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Abstract LetG = (V,E) be a graph with V. = V (G) and E = E(G).A function f: V — {0,1,2}is
said to be an Italian dominating function on a graph G if every vertex u with f (u) = 0 is adjacent to at
least one vertex v with f (v) = 2 or is adjacent to at least two vertices x,y with f (x) = f (y) = 1.
The value w(f ) = Y,evf (v) denotes the weight of an Italian dominating function. The minimum
weight taken over all Italian dominating functions of G is called Italian domination number and denoted

by v1(G).
Two parameters related to Italian dominating function (IDF) are restrained Italian (RIDF) and total

restrained (TRDF) dominating functions f , for which the set of vertices v with f (v) = 0, and
simultaneously the set of vertices v with f (v) > 0and the set of vertices v with f (v) = 0 induce
subgraphs with no isolated vertex respectively. The central graph C(G) of a graph G is the graph obtained
by subdividing each edge of G exactly once and joining all the non-adjacent vertices of G.

In this work, we initiate the study of restrained (total restrained) Italian domination number of the
central of any graph G. For a family of standard graphs G, we obtain the precise value of restrained (total
restrained) Italian domination number for C(G), indeed for any graph G, the sharp bounds are provided for
C(G), and for G corona of K; , G o K; we establish the precise value of these parameters for C(G o K;).

Keywords Italian domination, restrained (total restrained) Italian domination, Central graph.
2020 Mathematics Subject Classification: 05C69.

1. INTRODUCTION neighborhood is N [S] = N (S) U S. For any subset S
of V, G[S] represents the subgraph

Let G = (V,E) be a graph with V = V (G) and induced by S in G. A vertex of degree zero in G is said
E = E(G) denote the set of vertices and the set of an isolated vertex, while a vertex of degree one is
edges of G respectively. Here we consider G as a called a pendant vertex or a leaf of G. The maximum
finite simple graph and use [15] as a reference for degree (minimum degree) of G is denoted by
terminology and notation which are not explicitly A(G) (6(6)).
defined here. For a vertex v, The concept of domination in graphs during the

past four decades have found growth rapidly. These
. : growthes may be due to their applications to both
nelghbc_)rhood _(closed neighborhood ) of v theoretical and real-world problems, such as strategy
respectively, while the subset S of V, the open of defence of cities, facility location problems and etc.
neighborhood is N (S) =U,es N (v) and the closed Among the domination- type parameters that have been
studied, some of them are the Roman [2, 12],

N (v) = Ng(v)(N [v] = Ng[v]) denotes the open
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restrained Roman [10], Italian [1, 7], restrained Italian
[11] and total restrained Italian [9] domination
numbers in graphs.

Stewart [12], introduced the concept of Roman
domination that was motivated by the article of lan
Stewart entitled “Defend the Roman Empire!”, and
then paper by Cockayne in [2]. So far, in-depth
studies have been done on these parameters and there
have been several sources in the literature.

A dominating set, abbreviated D-set of a graph G is
a set S such that any vertex out of S is adjacent to at
least one vertex of S, while for a graph G with no
isolated vertex, a total dominating set, abbreviated TD-
set, of a graph G is a set S of vertices of G such that
every vertex of G is adjacent to a vertex in S. The
domination number (the total domination number) of G,
denoted by y(G) (v:(G)), is the minimum cardinality
of a D-set (TD-set) of G. A D-set (TD-set) of G of
cardinality y(G) (y:(G))is «called a y(G)-set
(v:(G)_set). A subset S < V (G) is called a restrained
dominating set if the subgraph induced by V (G)\
S has no isolated vertices.

The minimum cardinality of a restrained dominating
sets of G is called restrained domination number,
denoted by (v.(G) [3, 4, 5, 6, 14].

Let f: V(G) — {0,1,2} be a function, we
show Vf = {v € V (G) | f (v) = i} for each

i=0,1,2( V; may be replaced Vfif there is no

ambiguity with respect to the function f).

We call w(f) = f(V(G)) = Xyevf(v)as the weight of f .

Foragraph G = (V,E), a function

f: V- {0,1,2} with the property that, if v € V, for

some v € V (G), then there exists a vertex

w € N, such that w € V, is said to be a Roman

dominating function (RD function) of G. The

Roman domination number (RD number ) of G, denoted
by yr(G) is the minimum weight taken over all RD
functions for G [2, 8, 16].

An (IDF) is a function f: V(G) — {0, 1,2} with
the property that for every vertex u € V (G) with
f(u) = 0, it follows that either there is a vertexv €
N (u) with f (v) = 2 or there are at least two vertices
x,y € N(Wwithf(x) = f(y) = 1

D.A.Mojdeh

A (RIDF) is an ID function f with the property that
G[V,] has no isolated vertex [11].

