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ABSTRACT

In 1995 Kopotun [4], introduced a paper on K -monotone polynomia and spline approximation in L,
0 < p<¥ quas norm . In this paper, we discuss the errors of approximation of k -monotone function by K -
monotone interpolation . It turns out that any two K -monotone functions f and g, whose graphs intersect
each other at certain ( sufficiently many ) points in [a, b], have to be "close' to each other in the sense that
|f- g, . hastobesmal .

1. Notations and Definitions.
Let L,[abl0<p<¥, be the set of al measurable functions on [a,b] such that

|f ”Lp[a,b] <¥,where

1
a8 oP
Lofas] = édf (X)|pd><§ -

Let us recall some definitions of moduli of smoothness used throughout this paper . The
k th symmetric difference of f isgivenby :

It

& ako, vi.e kh .08 kh -
. H. 1 f - — +ih= +—1 |a,b
D;(f,x,[a,b])::_:'_g)gi ;T,( ) gx 2 ) =2 2t
%O O.W.
The k th usual modulus of smoothnessof f1 L [a,b] isdefined by :

w,(f,d.[a,b]), := sup |05 (F x(a, b])”Lp[a,b] .

It will be omitted for the sake of simplicity ,
w, (f,[a,b]), =w,(f.d.[a,b]),

,0<h<1.

For f1 L,[ab], let

E,(f)p = inf - p,,,
denote the degree of unconstrained approximation, where P, the set of al polynomials of
degree £n, and n isnatura ,i.e, nl N .

2. Local Estimates.
The main aim of this section is to introduce a direct theorem for k -monotone function by
k -monotone interpolating function .

Firstly , let us introduce the Lagrange polynomial L, ,(ft,,..,t,) of degree £k- 1,
interpolating f , at thepoints t;, 1£ j £k, as:
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Xt

L. (f,x|t,,... tk)=f(x)Ot 5
i=1 Yy T

i
Recadll that , if g isapolynomial of degree £ m, then Lk_l(q) =q[6] .
If the interval | =[a,b] is denote Y, (I)=[a- mb-a)b+mb-a),ie, Y,(l) isthe
interval of length (1+2m)1|, suchthat | isinits center .
To prove theorem 2.2, we need this Lemma from [5] .

LemmaZ2.1

Let f in Da,b] 1 L,[ab], k31 .If aninterval 11 [a,b] is such that dist(1,{a,b})>0,
then , for any set {t,,...t.}, of k pointsin I, and anyn >0, such that Y (1)1 [a,b], we
have

”f - pk-l(faxitl ----- thLP(Ym(l)) EC(k’m)‘Nk(f’Ym(l ))p’

where the constant C, which depends only on k and nm can be chosen to be a nonincreasing
function of r, C(k,m)£ C(k,m,), for m3 m, .
Now , let usintroduce our first theorem in this paper .

Theorem 2.2
Let f in Dfab]lL,[ab] . Suppose that an interva 11 [ab] is such that
b- af£ Adist(l {a,b}), for some Al R . Also, let {t,,....t, ,} beaset of any ( not necessarily
distinct ), k-1 points in |, and let q,, be a polynomial of degree £k- 1, which
interpolates f at {t,,....t, ,} . Then the following inequdlity is valid ,

[#- 1PN, £CF - e,
where |, _,(f) is L_,(f 4at,,...t,,) or L_,(fXNt,,...t._,,b), and the constant C, depends

onlyon k and A .
Proof. Since

[ - sl =17 - qes+ - hea(F),
:"f - qk—l+|k—l(qk-l)_ Ik-l(f)"p
:"f P Ik—l(f : qk—l)”P
£”f - qk-l”P +||Ik—l(f . qk—l)”P’

we recall that
o (F - g X) = (F(x)- qk_l(x))i@l th-_ tt |
and hence .
e P 0%>
ol - 0., ﬁf(x)- ()0 | o
it p
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b a“t -t

( )" e éd(f |dx9%>

éd( - g, (x | dx—

t -t f2Kk)*

Ed(AK)|T - 6.
thus

[ - Tealt o £1F - gy +hea(f - acal
EC(AK) - ay, -

Corollary 2.3
If we assume q, , isabest approximation of f . Then |[f - I,,(f)|, £ CE,,(f)s .

In this result we obtain a relationship between Lagrange polynomial and any interpolating
polynomial .

Theorem 2.4

Let k32 . Let p,_, be a polynomial of degree £k- 1, interpolating f at the points
aft £..£t_,<b.Thenthereisafunction f in D<[a,b] I LP[a,b],sﬁtisfying

[Pl , % o
&- (pk)—2
(L1 F— b- ag

where ¢ isaconstant of c(p, k) Isaconstant dependsonlyon p and k .

