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Abstract— A new class of paracompactness in the nano topological spaces, termed nano pre open sets, are
presented and explored in this article. Since the nano topology contains at most five sets this leads us to establish new
structures of nano open sets, nano open covers, and nano locally refinement coves new requirement concepts are
discussed like nano pre open covers, nano pre T,,T;, T,, and nano pre- regular, nano pre-normal spaces, and
countable nano pre-open paracompact. Many new theorems are stated and proved.
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INTRODUCTION

Nano topologies proposed by Lellis Thivagar et al.
[15],[16] and they are introduced in terms of a subset X of the
universal set U defined by the lower and upper approximations
of this subset. The pair (U, R) containing an equivalence
relation R on U is called the space of approximation. In the
same equivalence class, elements are called indistinguishable
from each other.

Let X cU. The set of objects can be classified as X with
respect to R, is the set Ly (X) = U,ey{R(x): R(x) € X}.and it
is called the lower approximation of X with respect to R such
that R(x) is the equivalence class given by x.

The collection of objects that possibly classified as X with
respect to R is called the upper approximation Ug(X) and it is
equal toUyey {R(x): R(x) NX =@} , while the set of
objects that cannot be classified as X or non-X with respect to R
and is denoted by Bi(X) = Ug(X) - Lg(X), and it is called the
boundary of X with respect to R.

This setting generates a nano topology 7z(X)on U
containing nano open sets and their complements are called
closed nano sets. (U, Tz (X)) called a nano topological space.

Nano pre-neighborhoods defined by Sathishmohan et.al
[13] nano pre interior, nano pre closure in nano topological
spaces and investigated some properties related among them.

If A €U, anano interior of A is the largest nano open set
contained in A and is denoted by N,,.(A) while its nano
closure is the smallest nano closed set containing A and
denoted by N, (A) . Since the nano topology has applications
in some medical and physics models used to solve real-world
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problems [7] we tried to modify these topologies by adding a
new class of topologies to these topologies hopping to get new
results ca applicable in medicine and life in the future.

One of the basic concepts of topology is the paracompact
spaces. This topic generalizes both compact and metrizable
spaces, many authors studied these spaces for more general
spaces like topological linear spaces and infinite manifolds [1] ,
[2] , [3] and [8], they derived their characterization in terms of
open cover that is refinement and locally finite, it is another
open cover of the space that contains the open sets that
intersect the neighbourhood of any element in the space finitely
and these sets are contained at the same time any open cover of
the space. Since the nano topology has at most five elements,
this makes the study of paracompactness most difficult in this
topology and this reason leads us to study these spaces via the
pre-open sets structures derived in nano spaces.

Let X be a topological space, that is, a space containing
open sets where the intersection of any finite set and any union
of open sets is open. There are a lot of open sets. A collection
of open sets whose union is X is referred to as a covering of X.
The covering is referred to as countable if it is made up of a
countable collection of open sets or as finite if it is made up of
a finite collection of open sets; it is referred to as locally finite
if every point in X is contained in some open set that only
meets a small subset of the sets of the covering. If every open
set of is contained in some open set of U, the covering is
referred to as a refinement of the covering U. When each
countable covering has a locally finite refinement, the space X
is said to be countably paracompact [6].
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Dieudonneg, J. [5] introduced the paracompact spaces, that
contain the compact spaces and metric spaces as special cases.
Dowker, C. H. [6] and Katetov, M. [9] generalized the notion
of paracompactness to introduce the countably paracompact
spaces.

Il. PRELIMINARIES

Definition 2.1.[5] Let {k;};c; be a family of subsets of a
topological space (X, T). Then {k;};c, is called a cover of X
iff X = U, K; and it is said to be open cover if all the sets k;
are open.

Definition 2.2.[5] Let (X, T) be a topological space. An open
cover {k;}ica Of X is called locally finite iff vx € X,3 a
neighbourhood U, such that the set {i€A:Unk; =0} is
finite.

Definition 2.3.[5] If A and B are two covers of a topological
space(X,T), then B refines A,write B < A iffeach U € A is
contained in some B € # and g is a refinement of A.

Definition2.4.[5] A topological space (X,T) is called a
paracompact, if it is hausdorff and any locally finite open
refinement cover contained in every open cover of X has.

Definition 2.5.[16] Let U be the universe and X € U, R be an
equivalence relation. Then the set
Tr(X) = {U,0,Lz(X), Ug(X), Bg(X)} define a topology on
U called the Nano topology on U with respect to X.

(U, tx (X)) called a Nano topological space and it is denoted
by NTS and its elements are called nano open sets.