A (TRIDF) is an RIDF f with the property that the
subgraph induced by G[V,]and G[V; UV,] have no
isolated vertices [9]. On the other hand, in terms of the
(IDF), a (TRIDF) is an (IDF) f: V(G -
{0, 1,2} such that the subgraph induced by the set of
vertices of weight 0 and the subgraph induced by the
set of vertices of positive weight have no isolated
vertices. A minimum weight of any TRIDF f is called a
TRID number denoted by v (G).

A central graph C(G) of a graph G is obtained by
subdividing each edge of G exactly once and joining all
the non-adjacent vertices of G.

Let C,, pnand K, denote the cycle, path and
complete graph with n vertices respectively. The
K n refer to complete bipartite graph and K, to a
star graph. S 4 is a tree with only two support vertices
such that one of them has p leaves and the other has q
leaves called a double star. For two graphs G and H the
corona is defined as the graph obtained by making one
copy of G and |V (G)| copies of H and joining the
ithvertex of G to every vertex in the i*" copy of H.

This paper is orderly as follows. The exact value of
RIDF of central of standard graphs are established in
Section 2. In Section 4, we study the TRIDF for central
standard graphs, the precise value of TRID are obtained.
In Section 4 we investigate the sharp bound on the RID
and TRID of C(G)for any graph G, and these
parameters are provided with the precise value for
C(G e~ K;).Finally we will remark some conclusions
and problems in Section 5.

2. RIDF oF CENTRAL OF SOME STANDARD

GRAPHS

In this section RIDF Of some families of graphs are
investigated and are detected the smallest RID number
of them. More formally, we prove the following results.

From Corollary 10 of [1] we have.

Observation 2.1 ([1] Corollary 10) For cycle C,,

Y1(Cr) E]

Authors in [11] demonstrated that in the context of a cycle
C, for 3 <n<8and n # 6, y4(C,) = {n — 1,n}
and it is easy to see that y,(Cs) = 4. Also in [13]
researcher proved thaty, (C,) forn = 9.

The minimum weight of an ID functions of G is called
Italian domination number (ID number )

v1(G) [1].
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Theorem 2.2 “([13] Proposition 5)” For cycle C,, (n =

2[2] +1 n=2(mod?3)

9), yu(Cy) = ) [E] th .
3 otherwise

Now we obtain the RID function of central of C,,.

Theorem 2.3 Let C(C,) be the central of the cycle C,,
(n = 4).Thenyy (C(Cn)) = n.

Proof. Let V(C,) = {vy,v,, - -,vy}and C(C,)be the
central of C, with set of vertices V (C(C,))=V (C,) U
{uy2,uz3, -, Un_1n,upsjwhere ujiq is the new
vertex subdivides the edge e¢; = v;viy,; 1 < i < n,
(mod n). We labeling value 1 to the vertices u;;q
(1 <i < n)and zero to the all vertices v;s. This
assignments is an RIDF of C(C,). Then y (C(Cy)) <
n. On the Other hand, in C(C,) the vertices u;;,, and
u;_,; aren’t adjacent. Since u;;,, has two neighbors v;
and  vyyq, and  deg(ujjrq) =2.  Therefore
f(N [uji41]) = 20r f (uj344) = 1. This can be
finished if we assignf (uj;44,) = 1land f(v;) = 0.
Thus f(C(C,)) = nand so vy (C(Cy)) = n
Therefore vy (C(C,)) = n.

Figure 1: RIDF of C(C,)

. The y,; (Py) for n = 4 it is resulted as follows,
because for 1 < n < 3isclear.
Theorem 2.4 ([13] Proposition 5) For P,, (n = 4),
viu(P) = 2T \where  n = r(mod 3) for

re{1,23}

Now we obtain the RID of central of P,,.

Theorem 25 For P,, (n=3),
{5 if n € {3,4,5}
n—1 '

ifn>6
Proof. Let P, be a path with vertex set V (P,) =
{vi,Va, -+, vy} Let C(P,) be the central of P, with

Yr1 (C (Pn)) =
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vertex set V (P,) U {uj,,Uz3," -+, Up—qn} Where ujji4
is the new wvertex subdivides the edgee =
Viviz1 Where (1 < i < n — 1).We bring up three
situations.

1. Forn € {3,4,5},itis not hard to see the proof.

2. Letn be even integer. We devote to v; (where i
is even and 2 < i <(n — 2)value 2, devote to
u,,—, value 1 and otherwise value zero. Thus
Yr1 (C(P,)) < n— 1. On the other hand, since u;;.4
has only two neighbors v; and v;,,; in C(P,). Therefore
for any RIDF f, f(N [uji+1]) = 20r f(uiipq) = 1.
then f (v;) + f(v,) = linthiscase w(f) = n. This
can be finished if we assign f(uji44) =0,
f(upn-1)and f(v;) = 2for even integer 2 < i <
n — 2and f(x) = 0 for other vertex x. Then
w(f) = n — 1. Thus y(C(P,)) = n — 1and then
Yri (C(Cp)) = n —1

for even integer n.

