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Studying of Energy-Like Statistic Under Sine-Model
Samples by Chord Circular Distance
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Abstract— Statistical properties of the energy-like statistic under bivariate Sine-Model circular distribution and
chord circular distance is presented in this paper. Simulation study is consider as well to examine the properties that
we computed by comparing the true expected value and variance of the Sine-Model with the estimated expected value
and variance under different sample sizes and different values of the parameters using R-Studio software.
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I. INTRODUCTION (HEADING 1) (TIMES NEW noam
ROMAN 11 BOLD) A= ZZD(xl,y, , ZZD(xl,x,)

i=1 j=1 i=1J=

m m
In various scientific fields including medicine, biology etc. C= ZZ DY)
there are many circular variables where a cyclic scale is used to v
register. This data, for example wind direction, circular data,
such as time of day or compass direction, cannot be evaluated Because the distribution of the e-statistic is unknown and
using conventional statistical techniques. As a result, to handle ~ difficult to compute, it could be used in conjunction with a
this type of data, we are looking for circular statistical ~ randomization test (which takes a very long time) to identify
approaches. [1, 2]. homogeneity between the distributions of two groups of data.

. - Ali and Abushilah therefore suggested that in 2021 [7], a new
__Watson in 1964 [3] presented the statistical test to test the  giatistical test to detect homogeneity amidst two groups of
difference amidst two circular distributions, which is the most ¢ jar data. Let G, = (911, 11), wer D1 #1)} aNd Gy =

common test. It's a non-rank-based test. This test is performed (® ;
. . . 21, P21)s - » Fom, ©2m)} be indpendent non-empty sets of
in most software implementations such as MATLAB. bivariate angles. We seek to test the null hypothesis

i=1j=1

Distinguishing between two multivariate samples is

. - Hy:F, =F

important however this can be hard. In 1984-1985, Gabor and _ o1 2

Székely introduced a new statistic based on distance which is against

called energy statistic (e-statistic), where this statistic was H F. % F
1-41 2

presented in a chain of lectures [4, 13].

where the circular distribution of the it is population is F;
of which G; is a sample and energy-like statistic is define by
the following form:

Energy statistic is a function of the metric space separations
between observations. In recent years, applications for -statistic
have expanded to include [5, 6]. Let X = {x;,...,x,} &Y =

{1, Y} be independent samples, then the e-statistic is T3(Gy, G) _( )05 L I D)) (1)
defined by [16]
where D (9;, ¢;) measure of distance between angles 9; and ;.
nm 2 1 1 In this paper the properties of the energy like statistic is
e(X,Y) = n +m(ﬁ Th? _Wc) calculated theoretically under Sine-Model and chord circular
where distance.
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1. BASIC CONCEPTS
Basic ideas are introduced in this section.

A. Definition (2.1) [8][12]

Circular statistics which are also called angular statistics or
directional statistics is a branch of statistics specifically
designed to deal with observations that are circular data. This
data can be appeared as points on the unit circular, 9¢[0, 21), or
[-m, ), or by the unit vector (cos(8), sin(6)).

B. Definition (2.2)

The Von -Mises distribution is one of the most important
circular distributions. The Von -Mises distribution provided
by Von-Mises (1918) [9]. The probability density function for
this distribution, which is presented in Figure 1 with different
concentration parameter, is given by

f(ﬁ; W, k) - ;ekcos(ﬁ—,u)’

0<9Y<2m,
2mly(k)

Where k > 0 is the concentration parameter, u is the circular
mean, and I, (k) is the modified Bessel function of the first kind
and order zero [1-14] which is defined by

1 21
I - kcosy ,
o (k) an e d?d
0

Lappa=5
kappas«10

- —

Fig 1: Von-Mises distribution which has been used in this
analysis under different values of the concentration parameters
and with sample size 1000 for each.