Definition 2.6.[13] A subset A of a NTS (U, 7x(X)) is called a
nano per-open in U, if ASN-— Int(N— Cl(A))and
denoted by Ny, its complement is called a nano pre-closed
(Npc)

Definition 2.7.[13] A subset A of a NTS (U, tx(X)) is called a
nano-regular open in U,if N — Int (N — CL(A)) = A, and it
is denoted by Ng,.

The complement of Ny, is called a nano-regular closed and it
is denoted by Np.

Definition 2.8.[12] The union of all Ny, sets contained in A is
called nano pre-interior of A and it is denoted by Ny, Int(A).

Definition 2.9.[16] The intersection of Ny, sets containing A
is called nano pre-closure of A and it is denoted by
Npc CL(A).

Definition 2.10.[11] A NTS (U,tx(X)) is called a nano-T,
(or N —T,) space for a,b € U and a # b, there exists a
nano-open G 3 ain Hand b innotin G .
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Definition 2.11.[11] A NTS(U, 1x(X)) is called a nono pre-T,
(or Npy —T,) space fora,b € U anda # b ,3 a Ny, Set
Goa€egGandbgg.

Example2.12.LetU = {1,2,3} , 7x(X) =

{(0,U,{1},{1,2}, (23INpo (U, X) = {0, U, {1},{2},{1,2}} 1 =
2> 1e{l}A2¢{1}1#3=1€e{1} A3¢{1}2#
3= 2€{2} A3 ¢ {2} .~ (U (X)) isaNp, — T, space.
Definition 2.13.[10] A NTS (U, txz(X)) is called a nano-T; (or
N —T;) space for a,b € U3 a # b ,3a nano-open sets G
andH 3a€egGbegGandbe H,a¢ H.

Definition 2.14.[11] A NTS (U, tx(X)) is called a nano pre-
T, (or Np, — T;) space fora,b € U and a # b, there exists a
NpposetsGandH 2a€G,.béGandbeH ,ag¢ H .

Definition 2.15.[14] A NTS (U, tz(X)) is called a nano-T,
(or N —T,) space if fora,b € U and a # b,3 disjoint nano-
opensetsGand H sa€egGandb e H .

Definition 2.16.[14] A NTS (U, tx (X)) is called a nano pre-T,
a nano pre-open Hausdorff (or Ny, — T,) space fora,b € U
and a # b, 3 disjoint Np, setsGand H 3 a€ Gandb € H.

Example2.17.Let U = {a,B,6},U/R =

{{a}, (83,8, 83} , X = {a, 6} and 7z (X) = {9, U, {a}, {8, 6}}.
The nano closed set F ={U,®,{B,6},{a}}.Npo(U,X) =
{0,U.{a}, {8}, {6}, {a, B}, {a,6},{B, 63}.

a#f ac{la}ABe{B} = {1a}n {18} = 0.

a#6 @>a€{la}A\s {6} = {la}n {16} = 0.
B+6=>PBe{1BINS (5} = {1B}n {16} = 0.

~ (U, tg(X))is a Npy — T,Space.

Definition 2.18.[4] A NTS (U,7z(X)) is said to be
Npo —regular space iff VNp ,Vp @& Npp3IG,H €
Npo(U,X) ,pE GA Npe SH,GNH =0.

Example 2.19. Let

U={a,pB 6 andU/R = {{a}, {8}, {B,6}},X =

{a, 8}t (X) = {0, U,{a},{B, 53} .The nano closed setF =
{U,90.{B,6},{a}} .

Npo (U, X) = {0,U,{a}, {8}, (6}, {a, B}, {a, 63, (B, 53} .
Npc(U,X) = {U,®, (B, 63, {a, 6}, {@, B3, {6}, (B}, {a}.
ae¢{f,6}=>ac{a}N{p,6}c{B,6}3{a}n{B,6}=0.
pela}=pe{po}N{a}s{a}3{p6}N{a}=0.
d¢{a}=>6€{B,6IN{a}c{a}a{B61N{a}=0 .

~ (U, tx(X)) is a Npo —regular space.

Definition 2.20.[4] A NTS (U, (X)) is said to be a Npo —
normal space iff VA,BNp. sets of U3 ANL =0 .
ThenG,H €ENpy , ASGandBESH ,GNH =0.

and

Example 2.21. Let

U\R = {{a},{B}.{B,0}}
X ={a, 6}t (X) ={0,U,{a},{B,6}}.

U={apB 3}
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Is (U,tz(X)) is a Np, —normal space.The nano closed sets
F={U,0/{p 6}{a}}.

Npo (U, X) = {8,U, {a3}, {8}, {6}, {a, B}, {a, 8}, {B, 6}}
Npc(U,X) = {U,0,{B, 6}, {a, 6}, {a, B}, {6}, {B}, {a}} .

