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ABSTRACT

The main aim of this paper is to study new class of continuous function is called ac — continuous function.
for thisaim , the nation of a - open and pre— open sets and a - compact space are introduced. and we shall study
their relation ship between ac — continuous and pc — continuous function .

1- Introduction and preliminaries

Let (X,t) be atopological space and Al X , we denoted to the complement of A in X by A,

the closure and the interior of A respectively by A and A° we recall the following function :-

Definition 1-1:- Let (X,t) be atopological space, A subset A | X iscalled

1) asemi open set [5] if AT (A°) and semi - closed if (A)°1 A.

2) apre—open set [10] if A1 (A)°and pre—closed setif (A°)i A.

3) ana-openset[13]if Al (ﬁ)o and a - close set if ((A)°)i A.

4) aregular open set if A = (A)° and regular closed set if A = (A°) .
The complement of an a - open (resp. semi — open, pre — open , regular open ) set is
called a - closed ( resp. semi — closed , pre — closed , regular closed ) set . The smallest a -
closed ( resp. semi —closed , pre—closed , regular closed ) set containing A I X iscalled a -

closure ( resp. semi — closure, pre— closure, regular — closure ) of A and shall be denoted by

A% (resp. AS, A”, A™) .we denote the family of a - open (resp. semi — open , pre —open,
regular open ) setsby T2 ,(resp. T°, TP ,T) setsitisshownin[]thaa T1 T?1 T°and T?is
atopology for X ,It isalso shown that T =T°C T". an a - open set is precisely semi —open
and pre—open[ 14, Lemmal]

In 1970 , Gentry and Hoyle [4] introduce the concept of C —continuous function , A
function f: X® Y is called C-continuous function if and only if for each x T X and each open
set V containing f(x) such that V°©is compact ,there exists an open set U containing x such that
f(U) 1 V,in 1987 ,F. cammroto and T.noiri [3] define new concept of function is called WC -

continuous function by replacing compact in the definition of C- continuous function with
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weakly — compact relative to Y. and A function f : X ® Y is called PC — continuous
function [5] if and only if for each x T X, and each open set V containing f(x) , such that V°

isP - compact relativeto Y , there exists an open set U containing x such that f(U) 1 V .

2- a - compact space.

Definition 2.1 :- A space ( X , t )issaid to be a - compact space [9] if every a - open cover
of X hasafinite sub cover .

It is shown in [9] that every a - compact space is compact but not conversely , the following
is obvious from definition 2.1 . the subspace (A ,t / A) isa - compact , wheret / A denotes

the induced topology on A .
Proposition 2.2 :- A space ( X , t ) isa - compact if and only if (X ,t?) is compact .

Definition 2.3 :- A subset A of space ( X ,t ) issaid to be a - compact relativeto( X ,t ), if

every cover of A by a - open setsof ( X , t ) has afinite sub cover .

Theorem 2.4 :- A subset A of aspace ( X ,t ) isa - compact relativeto ( X , t ) if and only
if iscompact in (X ,t?).

Proof :-

Necessity : Lt A=E { W, 6l T W} andW; T t®/Aforeachl T W,

Foreach| T W, thereexistsV | 1 t 2, suchtha W, =V, CA .since{V; 61 1 W}isa
cover of A |, there exists a finite subset W, of Wsuchthat A1 E {V, 6 | T W, }. Therefore,
weobtainA=E { W, 61 T W,}.

Hence A iscompact set of (X ,t 2).

Sufficiency : Let Al E{W, 61 T W}and W, T t 2 foreachl T W.
Then,wehave A=E { W, CASlI T W}andW, CAT t?/Aforeachl T W.
Therefore, for some finite subsets W, of W.

A=E{W CABI T Wo}l E{W, 61T W}.

Thisisshowsthat A isa - compact relativeto (X ,t 2).
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Proposition 2.5 :- Let A be asubset of space ( X ,t ) if A isa - compact relativeto ( X ,t ),

thenisa - compact .

Proof ;- Lee A=E { W; 61 T W}andW; T (t/A)?foreachl T W. it follows from
proposition 2.1 of [8] that (t /A) 21 t2/A.

Foreachl T W,thereexists, V| 1 t ® suchthat W, = V, CA.

Since{V, 61 T W} sacover of A, there exists W, of W, suchthat Al E{ W; 61T Wy}.
Therefore, weobtain A=E { W, 61 T W}.

SoAisa - compact of (X ,t).

Lemma2.6:-[8],A space( X ,t)isa - compact if and only if every proper a - closed set

of (X ,t)isa - compact relativeto ( X ,t).

Corollary 2.7 :- ifaspace( X ,t )isa - compact and A isana - closed set of (X ,t ), then

A isa - compact .

Proof :-

This is an immediate consequence of lemma 2.6 and proposition 2.5

113 {3

By corollary 2.7 , we abserve that the assumption “ open “ of statement (a) in the

following corollary is super fluous.

Corollary 2.8:-[9] Let (X ,t ) bean a - compact space and A asubset of (X ,t ), thenwe
have

a) ifAisopenanda-closedsetin( X ,t),thenitisa - compact .

b) if Aisa-closedin(X,t),thenitiscompact .