3. Let n = 7be an odd integer. We devote any
vertex v; (where i is even) value 2, and otherwise
weight zero. Thus y,; (C(P,)) < n — 1. On the other
hand, since u j;,1has only two neighbors v; and v; 4 in
C(P,). Therefore for any RIDF f, f(N [uj;4+1]) = 2
or f(uj41) = 1. If f(u344) = 1, then f(vy) +
f(vy) = 1 in this case w(f) = n. But in the best
case we consider f (N [uj;41]) = 2 so that we devote
value 2 to v; for even i. This can be done with f (v;) =
2 for evenintegeriand f (x) = 0 for other vertex x in
C(P,). Thus Yr1 (C(Py)) = n — 1and then
Y1 (C(CL)) = n — 1 forodd integer n.

Figure 2: RIDF of C(Pg) and C(P;)

In [13] the author showed

Theorem 2.6 ([13] Proposition (11i)) For K, graph if

n > 2,we have y (K, = 2.
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Theorem 2.7 For K, graph, and n = 4 we have
g(nTJrz) — 1 if nis even
Yr1 (C(Kn)) = -1 (n+3)

2 2

if n is odd

Proof. Let K, be a complete graph with vertex set
V (K,) = {vi, vy, -+, vn}. Let C(K,) be the central of
K,, with set of vertices V(K,) U {u;,j: 1 <i <
j < n}where u;; is the vertex that subdivides the

edge e = v;v;. We prove by induction on n. If

n = 4,then the y;(C(K,)) = 5, this is the basis of
induction. Assume that theorem is true for n >
4.Now letk = n + 1 we have two cases.

If n4+1 is even, then n is odd and according to the
n+3

assumption of induction yrI(C(Kn))=“T_1(T). For

Yr1(C(Kny41)), We assign O to the vertex vy,,q, the 1 to

{un+1,1r Un+1,3 Un+1,40 """ un+1,n}: and 0, to
{un+1,2:un+1,6:un+1,8:""un+1,n—1}: then the WEIght of

these new assignments is %1 Therefore YrI(C(Kn+1)) =
n+1 n-1 /n+3 n+1 n+1 (n+3
malck) + 25 =12 (1) et ()

2 2 2 2 2

If n+ 1 is odd, then n is even and according to the
n (n+2

assumption of induction v, (C(K,)) = E(T) —1. For

Vr1(C(Kqy1)), We assign O to the vertex v,,q, the 1 to

{un+1,1:un+1,3run+1,4-: ""un+1,n}: and 0, to

{Un+1,2 Un+1,6 Unt18 "> Un+1n-1), then the weight of
these new assignments is %1 Therefore v,1(C(Kny1)) =

D(R2) 4 L nd(ned)

2 2 2 2 2
0 20 0 2 0 0 9
0 0/ I\ >< 0
are
1 1 £ Lo
S AT LA —]
0 1 0130 2 g 0 T>0
N4
0 0 YA
1 0\ ST
1 0 0 1 0 0 1 0

Figure 3: RIDF of C(K,), C(Ks) and C(Kg)

In [13] showed for star graph K, ,, yri(Kyn) = n+ 1. Now
we obtain RIDF of central graph of star, C(Ky,).

Theorem 2.8 For K, , and n > 3, then y,;(C(K;,,)) = 5.

Proof. Assume that V(Kin) = {vo,vy,-+,vp}. Let
C(Kyn)be the central of K,;,with vertex set

V(C(Kl,n)) = V(Kgny) U {Ug1,Ugg -, Ugn} Where ug;

is the new vertex corresponding to edge e; = vyv;. Thus
C(K4 ) obtain from K, ,, by subdividing the edge v,v;, by
the vertex uy; for 1 < i < n. For any RIDF f, we have
f(vo) + f(up;) + f(vi) = 2, XL, f(vi) = 2, and if
f(vo) > 0 and f(v;) > 0 for some i, then f(uy;) > 0. This
denotes w(f) = 5. On the other hand, the assignment
value 2 to vy, v, value 1 to uy; and 0 otherwise gives an
RIDF of C(K;,) of weight at least 5. Therefore

YrI(C(Kl,n)) =5.

Figure 4: RID ofC(Ky )
In [13] it is seen that.

Theorem 2.9 ([13]Proposition (11 ii)) For Ky, if m,n >
2, we have vy (K ) = 4.

Now we obtain RID number of C(K, ).

Theorem 2.10 For Ky, p, if m,n = 2, then v (C(Kp ) =
3min {m, n} + 2.

