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ABSTRACT:
Under the multivariate linear model {Y, Xb ,é A V}, A number of characterization of the distribution of

X, have been made based on the properties of the statistics Y, andY, when Y, andY, be two linear functions

defined on R'as follows Y, =a X, +...+a,X, and Y, =b, X, +....+b X, . Generalizations of these

problems to the multivariate case have been made by several authors by extending the techniques used in the
univariate case. In my paper | shall consider some other generdization, which possibly require development of

new techniques ,if X,, X, be independent and identicaly distributed p-vector r.v.s such that
E(X, - AX,\ X, + BX,) =0,where A and B are nonsingular matrices. In special casewhen A= B*, A

is symmetric and the egen values do not take values + 1. Under these conditionsthat X, has an m.n.d.
in the present paper we shall consider afew other cases.

Y, =aX,,....,a, X, and Y,=bX,,..,b X be two linear functions. A number of
characterization of the distribution of X, have been made based on the properties of the
satistics Y, and Y, of which the following are a few examples:

() Y,andY, areindependently distributed (Darmois-skitovic);

(i) Y,andY, are independently distributed(Linnik , [8]);

(i) ECY,/Y,)=constant (Ramachandran and Rao ,[9,10]);

(iv) conditional distribution of Y,and Y, issymmetric ( Heyde, [3]).

Generalizations of these problems to the multivariate case have been made by several authors
by extending the techniques used in the univariate case. In my paper | shall consider some

other generalization, which possibly require development of new techniques.
The following definitions, notations and abbreviations are used through out the paper.

Nonsingular distribution: A random variable X is said to have a nonsingular distribution if
no linear combination of X has a degenerate distribution.

Homoscedasticity: Let X, and X, be the random variables. The conditional distribution of
X, given X, issaid to be homoscedastic if the conditional distribution of X,- E( X,/ X))
given X, does not depend on X, .

Weak Homoscedasticity: The conditional distribution of X, givenX; is said to be weakly
homoscedastic if D( X,/ X,) =S is independent of X, where D stands for the dispersion
operator.

Abbreviations:
r.v. =random variable
m.n.d. = multivariate normal distribution,
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w.d = wishart distribution

i.d = independently distribution

c.f = characteristic function

s.c.f = logarithm of c.f. defined in the

neighborhood of origin, also called the second characteristic function.

2. Theever green Cauchy equation.
The famous Cauchy equation

fF(X+Y)=f(X)+ f(Y) (2.2
Where V is some space and f is a function defined on V . Under some mild conditionson f ,
the solution is known to be linear.
Suppose we restrict the validity of (2.1) not to al X,YT V, but only to pairs X,Y satisfying
some condition. Does the solution remain linear ? As a specific problem, let V be a vector
space furnished with an inner product and the restriction be such as (x,y) = 0, i.e, the inner
product vanishes . In such acasef in(2.1) can be aquadratic function as shown in lemma 1.

Lemmal: let V a vector furnished with an inner product and f be a continuous complex
valued function defined on V such that
fF(X+Y)=f(X)+ f(Y) (2.2
" X,Y1 V suchthat (X,Y)=0
Then fisapolynomia of degree not greater than two.

Proof: Let us consider any two dimensional subspace V, .Suppose that there exist two pairs
of unit vectors e,e, and hy,h, each congtituting abasisof V,, suchthat ¢ * +h or +h, and

f(t,h +t,h)=f@h)+f(t,h) " t,t,1F (2.3)

fue+ue)=fue)+fue) " u,ulF (2.4)
Where F isthe scalar filed associated with V.
There exist  a,,a,,b,b,T F suchtha h =ae+ae and h, =be +b,e,.Substituting
for hyand hy in (2.3) and using (2.4) we obtain the equation
fl(ta, +1,0)e]+ fl(ta, +1,b,)e]

- fLae)+ HLbe) * hae) + ftbe)
Denoting f(ce)=g,(c ) , we havefrom (2.5)
gl(tlai +t2b1) + gz(tlaZ +t2b2) (2 6)

=At) + B(t,)
Where A and B are suitably defined functions. Applying lemma 1.5.1 of KLR (page 29), g:
and g, are polynomials of degree not greater than two, unless b;=1, b,=0, in which case g; is
linear. Under the conditions of lemma 1 we can choose e;,&; and hy, h, to be two different
orthogonal pairs. In which case gi(c) is possibly quadratic inc, say .

uc? +V,c+W (2.7)
Where u;,v; and w; may depend on g.
Let x,y be may two vectors belongs to V and e;,e, be a pair of orthonormal vectors in the
plane determined by X,y . Then

X=cg+ce, , Y=dg+de,.
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Using (2.7) for i=1 and 2, it is easy to show that

2f(x+yY)+ f(X- )+ F(y- X =F(X)+f(-X)+ f(y)+ f(-Y)] (2.8)
Valid for al X,YT V . Theequation (2.8) can be written in the form
f(x+y)+g(x- y)=AX) +B(Y) "xyl VvV (2.9)

Where A and B are suitably defined functions . from (2.9) we conclude that f is a polynomial
of degree not greater two .lemma 1 is established.

