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ABSTRACT

In 1995 Kopotun [4], introduced a paper on k -monotone polynomial and spline approximation in PL ,
∞<< p0  quasi norm . In this paper, we discuss the errors of approximation of k -monotone function by k -

monotone interpolation . It turns out that any two k -monotone functions f  and g , whose graphs intersect

each other at certain ( sufficiently many ) points in [ ]ba, , have to be "close" to each other in the sense that

P
gf − , has to be small .

1. Notations and Definitions.
      Let [ ] ∞<< pbaLp 0,, , be the set of all measurable functions on [ ]ba,  such that
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      Let us recall some definitions of moduli of smoothness used throughout this paper . The
k th symmetric difference of f  is given by :
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The k th usual modulus of smoothness of [ ]baLf p ,∈  is defined by :
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It will be omitted for the sake of simplicity ,
[ ]( ) [ ]( )PkPk bafbaf ,,,,, δωω =

For [ ]baLf p ,∈ , let

( )
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nn

−=
Π∈

inf ,

denote the degree of unconstrained approximation, where nΠ ,  the set of all polynomials of
degree n≤ , and n  is natural , i.e., Ν∈n  .

2. Local Estimates.
     The main aim of this section is to introduce a direct theorem for k -monotone function by
k -monotone interpolating function .
Firstly , let us introduce the Lagrange polynomial ( )kk ttfL ,...,|, 11 ⋅−  of degree 1−≤ k ,
interpolating f , at the points jt , kj ≤≤1 , as :
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      Recall that , if q  is a polynomial of degree m≤ , then ( ) qqLk =−1 [6] .
If the interval [ ]βα ,=I  is denote ( ) ( ) ( )[ ]αβµβαβµαµ −+−−=Ψ ,I , i.e., ( )IµΨ  is  the

interval of length ( ) Iµ21+ , such that I  is in its center .
To prove theorem 2.2, we need this Lemma from [5] .

Lemma 2.1
Let f  in [ ] [ ]baLba P

k ,, I∆ , 1≥k  . If an interval [ ]baI ,⊂  is such that { }( ) 0,, >baIdist ,
then , for any set { }ktt ,...,1 , of k  points in I , and any 0>µ , such that ( ) [ ]baI ,⊂Ψµ , we
have
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where the constant C , which depends only on k  and µ  can be chosen to be a nonincreasing
function of µ , ( ) ( )21 ,, µµ kCkC ≤ , for 21 µµ ≥  .
    Now , let us introduce our first theorem in this paper .

Theorem 2.2
Let f  in [ ] [ ]baLba P

k ,, I∆  . Suppose that an interval [ ]baI ,⊂  is such that
{ }( )baIdistAab ,,.≤− , for some RA ∈  . Also , let { }11 ,..., −ktt  be a set of any ( not necessarily

distinct ), 1−k  points in I , and let 1−kq  be a polynomial of degree 1−≤ k , which
interpolates f  at { }11 ,..., −ktt  . Then  the following inequality is valid ,

( )
PkPk qfCflf 11 −− −≤− ,

where ( )flk 1−  is ( )111 ,...,,|, −− ⋅ kk ttafL  or ( )bttfL kk ,,...,|, 111 −− ⋅ , and the constant C , depends
only on k  and A  .
Proof. Since
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( )
PkqfkAc 1, −−≤ ,

thus
( ) ( )

PkkPkPk qflqfflf 1111 −−−− −+−≤−

( )
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Corollary 2.3
If we assume 1−kq  is a best approximation of f  . Then ( ) ≤− − Pk flf 1 ( )Pk fCE 1−  .

    In this result we obtain a relationship between Lagrange polynomial and any interpolating
polynomial .

Theorem 2.4
Let 2≥k  . Let 1−kp  be a polynomial of degree 1−≤ k , interpolating f  at the points

btta k <≤≤≤ −11 ...  . Then there is a function f  in [ ] [ ]baLba P
k ,, I∆ , satisfying
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where c  is a constant of ( )kpc ,  is a constant depends only on p  and k  .