Proof. Let M,N be two partite sets of graph K, ,and
m=>n>2 where M={v,v,,vy} and N=
{wy, wy, -+, wy}. Let C(Ky, ) be the central of Ky, , with
vertex  set  V(C(Kgmm)) = V(Kmn) Ufug: 1< i<
mand 1< j< n}, where u;; is the vertex subdivides
edge e = vyw;. We assign value 2 to any vertex v; and 1 to
the set of vertices u;; for (1< i< m) and also assign
value 2 to only one vertex w; (1 < j< n) say wy, and

zero to another vertices, deduce that vy, (C(Km,n))s

3m + 2. Other hand, for any RIDF f, we have f(v;) +
f(u;;) = 2 or f(w;) + f(u;;) = 2 for any i and j, also we
cannot assign zero to all vertices of one partite set. Thus
assume without loss of generality that f(w;) = 2 and
f(v;) = 2 for all i. For restrained, we should assign 1 to u; 4
for all i. Therefore we at least have, Y1, f(v;) = 2m,
Y2 f(u;) = m and  f(w;) = 2. This denotes w(f) >
3m + 2 and the result is observed.
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Figure 5: RID of C(K34).

Theorem 2.11 If S
Yr1(C(@))(C(Spg)) = 5.

pq IS a double star, then

Proof. Let V(Spyq)={uo,ul,---,up,vo,vl,---,vq}. Let
C(Spq) be the central of S, with vertex set V(S,4) U
{XO.l'""XO.p'YO,ll"'JYO,q} U {zo} where {xo;,yo;} are the
vertices that subdivide edges e = u, u;,vov; respectively
and z, is the vertex that subdivides e = uyv,. As we see in
bellow figure, {u,, vy, v, -, vy } induces a clique of order
p+1, also {vo,ug,uy, -+, u,} induces a clique of order
q+ 1in C(Sp q). Thus for any RIDF f on C(S,4), we have
f(u) + Xi_o f(vi) = 2 and f(vo) + %L, f(u;) = 2. If also
f(vy) and f(uy) are positive, then f(z,) must be positive.
Therefore w(f) = 5. Other hand, devoting 2 to vy, u, value
1 to z, and zero to the other vertices , gives an RIDF of
weight 5. Thus the result is observed.

2

b —
V)

020 Y00 0 )

Figure 6: RID of C(S43)

3. TRID FUNCTION OF CENTRAL GRAPHS.

In this section the (TRID) of standard graphs and
detection the smallest TRID number are studied.
More formally, we prove the following results.
More formally, we prove the following results.
From Theorem, 2.5 and Figure 2, we have.

Proposition 3.1 For any path P,,(n = 6), vy (CP,) =
{ n if nis even
n—1 ifnisold

From Theorems, 2.5 and 3.1 we have.

Proposition 3.2 v (C(P)) = v (C(Pn))

It is famous, if we remove one edge from C, the P,
is resulted. Furthermore, if we remove u;;,, for some
1 <i < n — 1fromC(C,) the C(P,) is obtained.

Proposition 3.3 For any cycle C,,(n = 5), v (C(CL)) =
{ n if n is even
n+ 2 ifnisold

Proof. Suppose that V (C,) = {vy,v,,---,v,} and
V(C(Cp)) = V(Cp) U {ugp,uz3, -+ Uy} For any
TRIDF f, f(v) + f(ujis1) + F(vige) = 2. Also if
we assign positive weight to vertex u;;.ithen we
should assign positive weight to one v; or v;,,. Thus it
is suitable, we at least devote the value 2 to the vertices

v; is alternately. This shows that w(f) > 2 E]
Therefore we have two situations.

1. Let n be an even integer. By devoting value 2 to
v; is for even i and O otherwise, we obtain a TRIDF of
weight n = 2 E] Hence vy (C(Cy)) = n

Let n be an odd integer. In this case at least two
successively vertices v; and v;,, should be assigned
by value 2 and the vertex u;;.; by value 1. This
denotes, for any TRIDF gof C(C,) for n odd, w(g) =
2 E] + 1 = n + 2. Other hand, devoting 2 to vertices

v; is for odd i, value 1 to u,, ; and zero otherwise, gives
a TRIDF of weight n + 2. Hence vy (C(Cy)) = n+
2 whenever n is odd.

Figure 7: TRID of C(Cg) and C(C;)

From Theorem 3.3 we can have.
Corollary 3.4 If

Yr1 (C(Cn))

Corollary 3.5 If n is odd. Then the v (C(C,))=
Vi (C(CR)) +2

n is even. Then the vy (C(C,)) =
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Now we study TRID of C(K,), C(Kp n)and C(S; o).

Theorem 3.6 For K,,n = 4. Then the vy C(K,) =
(n + _n(n2—1)) - 1.

