =YXlYX ),( constant ≠ 0 , since in such a case there is the
possibility of choosing b1=1 , b2=0 in (2.6) . It appears that the vanishing of the inner product
is a crucial condition which produce a nonlinear solution.

Note 3:
If the equation (2.2) is valid for all orthogonal pairs x,y in a neighborhood V0

of the origin in V , then f is possibly a quadratic function in V0.

3. Characterization through independence of linear form:
As an application of lemma 1 we have theorem 3.1 characterizing a wishart distribution on a
real Hilbert space.

Theorem 3.1:

Let ∑
=

><=
k

j
jj xxX

1

,  be a random variable defined on a real Hilbert space H such that

Y1(x,a) and Y2(b,x) are i.d. ( independently distribution ) for all Hba ∈,  such that (a,b)=0.
Then X has a wishart distribution on H.

Proof :
 By hypothesis

)1.3().(exp).(exp)][exp( 22112211 yitEyitEyityitE =+
Substituting fory1 andy2 in terms of x and denoting by C(t)=E[exp i(t,x)], the c.f.
(characteristic function ) of x we obtain from (3.1)

)2.3(0),()()()( 2121 =∀=+ babtCatCbtatC o

or
)3.3(0),()()()( =∀=+ yxyCxCyxC o

In terms of f(x)= log c(x) defined in a neighborhood V0 of the origin
               f(x+y)= f(x)+f(y)                                                  (3.4)
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0, Vyx ∈∀  where ∑
=

><=
k

i
ii yyY

1
,  such that (x,y)=0

Applying lemma1, f(x) is a polynomial of the second degree utmost in V0.
Hence C is the c.f of a wishart distribution and the Theorem is established
Theorem 3.1requires that (a,x) and (b,x) should be i.d. whenever (a,b)=0 ,

Theorem 3.2:
Let X be abivariate r.v.(with components 1R∈ ) , A and B be given 22×  nonsingular
matrices such that BA 1−  or AB 1−  has no zero element . If the components of BX are
independtly distributed and so also the components of AX , then X has a b.n.d.(bivariate
normal distribution ).

Proof :

Let Y=BX , where ( ∑
=

><=
k

i
ii yyY

1
,   , ∑

=

><=
k

j
jj xxX

1

,  )

Then ).(1 sayCYYABAX == − By hypothesis the components of Y are independent and so
also  are the component of  CY .Hence by applying Darmois-Skitovic theorem , the
components of Y are  a wishart distributed in which case.

YBX 1−=  has a b.n.d.

Note
Theorem 3.2 can be considered in a more general context where the two

components of X are r.v.,s belonging to a more general space than 1R .
Theorem 3.2 shows that to assert bivariate a normal distribution of X, it was only necessary to
find just two pairs of linear functions such that the elements in each pair are independently
distributed. For a very wide class of pairs of linear functions.

4.Characterization Through Regression:
Let X1 ,X2  be independent and identically distributed p-vector r.v.,s such that

0)\( 2121 =′+− XBXAXXE                                                (4.1)
For given nonsingular matrices A and B . What can be said about the distribution of X1 ?we
may suppose that X1 has first moment.
The problem was solved in the special case when 1−= BA , A is symmetric and the egen
values do not take values 1± . Under these conditions it was shown by Rao [11] that X1 has an
m.n.d.
in the present paper we shall consider a few other cases . A study of the problem (4.1) when
p=2 was made by Klebanov [7] and solution have been obtained in a number of particular
cases.

Let g(t) be the S.c.f. of X1 and define by ,)(
t
gtG

∂
∂

=  the vector of partial derivates of g with

respect to the components of t . Then it is easy to show that (4.1)
)()( BtAGtG = or )()(1 BtGtGA =−                             (4.2)

The problem is to solve the equation (4.1) for g(t) . It is interesting to note that equation of the
type (4.2) occur in a study of " optimization problems and structural stability by Andronov
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and Pontrjagin (see Robbins [14]) .In their problem 1−A  =(D say ) and B stand for
c′ diffeomorphisms from a smooth manifold µ onto itself  and G is a homeomorphisms such
that BGGD oo =  in which case B and D are said to be topologically conjugate. Theorem 4.1
considers that special case when 1−A =B

Theorem 4.1:
                          Let PQDPQPQB rrr ′=′++′= δδ .....111                    (4.3)
Be the singular value decomposition of B , where Qi and Pi are matrices of order imP ×  with
orthonormal vectors corresponding to the multiplicity mi of the singular value iδ  . If A= 1−B
then  the solution g(t) of (4.2) is of the form

)(......)()( 11 rr ththptg ++=                                   (4.4)
)(........)()( 121

11
2

1 ththQtg rrr
−− ++= δδδδ                  (4.5)

Where ):......:( 1 rttt ′′=′ and ti is a vector of order mi , and hi are suitable functions. Then hi in
(4.4) and (4.5) satisfy the equation.