Proof. Let at =o  and btk = , and define [ ]1, += iii ttI , for 10 −≤≤ ki  . Now , let
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Then since ( ) ( ) ( )∞∞− ≤− IfkcfLf kk ,1 ω  [2], we have
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Since ( )fLk 1−  is a Lagrange polynomial of degree 1−≤ k , and 1−kp  is also a polynomial of
degree 1−≤ k , defined on the interval [ ]ba,  . So that there exists 1c  and 2c , such that
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where c  is a positive constant and ( )kpc ,  is a constant depending on p  and k  .

Example 2.5
Let ( ) ( ) ( ) 111 −

+
− −−= kk xxf ξξ  in [ ] [ ]1,01,0 P

k LI∆ , such that ξ  is the midpoint of [ ]1,0 , and nT
is a Chebyshev polynomials of the first kind ,
we have
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And using theorem 2.4
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Then , let us introduce the following auxiliary Lemma .

Lemma 2.6  [3]
Let Ν∈k  and ( )baf k ,∆∈ , and let ( )kk xxxfl ,...,|, 1  be Lagrange polynomial of degree

1−≤ k , interpolating f  at the points ix , i≤1
k≤ , where bxxxxa kk =<≤≤<= +11 ...o  . Then ,

( ) ( ) ( )( ) 0,...,|,1 1 ≥−− −
kk

ik xxxflxf , ( )1, +∈ ii xxx , ki ≤≤0  .

      Let il , denote the number of points it , such that ji tt =  with ji ≤  .
 Now , let us introduce our second theorem .

Theorem 2.7
Let 2≥k , and an interval [ ]baI ,⊂  be such that { }( )baIdistab ,,.Α≤− , for some RA ∈ ,
and { }11 ,..., −ktt  be a set of any 1−k , points in I  . If gf ,  in [ ] [ ]baLba P

k ,, I∆  are such that
( )( ) ( )( )jj tgtf jj 11 −− = ll , for all j≤0 k≤ , ( where at =o , btk = , and { }( )k

iijj t 0== ll  ), then

[ ]( ) [ ]( ){ }PkPkP
bagbafCgf ,,,,,min ωω≤− ,

where the constant C , depends only on k  and A  .

Proof. Without loss of generality , assume that
[ ]( ) [ ]( )PkPk bagbaf ,,,, ωω ≤  .

 It was shown ( see also Lemma 2.6 ) that , if f  is k -monotone , then ( )kk xxfLf ,...,|, 11 ⋅− − ,
changes sign at kxx ,...,1  .
       More precisely , let Ν∈k , f  in [ ] [ ]baLba P

k ,, I∆ , and recall that ( )kk xxfL ,...,|, 11 ⋅−  is
the Lagrange polynomial of degree 1−≤ k , interpolating f  (or f , together with its
derivatives) at the points ix , ki ≤≤1 , where bxxxxa kk =≤≤≤≤= +11 ...o  .  Then  ,  for

ki ≤≤0 ,
( ) ( ) ( )( ) 0,...,|,1 11 ≥−− −

−
kk
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Now , let ( ) ( ) ( )11111 ,...,|,,...,|, −−−−− == kkkkk ttxgLttxfLxq oo , and ( ) =− xqk 1
~

( ) ( )kkkk ttxgLttxfL ,...,|,,...,|, 1111 −− =  .
      Inequalities (2.3), imply that for every 10 −≤≤ ki , and [ ]1, +∈ ii ttx , the following
inequalities are valid

( ) ( ) ( )( ) 01 1
1 ≥−− −
−− xqxf k

ik , ( ) ( ) ( )( ) 01 1
1 ≥−− −
−− xqxg k

ik ,

( ) ( ) ( )( ) 0~1 1 ≥−− −
− xqxf k

ik , ( ) ( ) ( )( ) 0~1 1 ≥−− −
− xqxg k

ik ,
and therefore every [ ]bax ,∈ , the values ( )xf  and ( )xg , lie between ( )xqk 1−  and ( )xqk 1

~
−  .

This implies that

PkPkPkkP
qfqfqqgf 1111
~~

−−−− −+−≤−≤− ,
by theorem 2.2, we have

PkPkP qfCqfCgf 11
~

−− −+−≤−
))

[ ]( )Pk bafC ,,ω≤ ,

where 1−kq) , 1
~

−kq
)

 are a polynomial of degree 1−≤ k , which interpolates f  at { }11 ,..., −ktt , and
C , depends only on k  and A  .
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