3- ac—continuous function
Definition 3.1 :- A functionf : X ® Y iscalled ac— continuousfunction if and only if for
eachxT X , and each open set V containing f(x) , suchthat V¢isa - compact relativetoY ,

there exists an open set U containing x such that f(U) I V.
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Theorem 3.2 :- for afunctionf: (X ,t)® (Y, 1() the following are equivalent :-
1) fisac - continuous function.
2) if VisopeninY and V¢isa - compact relativetoY thenf (V) is open setin X.
3) if Fisclosed inY and a - compact relativeto Y thenf ™ (F) isclosed set in X

proof :- of 1® 2
Let V anopen set of Y such that V©isa - compact relativeto Y .
LetxT f2(V),thenf(x)1 V, and there exists an open set U of X , such that f(U) 1 V.
So,wehavexT UT f1(V) .
Thenf™ (V) isopensetin(X,t).
of 2® 3
let Fisclosed set and a - compact relativeto Y .
then F°isopen, and since F = (F)°isa - compact relativeto Y .
then f * (F) is open set
sof ™ (F)isclosed.
of 3® 1
let xT X, andV anopen containing f (x) , such that V®isa - compact relativeto Y.
sof™? (V9 isclosed setinX .
and hence U = f * (V)is an open set containing x , such that f (U) 1 V.

s0 f is ac — continuous function .

Proposition 3.3:-if Al X isp —compact relativeto X then it isa - compact relative to X.

proof :-

let AT E{W, 6l T W}, suchthat W, isa - open set .

then W, ispre—open st .

since A is P — compact relativeto X .

so there exists a finite subset W, of W, suchthat AT E { W, 61 T W,}.

There for A isa -compact relativeto X .
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Proposition 3.4 :- if A; and A, are a - compact relative to X then A; E Az isa - compact

relativeto X .

proof:- let A1 E Azl E{ W, 6l T W}, suchthat W, isa - open set .
then Al E{W, 6l T W}andA,I E{W, 6l T W}.
Soforeachi=1, 2, there exists afinite subset W of W,

suchthat Ail E{W, 61 T W}

so,wehave A1 E Al E{W 6l T W}.

Then AL E A, isa - compact relativeto X .

Let (X ,t) beatopological space, it follows from proposition 3. 4 that the family of
open sets having the complement a - compact relative to X may be used as a base for a
topology tac - it has been shown that the family of open sets having the complement P —
compact relative to X may be used as base for a topology tpc and the family of open sets
having the complement compact relative to X may be used as base for a topology t. and the
family of open sets having the complement almost — compact relative to X may be used as
base for atopology t o and the family of open sets having the complement weakly — compact

relative to X may be used as base for atopology twc .
Remark 3.5 :- for space X, wehavetacl tpcl tcl tal twel t.
Definition 3.6 :- A functionf: (X ,t )® (Y,1() issaidto be
1) a - continuous function [12] if f *(V) isa - openin X for every V isopenin Y.

2) Weakly a - continuous function if for each x T X , and each open set V in Y, such

that f(x)1 V , there exists an a - open set U containing x such that f(U) I V.

Theorem 3.7 :- A functionf: (X ,t)® (Y, t{.) iscontinuousif and only if f: (X, t)

® (Y, 1) a -continuous function .

Proof :- Necessity :let V isopeninY ,sincef: (X ,t)® (Y, () iscontinuous.
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Thenf™(V) isopenin X .

So, f*(V) isa-open inX .

Thereforef: (X ,t)® (Y, 1{) isa - continuous function .
Sufficiency : let VisopeninY .

Then VCisa - compact relativeto Y .

From proposition 3.2, Then f (V) isopeninX .

Thenf: (X ,t)® (Y, t{)iscontinuous function .

Theorem 3.8 :- A functionf: (X ,t)® (Y, () isac—continuousfunction if and only if

f:(X,t)® (Y, 1) iscontinuous function .

Proof :- Necessity : letVisopeninY .
Then VCisa - compact relativeto Y .
From proposition 3.2, Then f (V) isopeninX .

Thenf: (X ,t)® (Y, t{;) iscontinuous function .

Sufficiency : Let x T X , and each open set VV containing f (x) , such that V¢ isa - compact
relativeto Y .

Then (V) is open set in X containing X .

Letf(V)=U ,thenf(U)I V.

Thereforef: (X ,t)® (Y, 1{.) isac- continuous function .

Corollary 3.9 :- A functionf: (X ,t ) ® (Y, t{.) isac—continuous function if and only if

f:(X,t)® (Y, 1{)isa - continuous function .

Proof :- thisis an immediate from theorem 3.8 .

Theorem 3.10:-iff: (X ,t)® (Y, () isac—continuousfunctionthenf: (X ,t)® (

Y, 1{) isweakly a — continuous function .
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Proof :- letx1 X ,andeachanopensetVinY .
Then VCisa - compact relativeto Y .

Sincef: (X ,t)® (Y, t{.) isac — continuous function , then there exists an open set U
containing x , suchthat f (U)1 V.
So,f(U)I V.

Therefore f: (X ,t)® (Y, t{.) isweakly a — continuous function.

Theorem 3.11:-
Let(X,t), (Y, t¢) betow topological spaces,if f: (X ,t)® (Y, 1()isa - continuous

function then f: (X ,t)® (Y, t¢)isPC — continuousfunction .

Proof :- let x T X and V is open set containing f (x) ,such that V°is P — compact space
relativeto Y

Then V° isa - compact relativeto Y .

Sincef: X ® Y isac— continuous function .

So there exists open set U containing x , such that f (U) 1 V.

Thereforef: X ® Y is PC — continuous function .

Theorem 3.12:-iff: (X ,t)® (Y, t()isac—continuousfunction, and A is subset of X,

thenrestriction f /A : A® Y isac — continuous function .

Theorem 3.13:-iff: (X ,t)® (Y, t¢)iscontinuousfunctionandg: (Y ,tO)® (Z,s)

isac — continuous function , then the compositiongof: X ® Z isac — continuous.
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