Proof. We wuse the notation of Theorem 7.Let
V(C(Kp) = {vi,-,vp} U{y;: 1 <1 <j < n},

where wu;; is the vertex subdivides edge v;v;. Any
TRIDF f assign 0 to only one vertex vi for 1 < i < n
for totality. Hence at least one of vertices and at most
n— 2 Vertices Of {ui‘l,ui‘z,- . ,ui,i_l,ui,iﬂ,- . ,ui,n}
are assigned zero. Since f (v;) = 0, it is easy to see that
if f(ui‘]-) = O,then f(V]) = 2 and lff(ulll) >
0,then f (v;) > 0. Assume without loss of generality
that f(vy) = 0= f(up) = f(us) == f(u)

for
1<k<n-2 Thus f(Vz)zf(v3) — .=

f(vg) = 2 and f (x) > | for otherwise and it is
minimum, if f (x) = 1, (Figure 8). It can be seen with a

calculation,  w(f) = @ —k+2k+n-—
1

n(n-1) _

simple

(k+1)=n+

-
-

-
—
£
e}
o
-

[T A
=

Figure 8: TRID of C(K5) and C (Kg)

By adapting of Theorem 2.8 We can obtain
YtrIC(Kl,n)-
Theorem 3.7 For K; , we have yC(K;,) = 5forn >
2.

Proof. Because of C(K,,) is consisted a complete
graph K, which is induced by n leaves

vy,-, vy OF Ky, One vertex of degree n which is the
support vertex v of K; , and n vertics ug 1, ug 5, -+, Ugp Of
degree 2 for which vertex u,; subdivides the edge vv;. For
any TRIDF f of C(Ky,), XL, f(vi) = 2,f(v) +
f(up;) = 2 for any j. Assume without loss of generality
thatf(vy) = 2. Iff (v) = 2,thenf(uy,) = 1 and if
f(v) =f(ugq) = L, thenf((up,) =1 for j = 2.
Anyway if f(v;) = 2, then f(v) + XL, f((uo1) = 3.
This shows that w(f) = 5. On the other hand, the

20

function g with g(v;) = 2 = g(v),g(ug1)
a TRIDF of weight 5. Therefore y;C(K; 1))
Theorem 3.8 For complete bipartite graph Kp,,, we
have vy 1(C(Kyn)) = 3min{m,n} + 2, if and only if
Km,n 7‘: K3’3.

= 1 gives us
= 5.

See Theorem 2.10 and Figure 5.

In the proof of From the Theorems 2.10 and 3.8 the
vertices assigned with positive value have no isolated
vertex Therefore we have.

Proposition 3.9 y (C(Km,n)) = Yr1 Km,n)

From Theorem 2.11 and Figure 6 we have

Proposition 3.10 For double star S, 4, then yq (C(Spq)) =
5.

As an immediate of Theorem 2.11 and Proposition
3.10, we have.

Corollary 3.11 v1(Spq) = Yr1 (Sp,g)-

Figure 9: Total restrained Italian domination of
C(Kys)

4. RIDF AND TRIDF ON CENTRAL OF A

GRAPH AND CENTRAL CORONA OF A GRAPH
In this section, we turn our attention on presenting sharp
bounds on RID an TRID numbers for central of any graph
and the exact value of central of the corona of any graph.
For this, the size of graph G is the number of edges of G.

RIDF AND TRIDF ON CENTRAL OF A
GRAPH

4.1

Let G be of order n and A(G) < n — 2. Then every vertex
has a non-neighbor in G and then it makes a neighbor in
C(G).
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Theorem 4.1.1 Suppose that G is a graph of order n, size m
and A(G) < n— 2. If 1 is the number of pendant edges or the
number vertices of G with degree 1, then y,;(C(G)) < m +1.
This bound is sharp.

Proof. Let u;; be the vertex in C(G) that subdivides the edge
vivj. If viv; is a pendant edge we assign value 2 to u;; and If
vjv;j is a non-pendant edge we assign value 1 to u;;,. Now we
devote 0 to all v;s and since A(G) < n — 2 any v; is adjacent
to a vertex vy in C(G), we obtain an RIDF of G of weight
21+ m —1=m + 1. Therefore y;(C(G)) < m +1.

For seeing the sharpness, consider G = C,, G =P, and use
Theorems 2.3 and 2.5.

For TRID of any graph G we have the following sharp bound.

Theorem 4.1.2 Let G be a connected graph of order at least 4,
minimum degree at least 2 and girth k> 3. Then
Yer1(C(G)) < m +n — k + 2. This bound is sharp.

Proof. Let C, be the cycle in G. Then by Theorem 14
Yer1(C(C) ) < k+ 2. Now we assign value 1 to the all
vertices V(C(G)) —V(C(Cy)). These assignments give a
TRIDF on C(G) with of weight at most k + 2 + m + n — 2k.
Therefore vy (C(G)) < m+n—2k+2+k=m+n—k+
2.

This bound is sharp for G = C, (n is odd) from Theorem 3.3.

4.2 CORONA OF K4

In this subsection we investigate the RID and TRID function of
corona of a graph with K.

4.2.1 Let H be a graph of order n, size m and its dependence
number is a(H). Let G be a corona H with K;, thatisG = H o
K;. Then
a) vn(C(6)) < 4+n+m—A(H). This bound is
sharp for star $K_{1,n}$.
b) ¥eri(C(G)) < 2n+a) + (",%). Equality holds if
and only if the induced subgraph by the vertices out
of the maximum independent set form a clique.