Proof. Let t, =a and t, =b, and define I, =t ,t.,], for O£i £k- 1. Now, let

f(X):_I'_(b- tk l) (X tk 1) Xl [tl |+1]

TO ; Xl [tl |+l]
where (x-tk_l)i'l:max{(x-tk_l)k'l,o} . And note that f in Df[a,b] I L.[a,b], and
(X- t. 1)(k- 1)P+1 i+l

(k- )p+1

115 =(b- . ) KIP =C

‘ti

P

dx

I1]., -cd(b o) (- 1)<

S o

Then since | f - Lk_l(f)||¥ £ c(kw,(f,1), [2], we have
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[0, - M (O £1F - Lea(F),
£ clikw, (1) £clii] 1], -
Then using the inequality
[a®], £ c(p.r ki dl], 131,
where ¢, isapolynomial of degree =r . We have

£l - Beca(O, £ o],

£ o(p k)11,
Thus
a0, 2 18], - elp |,
={t- c(p.k)1[ Y . 2

Since Lk_l(f) is a Lagrange polynomial of degree £k - 1, and p,_, is also a polynomial of
degree £ k - 1, defined on the interval [a, b] . So that there exists ¢, and c,, such that

Cank—l(f)”p E|peal, £ Cl|||-k-1(f MP :
This, implies

L.,(f
||pk,l||P 3 c, ” k—l( )”p 3 Cz(l- C(p,k]l|’l)

It It

10
3 ¢, c(p,k)——2
ng C(pl )b- az,

where ¢ is apositive constant and c(p, k) Isacongant dependingon p and k .

Example 2.5
Let f(x)=(1-x)"*(x- x)“" in D[04] 1 L,[0,1], such that x is the midpoint of [03], and T,
is a Chebyshev polynomials of the first kind ,

we have
k-1
_ e 100 |_
1£ () <[ (), = ap %%gx o 1. (2.2)

IS] -
Since kM3 alli|=1, where I is the largest interval of the subintervals 1, O£i£k- 1,
i=0

k-1
o]

satisfying g |1, =1,
i=0
M, 1-0
- t]3 e =——.
' 2 2k

And using theorem 2.4

[T O, 2 s (F o x Tt by D),
3 Lo (F, X Tt et 1 2)
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k-1
@& 160 = x-t
TR S O
e 209 ia1-t
k-1

e 2255 eﬂg
(- 0)“*(1- t,.,)

Then
B 100 @l o
ge 205 é2kg

[Tl 5 Il (
p,k) (
1- tk—l)

Il 1t
=c(p.k)-

Then, let us introduce the following auxiliary Lemma.

Lemma 2.6 [3]
Let kI N and f1 D(a,b), and let I, (f,x|x,,....x,) be Lagrange polynomial of degree
£k- 1, interpolating f at thepoints X, 1£i
£k,wherea=x <x £..£X <X, =b .Then,
(- 1 (F (-1, (F,x] Xm0, )2 O, XT (x,%,,), O£i £k .

Let 1., denote the number of points t;, suchthat t; =t; withi £ j .
Now , let usintroduce our second theorem .

Theorem 2.7
Let k3 2, and an interval | 1 [a,b] be such that b- a£ Adist(l,{a,b}), for some AT R,

and {t,,...t_,} beaset of any k- 1, pointsin | .1f f,g in D[a,b] I L,[a,b] are such that
0t )= g, ), forall 0£ j £k, (wheret, =a, t, =b,and I, =1 ,{{t},) ), then

|f - o, £ Cminfw,(f,[a,b])s ., (g,[ab])s},
where the constant C, dependsonlyon k and A .

Proof. Without loss of generality , assume that
w, (f.[a.b]), £w,(g.[a.b]); -

changessignat X,...,X, -

More precisely , let ki N, f in D[a,b] I L,[a,b], and recall that L, ,(f X x,,....x, ) is
the Lagrange polynomial of degree £k- 1, interpolating f (or f, together with its
derivatives) at the points x,, 1£i £k, where a=x £x £...£Xx £X.,,=b . Then, for
Ofi £k,

(2 (F09- Lia(f.x %% )2 0, XT (%, %) (23)
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Now et ey (x)=Loy(foxltton) = L@ XIt,ty),  and Gy(x)=
Lkl(f X[ty ’k)_ kl(gxltl’ U )

Inequalities (2.3), imply that for every 0£i£k-1, and xi [t,t.,], the following
inequalities are valid

(- ) (f(x)- a..()2 0, (- 1" (a(x)- a..(x)° 0,

(- 9 (f(9)- G.(9)2 0, (- )" (g(x)- Gis(x))2 0
and therefore every xi [a,b], the values f(x) and g(x), lie between a..(x) and G, (x) .
This implies that

[ - gl £ldes- Qs £]F - Geall +]F - G
by theorem 2.2, we have

If-dl, £C]f -, +f - G|
£ cw, (f,[a.b]),

where ¢, ., G, are apolynomial of degree £ k - 1, which interpolates f at {t,....t, .}, and
C, dependsonlyon k and A .
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