The bivariate Von Mises distribution with eight parameters
was presented by Mardia [10], before Rivest a six parameters
version in 1988. sine-model with five parameters of Rivest’s
distribution was introduced by Singh et al. in 2002 [11]. For
two random circular variables, 9 and ¢. The probability
density function of the bivariate von -Mises distribution of
sine-model is given by

f@,9) = Csine expl{ry cos(® — py) + Kz cos(p — )
+ & sin(d — py) sin(e — pz)},

for0 <9,¢ <2m ki, k; 20,0 < py,py < 27, Cgipe IS A
normalization constant which is defined by

-1
2

Csine = [4n2 i () ( y ,flkz)r I (Kl)lr(zcz)l
r=0

I11. PROPERTIES OF THE STATISTIC T ; UNDER SINE-
MODEL SAMPLES AND CHORD CIRCULAR
DISTANCE.

Let @ and W be two independent random variables such
that ® ~ BvMg;,. (1, A;) and ¥ ~ BvM;,. (14, A,) where

_ (0 (ks O ) _ (K3 0 )
M_(O)’Al_(o K, &4, = 0 k)
LetGy = {(¥11, @11), ) D10, P1)}aNAG, =
{021, 021), -+o» 2, P2m)} be random samples from these

random variables, the circular distance amidst each pair of
angle by using distance at that which is defined by

D@, ¢;) = D(911,92;)* + D(911, 92))%, (2)
i=12.,m)=12..,m

We calculate the expected value for the statistic T; as
follows:

E(Ty(Gy, 62)) = E[(2)°S 51, 37, D(6,6)]  3)

n+m
nm 0.5 by
= (n-|-—m) : z Z E[D(ﬁll,ﬁzj)] +E[D(<P1U<P21)]
i=1 j=1
Where

D(6,,6;) = J2(1 —cos(6; —6,)),0 =9, 9.

We comput the part E[D (9q;, 9;)] in eqution (3) as
follows:

n

i i E[D(@11,92))] = Z i E[2(1 — cos(¥y; — 9,)))]

i=1 j=1 i=1 j=1
=2nm — 2%, YLy E[cos(@y; — 92))]-(4)

The quantity E[cos(9; — ¥,;)] in Equation (4) is
computed as follows:

Efcos(8; — 0;)] = f ) f " cos(8y — 8)f (9, 9,)d9,d0,

= fozn fozn [cost,cos9, + sind;sind,|f (9,) f (9,)d9;dD,

Vfl
== 5
- ®)

where
Vi = ly(k)lo(k3) & Ve = 1y (1) 14 (x¢3)-
As a result, we get the following

v
1 X7y E[D(11,92))] = 2nm — 2nm 2,

fo
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In the same way extract
o1 Xje1
where

Vso = Io(kp)Io(Ks) & Vsy = Iy (k3) 11 (K4).
As a result, we get the following

E[D(¢1;, p2))] = 2nm — 2nm 222,

S0

Vs1

E(14(Gy1,Gy)) = (nm )O5[2nm — 2nm-L: + 2nm — 2nm > .
f So

So, the expected value of T is equal to this amount
Vv
SI)05[2 521, (6)
So
The variance of T is calculated as follows:

Si i D(6;,6)]

i=1 j=1

(“m) Q

E(T4(G1,G2)) = 2C -

var (Ty(G,, G2)) = var[(

nm n
= ——var| ;-
n+m [ i=1

T, D(6;6))]
= M yar[S7y ST D810 97) + (@1 92)1(7)

To calculate the right-hand side of the equation (7) we
must calculate the following quantities

var[D(9;,9,)].
cov[D(011,921), D(¥11,922)]-
cov[D (911, 921), D (912, 9,1)]-
The quantity var[D (9,,9,)] is caculated as follows:
var[D(Y;,9,)] = var[2(1 — cos(9; — U,))]
= 9,)]
= 4[E[cos® (91 — 92)] — (E[cos (91 — 92)])?]. (8)
The first part in the right hand side of Equation (8) equal to

= 4var[cos(9,

E[cos?(9; —9,)] = =[1 + E[cos(29, — 299,)]]
9)

Substituting the Equation (9) and (5) into the Equation (8) we
get the following:

1

2

: 1+ 12(K;)12(K3)]
o

Veo + I, (k1) 1, (K V2
var[D (9, 9,)] = 4 [ ro + 1 (k) (x3) L;]
2V Vf0

—4 Vf0+Vf012 (kI (;c3)+2Vf1
2v,

a0

The quantity cov[D (911,921), D(911,92,)] is computed as
following:

cov[D(911,921), D (911, 922)]
= E[D(¥11,921)D (O11,922)] — E[D (P11, 921)1E[D (911, 922)]

= E[D(811,91)D (911, 922)] — [1 — Z—E]Z. (11)

The first part of the equation (11) is calculated as follows:
E[D(911,921)D (911, 922)]
=E[2(1 — cos(911 —U21))2(1 — cos(911 — U23))]
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=4[1 -
+E[cos(Y11

E[cos(¥11 — U21)] — E[cos(P11 — ¥22)]
—9,1)c05(911 — 922)]]

= 4[1-2 Z—j{; + E[cos(911 — ¥21)c0s (911 — 9,)]1.(12)
In Equation (12) the quantity E[cos (9,1 — 9,1)c0os (911 —
9,,)] is equal to

= E[c0s?0;,c0505,c050,,

+ E[c0s0,1€050U5,5in9,,5in0,,]
+E[sind,,5in9,,c0591,5in9,,]
+E[sin?9,,5in0,,5inY,,], (13)
where

E[c05%91,c088,,c059,, =

2m (2m (2
fo i fo i fo i €05%0,1€05951€0505, f (911) f (021) f (922)d011d 051 d 9,

RG]

2
= 230 Jo T 1+ cos20,1f (911)d0y,

— 13 (e3) 10 (k1) +13 (63) 12 (K1)
2Ip(k3)V o

(14

and
E[c059,1€0505,5in9,,15in¥,,|E[sind,15in¥,,c059,,5in,,|
E[sin?9;,sin9,,sind,,] are equal to zero.

Substituting Equation (14) in

13 (1e3) 1o (1) +15 (re3) 2 (1)
2I9(k3)V 5o

E[cos(¥11 — 951)c05(911 — U22)] =
(15)

substituting Equation (15) in (12) we ge

E[D (911, 921)D (911, 922)] = 4[1 — 222

’

13 (re3)lo (1) +15 (K3) Iz (K1)
16
+ Io(k3)V o 1.(16)
substituting Equation (16) in (11) we get
cov[D (911,921)D (911, 922)] =
13 (k3)1§ (k1) +1F (163) 11 (k1o (1e1) -2V,

2vf,

4

1. (17)

In the same way extract
cov[D(911,921)D (Y12, 921)] =

I%Ocl)lé(x3>+1%(x1>11(x3>10(x3)—2vf21] (18)

2V,
In the same way extract the left hand side of Equation (7)

4

var[D (¢, p2)].
cov[D (@11, P21), D(@11, ¥22)]-

cov[D (@11, P21), D (@12, ¥21)]-
Such that

var[D (@, 92)] =

cov[D (®11, 921)D (P11, (Pzz)]
4 12 (1e4) 18 (1) +13 (1) 11 (1) 1o (1e2) =2V,
2vd)
cov[D (®11, 921)D (P12, (P21)] =
4 £ ()15 (n4)+1%(»cz)zh(m)lo(m)—zvsﬁ L1)
ZVS0

=4 Vso+’o(Kz)lo(K4)12(Kz)lz(K4)+2Vs1] (19)
2VSO

| e

As a result, we get the following
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7.(G1, G _4(nm)2
var(Jy(Gy, G,)) = n+m

[[VAL +VA,]

n+m-2
2

+ [CR, + CR, + CRs + CR,]], (22)

where

VA, = var[D(¢y, ¢2)] & VA, = var[D(yy, ;)]
CRy = cov[D($11, $21), D (P11, $22)]

CR; = cov[D(¢11, $21), D (@12, P21)],

CR3 = cov[D (Y11, ¥21), D(Y11,¥22)]

CRy = cov[D(¥11,¥21), D(Y12,P21)].

After the expected value and the varance of the statistic T4
have been computed, we seek to examine the properties that we
have computed using simulated data. In the next section we will
compare between the empirical and the theoretical properties
that we have calculated.