Proof. Let V(H) = {v4, ..., v}, V(G) = V(H) U {wy, ..., w,},
and V(C(®)) =V Ufu;:1<i <j<n}ufyls<
k < n} where u; ; and u, , subdivide the edges e = v;v; and
e’ = v, wy respectively.

a) Let v, be the vertex of maximum degree deg(v,) = A(H).
We assign 2 to the vertices v,, w, 1 to vertices uy, (1 < k <
n), w;, (1< i <j<mn, with i,j# r)and 0 otherwise.
These assignments give us an RIDF of weight 4+ n +m —
A(H). Therefore the result is observed.
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b) For any TRIDF f we have f(w) + f(ukx) + f (v) = 2,
and f(v) + f(u;;) + f(v;) = 2 if v; and v; are adjacent.
For totality, if f(uy,) > 0, then at least one of f(w) or
f(vy) is positive and f(u;;) > 0, then at least one of f(v;)
or f(v;) is positive, as well as we cannot have v; = v; =0
for any two vertices adjacency wv;, v; and we cannot have
f () = f(wy,) = 0. For restrained, if v;, v; are adjacent and
f@), f(v;) are positive, then f(u;;) >0, also if f(vy),
f(w,) are positive, then £ (u,) > 0. Now, without loss of
generality, if v;, vy, -+, v, are maximum independent vertices
of H, then taking f(v;)) =2 for i >a+1, f(u,) = 2 and
fwy) =1 fori<a, f(ui,j)zl fora+1<i<j<n
and 0 otherwise improve a TRIDF of weight 2(n — a) +
3a + (%) = 2n+a+ (")%). Therefore y,,(C(G))2n +
a) + (")%).

If equality holds and the two vertices v; and v; of weight 2
are not adjacent, then w(f) < 2n+a) + ("}%) — 1, thatis a
contradiction, thus result holds.

Conversely, the set {v,,; - v,} induces a clique. Since every
vertex in the clique is devoted by value 2, hence each vertex
u;j for a+1<1i < j< n is assigned by value 1. The
weight of other vertices are routine. Thus the equality holds.

Theorem 4.2.2 Let B, be a path of order n. Let G be a corona
B, ,thatis G = B, o K;. Then
3
8) yn(C(6) =|F for n= 4

b) v (C(G)) =2n forn = 3.

Proof. Assume that V(B,) = {vy,vy,...,1} and V(G) =
V(B) U {wy,w,,...,w,}. Let u;; € V(C(G)) subdivides to
e=vv; of P, in G where 1< i < j<mn and uy, €
V(C(G)) subdivides edge e = wyv,. So V(C(G)) =V (G) U
{u{i‘j}: 1<i<j< n} U{ugp:1< k< n}.

a) For any RIDF f, f(v) + f(uyie1) + f(0is1) = 1,
f)+fluy)+fw) =1 and  f(v)+
f(uisrie1) + fwipy) = 1. Also, if f(v;) = 1, then
(i) + fw) = 1and  fugper) + f (i) 2 1.
Thus we have f(w;) + f(uy;) + f(v) + f(viie1) +
fis) + f(ui+1,i+1) + f(is1) = 3. Therefore
w(f) = |2 This  exhibits ¥, (C(@) = F].
Otherwise, devoting 2 to v; for i even, devoting
value 1 to {uy,}for k odd and zero for otherwise
present an RID of weight at most [37'1]. That is,

ra(C(®) < [%"J. Thus the proof is observed.

b) Let f be a TRIDF. Then for totality of the vertices of
positive weight and for position of the vertex of u;,
fw)+fw)+ fw)=2 for any 1< i< n
Therefore w(f) = 2n and since f is any TRIDF,
Yert(C(G)) = 2n. Otherwise, devoting 2 to v; (for i is
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even) and to w,, (for k is odd) and zero otherwise. This
shows that ym(C(G)) < 2n. Thus the proof is
completed.
For example see the graph C(P; o K;) with RID, TRID
function and RID, TRID number.

