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Explicit Form of Harnack’s Inequality for Poisson’s Dirichlet Problem
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Abstract— The explicit form of Harnack’s inequality for non-negative harmonic functions in the open ball B;(0)
plays an important role in harmonic analysis and elliptic partial differential equations. In this paper, we establish the
explicit form of Harnack’s inequality for Poisson’s Dirichlet problem in the open ball By(0) with non-negative

boundary data. We involve the Green’s function for Laplacian operator to find it out. Harnack’s inequality for
positive harmonic functions can be followed from Harnack’s inequality for Poisson’s Dirichlet problem when the

source function is set to be zero.
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I. INTRODUCTION

It is well known that the Harnack’s inequality for non-
negative harmonic function u over the open ball B;(0) =
{C e R™|{| < p}[7,6,13] is given by

S < u©
p+ I

pr- WU(O)' ¢Y)

for every { € B;(0) which established from Poisson’s integral
formula for harmonic functions.

~Nn—2

The inequality in (1) leads for another version of Harnack’s
inequality that work in bounded connected domains [7,13], if
Q is a bounded connected domain in R™ and Q is a compact
subdomain in (, then there exists a constant M > 1, such that

supgu < infyu, 2
for every non-negative harmonic function u in Q. The constant
M in (2) depends only the geometry of Q and Q.

Even though inequality (2) is more general than (1), the
constant in (2) is not given in an explicit way as it appears in
(1).

One advantage of (2) is to deduce the convergence principle
for monotone harmonic functions [2], if {u,} is an increasing
sequence of harmonic functions in a bounded domain Q such
that

1 uy () Supyq(Q), forevery{ e Qandn=1.2,...
2. There exists a point { € Q, such that |u,({)| < C, for
some positive constant C and everyn = 1,2, ....
Then for any compact subdomain Q" of Q, the sequence {u,}
converges uniformly to a harmonic function in Q" .
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A new version of (1) for an uncompact subdomain in the
punctured unit open ball has been established in [1,12] with
adding an extra condition for the radial movement of the
points inside the subdomain.

Inequality (2) has been generalized for linear elliptic
operators of the divergence form [5,4]. Also, a short and easy
proof of version of Harnack’s for the general form of linear
elliptic operators appears in [9].

The Harnack’s inequality has been published, for fractional
Laplacian operators [8], discrete difference equations [10], and
in [11] for Lipschitz domains.

1.1 New Result

In this work, we present the Harnack’s inequality for the
Dirichlet problem
Au=f in  Bz(0)
u=g on 0B;(0),
where f € C(B5(0)) and 0 < g € C(dB;(0)).
We obtain the inequality
Theorem 1: Let u be a solution of (3), then it follows that
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for every { € B;(0).

Remark 1: If f =0 in (3), inequality (1) follows, where the
non-negativity of the harmonic function u could be obtained
from the maximum principle of harmonic functions [6].

The proof of theorem (1) depends on Green’s representation of
Dirichlet problem (3).

Il. PRELIMINARIES

This section is devoted to giving the basic definitions and
propositions that are related to harmonic functions as well as
the Dirichlet problem (3).

2.1 Derivatives and L*-Norm

Let Q be an open subset of R™, n > 2. For a given function
u, the notation u € C*(Q), k > 1, means the function u has all
derivatives of order less than or equal to k, and all such
derivatives are continuous in Q. Likewise, u € C*(Q), refers
to the derivatives of u are extended to be defined continuously
on the boundary of Q, 9Q. While the belonging u € C(Q)
refers to the function u is extended to be continuous up to the
boundary 9Q.

A domain is an open connected subset of R™. If Q is a C*-
domain, it indicates the boundary dQ of the domain Q is
locally a graph of C*-function [6].

For a C-domain, Q, and u € C*(€), the normal derivative
of u atn, € dQ is defined to be

d
“00) _ bun) - vne). 5)

dv(1no)
where Du is the gradient vector of u, v(n,) is the outward unit
normal vector at n,, and (-) refers to the inner product in R™.
The L*-Norm of a given continuous function u in an open
set) € R",n =1, given as
[l o0y = supgealu (@)
It follows that [u(Q)| < [|u|| = (q), forall { € Q.

(6)

2.2 Harmonic Function and its Fundamental Solution
Let Q € R™ be an open set, n>2, and u € C2(Q). The
Laplacian operator, A, of u at { € Q is defined by

n
o*u(§) _9*u(g)  a*u() 0*u(9)
Au = = + -+ (7
©7 L% ~%e T oz
The function u is called harmonic in Q if it Laplacian vanishes
in Q, that is,

Au({) =0, ®)
for every ¢ € Q.

To introduce a radial solution for Laplacian, fix a point
n € R™ and define the fundamental solution [2] for A by the

form

12

F(Z—H)TF(IZ—UI)

- _ 2-n > 3
sy 1 —nl*™, n =
_1 - ) = 2;
\ 5 losl¢ ZI n
where w, = % the volume of the unit ball in R™.
nr(3)

The radial function, I', in (9) is a function of ¢ defined in
R™\{n} which satisfies Laplace’s equation (8) in R™\{n}. It
can be interpreted in the sense of the distribution [3] as
follows

Ar(-—n) =6, in R™, (10)
where &, is the Dirac delta distribution at  [3]. That is,
5,:CC(R") — R
n- %o
11
{ 5,(f) = f. (n

The space C;°(R™) is the set of all smooth functions with
compact support in R™ [2].