PERFORMANCE EVALUATION

In this section, we conducted a simulation study to examine the
characteristics of the "expectation and standard deviation" of
the energy-like statistics. We seek to compare the theoretical
value of the standard deviation and expectation with the
empirical value of the standard deviation and expectation of the

statistic 3, under square chord circular distance and Sine-
Model samples.

To do a comparison we generate groups from circular
distribution of sine-model and the empirical standard deviation
and expected value for each pair of groups is calculated and
compare with theoretical properties.

The simulation summary is shown in the Algorithm 1.

Results are presented in Table 1 and Table 2 in this tables we
can see compare the theoretical value of the standard deviation
and expectation with the empirical value of the standard

deviation and expectation of the statistic T3, under different
parameters and sample sizes of Two-sample Sine-Model.
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7‘\—|E:(Tf|.,,| 1: Stmndatic tuly
Dty { wlar

Result: 1

begin

far [ in 1 1000) do

mlewlate Theoretical wolae o

o square chord circalar dstance [[N®, @

calenlate Empireol value o
o

o ST

end

Results (E{T) & SHT,) & E(T,) & S40T,)

TABLE 1. Comparison between the empirical expected value
of the statistic 7; and the theoretical values under different
parameters and sample sizes of two-Sample bivariate Sine-
Model the simulation is repeated 1000 time.

K Expect value
Kq K, K Ky Theoretical =~ Empirical
n=50 , m=50
0.5 0.5 0.5 0.5 47059.7 47069.95
1.0 15 0.7 2.0 35916.14 35932.06
3.0 2.5 3.0 1.0 25060.92 25090.38
20 35 4.0 5.0 16150.7 16040.9
6.0 6.0 6.0 6.0 8380.02 8393.25
n=100 , m=200
0.5 0.5 0.5 0.5 614785.3 614809.3
1.0 15 0.7 2.0 469206.5 469967.1
3.0 2.5 3.0 1.0 3273945 327095.4
20 35 4.0 5.0 210991.8 210402
6.0 6.0 6.0 6.0 109476.2 109271.7
n=500 , m=400
0.5 0.5 0.5 0.5 11224393 11226985
1.0 15 0.7 2.0 8566499 8566108
3.0 2.5 3.0 1.0 5977379 5975396
20 35 4.0 5.0 3842166 3849953
6.0 6.0 6.0 6.0 1998753 1997733
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TABLE 2. Comparison between the empirical Standard
deviation of the statistic 7; and the theoretical values under
different parameters and sample sizes of two-Sample bivariate
Sine-Model the simulation is repeated 1000 time.

K Standard deviation
Kq K, K Ky Theoretical =~ Empirical
n=50 , m=50
0.5 0.5 0.5 0.5 1250.21 1249.414
1.0 15 0.7 2.0 1973.79 1971.22
3.0 25 3.0 1.0 2034.46 2007.75
2.0 35 4.0 5.0 1588.17 1606.71
6.0 6.0 6.0 6.0 811.469 817.86
n=100 , m=200
0.5 0.5 0.5 0.5 9517.11 9516.71
1.0 15 0.7 2.0 15607.48 15527.71
3.0 25 3.0 1.0 14192.4 14729.25
2.0 35 4.0 5.0 12652.48 12068.68
6.0 6.0 6.0 6.0 6453.248 6470.993
n=500 , m=400
0.5 0.5 0.5 0.5 93500.14 91273.48
1.0 15 0.7 2.0 155460 151753
3.0 2.5 3.0 1.0 161645.5 161518.7
2.0 35 4.0 5.0 129348 129555.3
6.0 6.0 6.0 6.0 64403.63 64848.07

V.CONCLUSION

Theoretical properties "expectancy and standard deviation" of
the energy-like statistic based on the chord circular distance are
presented under samples taken from the bivariate sine-model.
The results of the simulation study show that the empirical
expected values and standard deviation of the statistic T; are
close to the theoretical values under different sample size,
different parameters of the Sine-Model circular distribution. In
addition, a simulation study is conducted to verify the validity
of our properties, using the R’s circular package.
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