00 X400

®
®
®
®
7 @
®
®
®

Figure 10: y,; of C(P; © K;) and y,,; of C(Ps © K;)

Theorem 4.2.3 Let C,, be acycle of ordern > 4. Let G
be a corona C,, that 1s G =C, ©Kj. Then

yu(C(@) =7

Proof. Assume that V(C,) = {vy,v,, ..., } and V(G) =
V(Cy) U{wy, wy, ..., w,}. Let u;; € V(C(G)) subdivides to
e=vv; of C, in G where 1<i < j< nand ug, €
V(C(6)) subdivides edge e = w,v,. So V(C(6)) =V(G) U
{uppr1< i<j< nfufwy:1< k< n}. For any RIDF
fro FO+ (i) ) = 1, f) + fuy) +
fw) =1 and f(w)+ f(uy) + f(wie1) = 2. Also, if
fw) =1, then f(uy)+fw) =1 and f(uzi)+
f(v;i41) = 1. For the RID property, if f(v;) >0, f(v;4,) >
0(f(v) >0, f(w;) >0), then f(u;riq) >0 (f(uy;) > 0).
Thus  we have f(w) + f(uy) + fW) + f(viier) +
f(wiz) + f(ui+1,i+1) + f(wis1) = 3. Therefore w(f) =
[37"] Since f is an any RIDF, y,,(C(6)) = [37"] therwise, for
even n, devoting 2 to v; for i even, devoting 1 to {u,} (k
odd) and zero for otherwise present an RID of weight at most
[%"J For odd n, devoting 2 to v; for i even, devoting 1 to
u, 1 and {uy ,} (k odd), and zero for otherwise present an RID
of weight at most [37”] These improve that ,,(C(G)) < [32—"]
see the Figure 11. Thus the proof is observed.
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Figure 11: y,;, (C(C; o K;)) and y,; (C(Cg © K1)

Theorem 4.2.4 Let C,be a cycle of order n. Let G be a
corona C,, thatis G = C,, ©K;. Then
2n if nis even

Y (C(®) = {Zn +1 ifnisodd
Proof. Let f be a TRIDF. Then for totality of the vertices of
positive weight and for position of the vertex of uy;, f(v;) +
f(u;;) + f(w;) =2 for any 1 < i < n and for the restrained
property, if f(v;) >0,f(viz;) >0 (f(v;) > 0,f(w;) > 0),
then f(u;41) > 0 (f(u;;) > 0).
Therefore w(f) = 2n for even n and w(f) = 2n + 1 for odd
n and since f is any TRIDF, ytrI(C(G)) > 2n for even n and
Ye1(C(G)) = 2n+1 for odd n.  On the other hand
devoting 2 to v; (for i is odd) and to wy (for k is even) and
zero otherwise whenever n is even, and devoting value 2 to v;
(for i is odd) and to wy (for k is even) and 1 to u, ; and zero
otherwise whenever n is odd. These show that v, (C(G)) <
2n if nisevenand yy(C(G)) < 2n+1 ifnisodd, see the
Figure 12. Thus the proof holds.

Figure 12: y,; of C(C, o K;) and C(Cg o K;)
Theorem 4.2.5 Let K, be a complete graph of order n. Let G

be a «corona K, that is G=K,o K;. then
n%+4 e
(C(G)) " if n is even
Yr1 = 2.4 .
27 ifnis odd
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Proof. Using notation of Theorem 7, suppose that
V(C(Kn) =V(K,) Ufuj 1< i<j< nju{ug:ls<

k < n} where wu;; is the vertex that subdivides the edge
e =v;v; and uyy is the vertex that subdivides the edge
e = vipwy. We prove the theorem by induction methods on n.
If n = 4, then devoting value 2 to v, and v,, value 1 to u, 4,
U; 3,U; 4 and uz 3 and value 0 otherwise show that

vr(C(K, © Ky)) = 8. If n =5, then devoting value 2 to v,
and v,, value 1 t0 u,4,uy3,U54,U33, Ugs, Ugs and uss and
value 0 otherwise show that v,(C(Ks © K;)) =8 =8+3 =
11.

These can be the basis of induction. Assume that the result is
true for n>5. Now let k=n+1. We bring up two
situations.

If n 4+ 1 is even, then n is odd and according to the assumption

2 —_
of induction vy, (C(K, 0 K,;)) =202

Y (C(Knyq © Ky)), We assign value 2 to the vertices vy,

For

obtaining

. . -1
value 1 to vertices uyinyq for 1<i < nT and value 0,to
. . -1
Win41s Unsinss and VErtices upiyingq for 1<i <= then

the weight of these new assignments is HT” Therefore

2
Yr(C(Knt1 © K)) = vu(C(Kp © Kp)) + %
(n+1)2+4(n+1)
—

_ (n+1)%44-1 _
4

If n 4+ 1 is odd, then n is even and according to the assumption
n?+4n

YrI(C(Kn o Kl)) = 2
Vi (C(Knyq © Ky)), we assign value 0 to the vertices

of induction For

obtaining

Vn+1) Wnt1, u21,n+1 fOf
1<i sg and assign the value 1 t0 Upyqp41, Ungroier TO

1<i < 2 Thus the weight of these new assignments is l“T“J

. Therefore

n+3  n?+4n , n+3  (n+1)%2+4(n+1)-1
Yr(CKny1 © K)) =+ ——+— ="

From Theorem 4.2.1 part (b) we have.

Theorem 4.2.6 Let K, be a complete graph of order n. Let G
be a corona Ky, that is G = K, © K;. then y;(C(G)) = m +
n + 2 where m is the size of K,,.