2.3 Green’s Function of Laplacian A
Green’s function 7 of Laplacian, A, in the ball B;(0) has been
studied [2,6,5] and it is given by

7(&n)
|f i<10g|(—n|—log£ —ﬂn>, n=>2
B a7
L;O(—nlz‘"— E(—ﬂn n>, n >3,
(2 -n)aw, lcl” 5

forall {,n € B5(0), { # n,and { # 0.
For { =0 and 0 # n € B5(0), the Green’s function is given
by

1 ~
. 5, Uog |n| —logp), n=2
r(0,m) = - (13)
— (" -5, nz
2-n) w,

The prominent properties of Green’s function are summarized
in the following proposition.

Proposition 1 [6]: Let 7 be the Green’s function of Laplacian
in B5(0), then the following hold

1. (Symmetry) 7({,n) =7(n,{), for all {#n and

¢,n € B5(0).
2. (Non-positivity) 7(¢,n) <0, for all {#7n and
3. (Normal derivative)
a7 (¢.m) _ Pl
" nwnpli-n a4

) lneary0)
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Employing Green’s function of Laplacian, the Dirichlet
problem (3) has the following representation [2,6]

070,
u(@) = fa o r6m 4

ov(m) "
+ f 7, m) f@) dn,
B5(0)

(15)

for every { € B;(0).
Involving (14), equation (15) becomes

u(@)
1
S fa%(o) g <

+ f ) Fn) dn,
B5(0)

p? - |<|2>
—d
ic—npm )

(16)

for every { € B5(0).

111. PROVING THE MAIN RESULT

This section contains the proof of theorem (1). The proof
depends on the Green’s function for Laplacian.

Lemma 1: Let 7 be the Green’s function that is defined in (12)
and (15). Then for every { € B;(0)

3 1<1? - p*
[ reman=SE22
B(0) n

Proof. Define the non-negative auxiliary function v({) =
p* —|¢|* for { € B5(0). Then the function v satisfies the
following Dirichlet problem

a7

{ € B5(0)

Av({) = —2n,
{ ¢ € 0B;(0).

v(@) =0, (18)

Utilizing Green’s representation formula (16), the function v
becomes

Q) = - f JFemen (19)
Bﬁ 0

Therefore, the integral of Green’s function over the ball B;(0)
follows, that is,

3 1<? — p?
[ reman-K22
B5(0) n
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for every { € B;(0).

Lemma 2: For the Dirichlet problem (3), the average of g on
dB;(0) is given by the formula

fony0) 9() ds, u(O)—f ()f(O,U)f(n) dn. (20)
Bﬁ 0

where,

.'faBﬁ(O) gm ds, = gm dsy. 21)

nwy, Pt LBﬁ(O)

Proof: From Green’s representation formula for the Dirichlet
problem (15), it follows that

a7(0,1)
av(n)

dsy

u(0) = fa oo gm)
+ f 70, ) f (mdn. (22)
B5(0)

a7#(0,1) .
he followin
o0 , the following

Involving equation (14) for the quantity

equation is obtained
7

) = TE

= ds+f #(0,m)f (m)dn.
no.p A A mf(m)dn

f g(m)
535(0)

Since |n| = p in the surface of the ball B;(0), it follows that

u() = fany0 90 dsy + |
B5(0)

7(0,m) f(my dn.  (23)

On account of equation (23), the average of g on dB;(0) is
represented by equation (20).

Lemma 3: Let f be the continuous function in Dirichlet

problem (3) and 7 be the Green’s function of Laplacian, then
for every { € B;(0) it follows that

~2 2
=1l
< 5000 <—2n

f #(E,mFaDdn ) 24)
B5(0)

From the non-positivity of Green’s function and supremum
norm of f inside the ball B;(0), the following inequality
follows
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(¢, mf m)dn
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Employing lemma (1) in (25), inequality (24) follows.

(25)

Remark 2: If { = 0 in (24), the following follows

<

=2
Wiy (5 J, . Fomrena
B

ﬁZ
< S e a5000) <%>

After setting lemmas (1), (2), and (3), the proof of theorem
(1) can be given.

(26)

Proof of Theorem (1). For n € dB;(0), we have that

p=l<IC—nl<p+Il

1 1 1

A n S n S A n ) (27)
@+1Ep™ 1< =nl"— (B -1<D
Combining (16) and (27) and the non-negativity of g give the
following
p—Ul

L%@gm%ﬁ+mwﬂ
<u(®)

1
< _
nwy, p

Therefore,

— d%+memmﬂmm

5+ 12l
—d
Lgﬁmgon(ﬁ—waybl K
+f #Cmf (mdn.
B5(0)

Using the average for the boundary integral, we obtain

=Kl N
Gt { om0y ISy + [ FCmf () diy
P+l

~n—2
R

+f #m @) dn.
B5(0)

Involving lemmas (2) and (3) and remark (2) we reach the
main result (4).

(28)

~n—2

faBﬁ(o) g dSn

(29)

IV. COUNCLUSIONS

The explicit form of Harnack’s inequality (4) for the
Dirichlet problem (3) is a generalization for a basic inequality
(1). That is, (1) can be followed from (4) by setting the source

function to be zero in B;(0). Green’s function for the Laplace

operator in the open ball B;(0)plays the crucial part for
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obtaining inequality (4). The non-negativity of the boundary
data g on dB;(0)is needed for concluding equation (28).
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