{a} < {a} and {B,6} S {B,6} . {a}n{B,6}=0.

{B} = {p} and{a} < {a},{B}Nnfa}=0.

{6} {6} and {B}<{p}.{83n{p}=0.

~ (U, tx(X)) isa Npy, —normal space.

I11. .COUNTABLE Npy —PARACOMPACTNESS

Definition 3.1

Let (U, 7x(X)) be a NTS.A nano open cover of (U, (X)) isa
family {k; € 7x(X))} of nano open subset of (U, 7z (X))

3 U = U;K; anditis called a nano locally finite iff vx € X ,3
a nano neighbourhood V such thatthe set {i € A : U N k; #
@} iis finite.

Definition 3.2 If A is a nano open cover of the NTS
(U,7x(X)) and B is a Ny cover of the NTS (U, 7z(X)) we say
that 8 refines A and write § c A iffeach U € A s
contained in some B € f. Then we say that 8 is a Npo
refinement of A .

Definition 3.3 A NTS (U, TR(X)) is called a nano pre-open

paracompact if X is a nano pre-open Hausdorff (or Npy — T5)
space and every open cover V of X has a nano locally finite

Ny, refinement cover M and it is denoted by

Npo —Paracompact space .

Example3.4 Let U = {eq, e,, e5,e4}With U/R =

{{es) {es} {ez, es}} and X = {ey, e,}.

TR(X) = {0,U,{e,}, {e, e, €4}, {€2, 43} . The nano closed set

F= {U, ?,{ey, 3,4}, {e3}, {e, 93}} Ny (U, X) =

{0,U,{e1},{e.}, {ea}, {e1, €2}, {er, s}, {ez, €4}, {e1, €5, €33,
{e1 ez, e4},{e1, €3, €43} -

Let G = {e,} and H = {e5} thenitis Np, — T, Space.

LeteA is a nano open cover and S is a Np,0f U,we say thatg is

a Np, refinement ofA

A ={U,{e;}}, A, =

{U{er, e, d}}, As = (U, {e, d}}, Ay =

{U' {ei} {es, e, d}} yAs = {U, {ei}, {e, d}} yAg =

{U{es, e, d}{e;d}} If YVBe B IAc A > BSA.Let

By {{ez}, {e1, e, d}} B2 = {{ez: d}, {e, es, d}} B3 =

{{d}, {e1, e, 93}} By = {{31, e} {es, es, d}} Bs =

{{91' d}, {es, e, 93}} Be = {{31' ey d}, {es, es, d}} B7 =

{{92' d}, {es, e, 33}} Bs = {{31' ey d}, {es, e, 33}} By =

{U, {el}}.

B is a Np, refinement of A5 , Asand Ag, Bgis a

Ny, refinement of A, , A, . B, is a Npg refinement of

Az ,Ag, Bgisa Np,refinement of A, , By isa Npg

refinement of A, , then (U, 7 (X)) is a Np, —Paracompact .
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Definition 3.4 A NTS U is called
Countable Np, —Paracompact (C Np, —Paracompact ) if it is a
Npo — Hausdorff (or Np, — T,) space and every countable
open cover of V has a nano local finite Ny, refinement cover
M.

Theorem3.5: For every Ny, — T, space, the following
conditions are equivalent:

(i)The nano space U is C Np, —Paracompact .

(if)For every countable open cover {A;};=, of U there exists a
nano local finite Ny, cover {B;};=,0f U such that §; c A; for
i =1,2,.

(iii)For every increasing sequence W; c W, C.... in Npg
subset of U satisfying U2, W, = U there exists sequence
Fi,Fy, .... in U such that F; W, for i = 1,2,...and
UZ, N Int (F) =U.

(iv)For every decreasing sequenceF; > F, D ....in Np, 3
N2, F; = @ 3 asequence W,;, W,, .... in Np,, such that
F,cw,fori = 1,2,..and N2, NCI((W,) =0.

Proof: To show that (i) = (ii)

it suffices to take a nano locally finite Ny, refinement M of
the cover {A;}j2,for every B €M choose a natural
number f; suchthat § < Ap,and let §; =U { B : B; = i}.
We shall show that (ii)=(iii).

Put{W),};2, be a open cover which is countable of X, 3 a
locally finite cover {B;};i2,0f X3 B8, cW;; for i = 1,2,..
The sets F; = X\ Ui B < Uj< B, are Npc and
sinceU;<; B c Uj; W; =W; we have F;cW; for i
1,2,... The family {B;}i2,, being a nano locally finite, each
point x € X has a nano neighbourhood contained in some
F;,i.eU2, N Int (F) = X.