Proof. By Theorem 25 part (b), let H = K, then a(H) = 1 and
() =0()-m-1)=m-(n—1). Therefor 2(n —a) +
30+ (") =2m-1D)+3+m-(n-1)=m+n+2.

Next, we will check the y,(C(G)) and y;(C(G))where
G = Kumn O K.
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Theorem 4.2.7 Let K,,,, be a complete bipartite graph of
order m X n and. Let G be a corona Ky, ,, that is G = K, , ©

3n + +1ifn <
K. ThenyrI(C(G))={4rrll m if‘r‘::r‘:.

Proof. Let M, N be two partite sets of graph K, , andn < m
where M = {vy,vy, ...,vin}, N = {wy,wy,, ...,w,} and V(G) =
V(Kmn) U{X1, Xz, o, Xm} U {y1, Y2, -, Yn}- L€t uj;be the
vertex in C(G) subdivides e = vyw; of Ky, in G where
1<i<m 1<j<n and ry, be the vertex in C(G)
subdivides edge e = x,vy and s, be the vertex in C(G)
subdivides edge e=yjw;. So  V(C(G)) = V(G U
fufii)1 <i<ml<j<n}ufrgrl<k<mju
{sy}:1 <1 < n}

For any RIDF f, and n < m we have f(r;;) + f(v;) + f(u;;) +
f(w;) + £(s;;) = 3

and f(x) + f(rgx}) + f(vi) + f(w;) +f(sj;) + f(y;)) = 3. If
f(w)) € {0,1} , then f(u;;) + f(vy) + f(ri;) + f(x;) = 2 and if
f(w;) = 2, then f(N(v;)) = 2. Since in C(G) vertices v;s and
w;s forms cliques K, and K, respectively and any v; is not
adjacent to w;, f(N(v;)) = 2 and f(N(w;)) = 2. Also, if f(v;)
and f(w;) are positive, then f(u;;) must be positive.

Therefore any RIDF f, w(f) = min{n + mn+ m,2n+ 2 +
n+m-—1,2n+2m}. On the other hand, when n<m
assigning value 2 to the vertices w;s, and v, value 1 to u, ;for
1 <j<n,andryy fork # 1, value 0 otherwise guarantee an
RIDF g of weight 2n+2+4+n+m—1=3n+ m+ 1. When
and n = m assigning value 2 to the vertices w;s, and x;s, value
0 otherwise guarantee an RIDF g of weight 4n. Therefor the
result holds.

See the graphs (a) and (b) in the bellow figures.

2 2 2 0 —

— r..,,;{*\ — 7 ’p\q} )\ =t
) s <, | Z 7
0 N SR X4 78 0/0)
i i 6490 A I¢ O b,d, 0 T )
1 X0 5
‘ %
> S =1
2 vy 2N 5T b > s/
Y g\ ¥ 01 = \]
\(— 4 ~ — - -
— = 0 4 I 0
0 0 (

Figure 13: y,; of C(K34 o K;) and C(K33 o K;)

Theorem 4.2.8 Let K,,,,, be a complete bipartite graph of
order n X m. Let G be a corona Ky, ,,, that is G = K, , © Kj.
then v (C(G)) = 2(n + m).
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Proof. Using the notation of Theorem 4.2.7, for any TRIDF f

of C(G), f(vy) + f(xy) + f(rx) = 2 and

f(wy) + f(yy) + f(s;)) = 2. Also we should have f(vy) +

f(xi) = 1 and f(w)) + f(y;) = 1. Therefore w(f = 2n + 2m.
Other hand , devoting value 2 to x;s and wjs give us a

TRIDF g of weight 2n + 2m. That is, w(g) < 2n + 2m. Since
fand g are any TRIDF we deduce y(C(G)) = 2(n + m).

As an immediate results from Theorems 4.2.7 and 4.2.8 we
have.

Corollary 4.2.9 LetK, ,, be astarand G = K; , © K;. Then,
i Yr1(C(G)) =n+4,
ii.  vY(C(G)) =2n+ 2.

From the proof of Theorems 4.2.7, 4.2.8 and using Corollary
4.2.9, with a simple verification can be showed that the
following.

Corollary 4.2.10 Let S, ; be a double star of order p + q + 2
and G =S,4° K;. then,

i yu(C(G) =5+p+a.

i vy (C(G) =5+ 2(p + Q.

5. CONCLUSIONS AND PROBLEMS

In Theorems 4.1.1, 4.1.2 we showed the inequalities
Yr(C(G)) < m+1, y4(C(G) <m+n—1 where n and m
are the order and size of G respectively. Now we may have the
questions, whether can find the conditions for which the
equalities hold.

We studied the RID and TRIDF of central Go K, for any
graph G in Subsection 4.2. One can investigate RID and
TRIDF of central G © K, for any graph G and central Go H
for two arbitrary graphs G and H.
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