Note 1:

In order to establish the possibly quadratic nature of the solution of (2.2) , we used only the
condition that on any given two dimensional subspace , for any given pair of vectors e;,e
there exist another pair hy, hy such that (2.3) and (2.4) hold . Such a condition may replace
the condition that (2.2) holds for all orthogonal vectors.

Note 2:
It is seen from the proof of lemmal that the solution of (2.2) is linear if it is satisfied for all

pairs x,y such that (X,Y)I|X| |\Y|=constant? O , since in such a case there is the

possibility of choosing b;=1, =0 in (2.6) . It appears that the vanishing of the inner product
isacrucia condition which produce a nonlinear solution.

Note 3:
If the equation (2.2) is valid for all orthogonal pairs x,y in a neighborhood V°
of the origin in V , then f is possibly a quadratic function in V/°.

3. Characterization through independence of linear form:
As an application of lemma 1 we have theorem 3.1 characterizing a wishart distribution on a
real Hilbert space.

Theorem 3.1:
k
Let X :é <X;,X; > be a random variable defined on a real Hilbert space H such that

i=1
Y1(x,8) and Y2(b,x) are i.d. ( independently distribution ) for al a,bl H such that (a,b)=0.
Then X has awishart distribution on H.

Proof :
By hypothesis
E[exp(it,y, +it,y,)] = E(expit,y,).E(expit, y,). (3.1
Substituting fory; andy, in terms of x and denoting by C(t)=E[exp i(t,x)], the c.f.
(characteristic function ) of x we obtain from (3.1)

C(t,a+t,b) =C(t,a) 0 C(t,b) "(a,b)=0 (3.2
or
C(x+y) =C(x)0C(y) "(x,y)=0 (3.3)
In terms of f(x)= log c(x) defined in a neighborhood V° of the origin
f(x+y)= f(x)+f(y) (3.9
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k
"x,y1 VO whereY =§ <v.,y > suchthat (x,y)=0

i=1
Applying lemmal, f(x) is a polynomial of the second degree utmost in VV°.
Hence C isthe c.f of awishart distribution and the Theorem is established
Theorem 3.1requires that (a,x) and (b,x) should bei.d. whenever (a,b)=0,

Theorem 3.2:

Let X be abivariate r.v.(with components I R') , A and B be given 2° 2 nonsingular
matrices such that A'B or B™A has no zero element . If the components of BX are
independtly distributed and so also the components of AX , then X has a b.n.d.(bivariate
normal distribution).

Proof :

k k
Let Y=BX ,where(Y:é<yi,yi >, X :é <X;,X; >)
i=1 i=1
Then AX = AB'Y = CY(say).By hypothesis the components of Y are independent and so
aso are the component of CY .Hence by applying Darmois-Skitovic theorem , the
components of Y are awishart distributed in which case.
X =B"'Y hasab.n.d.

Note
Theorem 3.2 can be considered in a more general context where the two

components of X arer.v.'s belonging to amore general space than R*.

Theorem 3.2 shows that to assert bivariate anormal distribution of X, it was only necessary to
find just two pairs of linear functions such that the elements in each pair are independently
distributed. For avery wide class of pairs of linear functions.

4.Characterization Through Regression:
Let X1,X2 beindependent and identically distributed p-vector r.v.’s such that

E(X,- AX,\ X;+BX,)=0 4.2
For given nonsingular matrices A and B . What can be said about the distribution of X; Awe
may suppose that X; has first moment.
The problem was solved in the special case when A=B™", A is symmetric and the egen
values do not take values +1. Under these conditions it was shown by Rao [11] that X1 has an
m.n.d.
in the present paper we shall consider a few other cases . A study of the problem (4.1) when
p=2 was made by Klebanov [7] and solution have been obtained in a number of particular
Cases.