)()..........( 12
111 iii

r

i
irrr

r

i
i thtQPtQPh −∑∑ =++ δδ                (4.6)

Proof :
Substituting PQDB ′= in (4.2) with BA =−1 , we have

)()(

)()(
)()(

2 QDtGPtg
t

D

QDtGPtGPQD
tPQDGtGPQD

=
∂
∂

⇒

=′⇒

′=′

riQDtg
t

Ptg
t ii

i ,....,1,)()(2
2 =

∂
∂

=
∂
∂

⇒ δ                     (4.7)

),....,,,....,()()( 111
2

riiii ttttfQDtgPtg +−+=⇒ δ                    (4.8)

From (4.8) it is easy to show that fi is of the form )()( 22 thf jj

r

i
ii δδ −= ∑  where hj are

suitable function .Then
),()( ii thPtg ∑=                                              (4.9)

And consequently
).()( 12

iiii thQtg −∑= δδ                                     (4.10)
The equation (4.6) follows from (4.9) and (4.10) , and Theorem (4.1) is established.
Note that the equation (4.6) is of the form discussed by Khatri and Rao[5] but not solved in
generality .It appears that the nature of the solution of (4.6) depends on the relationships
among the singular values rδδ ,.....,1 and on the values of the matrices jiQP′ .We shall consider
some special cases.

(i) suppose that all singular values of B are of multiplicity one. If each column
of QP′  or PQ′  has at least two non-zero elements then ><∑ i

i
i XX , has a w.d.
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Proof :

From (4.4) ,(4.5) , we conclude that the components of ∑
=

><′
k

i
ii XXP

1
,  and

∑
=

><′
k

i
ii XXQ

1
, are independently .If ∑

=

><′=
k

j
jj XXPY

1

, , then the components of PYQ′

are indepently distributed . If each column of PQ′ has at least two non-zero elements, then by
an application of Darmoise-Skitovio theorem each component of Y is Wishart-distribution.
Hence ><∑ i

i
i XX ,  has a w.d. Similarly if every column of QP′  has at least two non-zero

elements, then ><∑ i
i

i XX ,  has an w.d., since the components of QZP′  are i.d., where

><= ∑
=

i

k

i
i XXQZ ,

1
.

The  result (i) established.
In order to understand the complications that may arise in solving the equation (4.6) for the
general case
Let us consider p=2 .Then (4.6) becomes

)()()()( 2
1

22
2

21
1

11
2

1222121212121111 thtshtatahtatah −− +=+++ δδδ               (4.11)
When there are two distinct singular values and when there are two distinct values and

)()( 12 thth −= δδ                                                      (4.12)
When there is only one , when in (4.12) t is a 2-vector .

(ii) consider (4.11) . If none of the ija is zero , then h1 and h2 are quadratic polynomials

and ><∑ i
i

i XX ,  has a b.w.d.

If a12 =0 , then  h1 and h2 are quadratic polynomials provided 1δ and 2δ are different from 1±
and hence ><∑ i

i
i XX ,  has a w.d.

 If a11 =0 , then
)()(,)()( 1

11
2

12
1

22
2

21 thththth −− == δδδδ                         (4.13)
A gain h1 and h2 are quadratic polynomials if .121 ±≠δδ  if ,121 ±=δδ then h1 can be arbitrary
and h2 depends on h1  as in (4.13).
The results of (ii) are easy to prove.

(iii)consider (4.12). In this case ><∑ i
i

i XX ,  follows abivariate stable law of the type

described by Eaton and Pathk[1].
Thus we have a complete solution for p=2 and for general P in a very special case.
The result in (i) for general P can be extended to cases where in some columns of QP′  there
is only one non-zero element. A number of cases may have to be considered some leading to
quadratic solutions for all hi and some to arbitrary solutions to a subset of  hi .However. The
general problem may be stated as follows
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