Let g(t) be the S.c.f. of X1 and define by G(t) = 1%—? the vector of partial derivates of g with

respect to the components of t . Then it is easy to show that (4.1)

G(t) = AG(Bt)or A'G(t) = G(Bt) (4.2
The problem isto solve the equation (4.1) for g(t) . It isinteresting to note that equation of the
type (4.2) occur in a study of " optimization problems and structural stability by Andronov
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and Pontrjagin (see Robbins [14]) .In their problem A™* =(D say ) and B stand for
ctdiffeomorphisms from a smooth manifold n onto itself and G is a homeomorphisms such

that DoG =GoB inwhich case B and D are said to be topologically conjugate. Theorem 4.1
considersthat special case when A*=B

Theorem 4.1:

Let B=d,QR+....+d,Q P(=QDP( 4.3
Be the singular value decomposition of B , where Q; and P; are matrices of order P* m with
orthonormal vectors corresponding to the multiplicity my of the singular value d. . If A=B™*
then the solution g(t) of (4.2) is of the form

g( pt) = hl(tl) Fo + hr (tr) (44)
g(Qt) =d,*h (d, 1) +........ +d *h (d, 1) (4.5)
Where t(=(t(:.....:.t¢) and t; is a vector of order m;, and h; are suitable functions. Then h; in
(4.4) and (4.5) satisfy the equation.
an(PQY +.t PQL) =8 d h (d ) (4.6)

Proof :
Substituting B = QDPCin (4.2) with A" = B, we have
QDPG(t) = G(QDP¢)
P QDP&(Pt) = G(QDt)

Al -
P D ﬁg(Pt)_G(QDt)

2 1 _ T .
b d ﬂng(Pt)_ﬂ_tig(QDt) q=1r (4.7)
b d.?g(Pt) = g(QDt) + f. (t ot 1ty rennst,) (4.8)

From (4.8) it is easy to show that f; is of the form f, =& (d,>- d,*)h;(t) where h are

suitable function . Then

g(P) =4 h (), (4.9)
And consequently
g(Q) =4 d.*h (d,t,). (4.10)

The equation (4.6) follows from (4.9) and (4.10) , and Theorem (4.1) is established.
Note that the equation (4.6) is of the form discussed by Khatri and Rao[5] but not solved in
generality .1t appears that the nature of the solution of (4.6) depends on the relationships
among the singular values d,,.....,d, and on the values of the matrices BQ; .We shall consider
some special cases.

0] suppose that all singular values of B are of multiplicity one. If each column

of PQ orQ® hasat least two non-zero elementsthen § < X,, X, >hasaw.d.
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Proof :

k
From (4.4) ,4.5) , we conclude that the components of é Pt< X,,X, > and

i=1
k k
a Q< X;, X; >are independently .If Y = § P¢< X, X, >, then the components of QPY
i=1 j=1
are indepently distributed . If each column of Q® has at least two non-zero elements, then by
an application of Darmoise-Skitovio theorem each component of Y is Wishart-distribution.
Hence é <X,, X, > hasaw.d. Smilarly if every column of P@Q has at least two non-zero

elements, then é < X,, X, > has an w.d., since the components of PQZ are i.d., where

k
Z:éQ<xi’Xi >
i=1
The result (i) established.
In order to understand the complications that may arise in solving the equation (4.6) for the

general case

Let us consider p=2 .Then (4.6) becomes

hy(auty +apt,) + (8t +ayt,) =d,"hi(s't) +d,°h,(d, 't,) (4.11)

When there are two distinct singular values and when there are two distinct values and

h(t) =d *h(d 't) (4.12)
When there is only one, when in (4.12) t is a 2-vector .
(i) consider (4.11) . If none of the a; is zero , then hy and h, are quadratic polynomials

and § < X,, X, > hasabw.d.

If a1, =0, then hy and h, are quadratic polynomials provided d,and d, are different from +1
and henced < X,, X, > hasaw.d.

If a11=0, then
h(t)=d,’h,d, '),  h(t)=d’hd, ") (4.13)
A gain hy and hp are quadratic polynomials if d,d, * +1. if d,d, = %1 then h, can be arbitrary
and h,dependson h; asin (4.13).
Theresults of (ii) are easy to prove.
(iii)consider (4.12). In this case § < X, X; > follows abivariate stable law of the type

described by Eaton and Pathk[1].
Thus we have a complete solution for p=2 and for general P in avery special case.
The result in (i) for general P can be extended to cases where in some columns of P@Q there

is only one non-zero element. A number of cases may have to be considered some leading to
guadratic solutions for all hy and some to arbitrary solutions to a subset of h; .However. The
genera problem may be stated as follows
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