It follows easily that (iii) and (iv) are equivalent (From De
Morgan's laws); hence, it suffices to prove that (iii) =(i). Let
{A;}{2, be countable open cover of X.

Let W, c W, c ---in Npo be an increasing sequence , 3
W, =UjgAj,as Uiz, W, = X there exists a sequence
Fy,Fy ..in Np (U, X) such that F; € W;and
Uie;NInt (F) = X. The setf; = A\Uj;Fj cA; s
aNpg for i = 1,2,..;since Uj;Fj € Uj; W, € Uj; A,
we have A;\Uj.; A; © B;which implies C that the family
{B;}i2 is a cover of X.

Evrey point x € X has a nano neighbourhood of the form
N Int (F;); this nano neighbourhood is disjoint from all sets
B; for i > j so that the cover {8;};,is a nano locally finite.

To show that (i) = (iv)

Suppose that X is countably Ny, —Paracompact. Suppose that
{F,:i=1,2,..}is a decreasing sequence of Ny, subsets of
X as in the condition in the theorem. Then M = {X — F;:i =
1,2,...} is an open cover of X. Let V be a nano locally finite
Ny, refinement of M. For each i=1,2,.. define the
following:

W, =U{VeEV:VNnF; + @}

It is clear that F; < W; for each i. The Np, sets W, are
decreasing, hence W, > W, D ---since the Ny, sets F; are
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decreasing. To show that N2, N CI(W;) = @, let z € X. The
goal is to find W such that z € N CL(W;). Once W, is found,
we will obtain a set V such that z € V and V contains no
points of W;.

Since V is nano locally finite, there exists a Np, set IV such
that z € IV and VV meets only finitely many sets in V . Suppose
that these finitely many Np, sets in V areVy,V,, .., V.
Observe that for each i=1,2,..m, there is some
J@ 3 VinFjy =0 (i.e. V; € X — Fjy). This follows from
the fact that V is a Ny, refinement M . Let j be the maximum
of all j(i) where i =1,2,..,m. Then V;nF; =@ for all
i=1,2,..,m. It follows that the Ny, set VV contains no points
of F;. Thus z € N CL(W}).

For the other direction, suppose that the nano space X satisfies
the condition given in the theorem. Let U = {U; : i = 1,2, ...}
be Ny, acover of X. For each i, define W; as follows:
:FL':X_U1UU2U...UU,:.

Then the Ny, sets F; form a decreasing sequence of Ny sets
with empty intersection. Let W, be decreasing Np, 3
N2, NCL(W;) = @and F; c W, for each i. Let C; =X —
W, for each i. Then ¢; c Uj_, U; . Define V; = U;. For each
i>2, defineV; =U; —UZ1¢; . Clearly eachV; is Np,
and V; c U; It is straightforward to verify that
V={V,:i=1,2,..}isacover of X.

We claim that V is nano locally finite in X. Let z € X. Choose
the least i 2z €& N CI(W;). Choose a Nppset 6 2 z€6
and § NN CI(W,) =@. Then § n W, =@and § c C;. This
means that § NV, = @ for all k = i+ 1. Thus the Ny, cover
V is a nano locally finite Np, refinement of I .

Corollary 3.6. A Np, —normal space X is countably
Npo —Paracompact if and only if for every decreasing
sequenceF; D F, D...in Ny (U, X), such that N2, F; =@ , 3
a sequence W;,W,,... in Npy (U, X) such that F; ¢ W; for
i=12,..andNZ, W, =0.

Theorem 3.7. For every Np, — T, space X the following
equivalent:

()The nano space X
Ny, —Paracompact.

(ii) For every countable open cover {A;};2, of the nano space
X , 3 a nano locally finite Ny, cover {8;}iz; of X , 3
ClB;cA;fori = 1,2,...

(iii) For every countable open cover {A;}i2, of X,3a Ny
coverfori = 1,2,..

is Npo —normal and countably

Proof: To prove that (i)=(ii)

It suffices to observe that, by virtue of theorem 3.7, 3 a nano
locally finiteNp, cover {W;};2,0f X , 3 W, c A;; for
i=12,..,

The implication (ii)=(iii) is obvious; we shall show that (iii)
= (i). Consider a Np, — T; space X which satisfies condition
(iii).

Let us observe first that X is Np, — normal; indeed, if for a
pair A,B € Npo (U, X)such that AUB =X we let
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A=A, Ay =,As3=A,=--=0 then (iii) vyields
closed subsets F;,F,,.. € Npc(U,X) such that F, c
A,F,cf and FLUF, = X. Now, it follows from De
Morgan's laws that, for every sequence F,,F,, ... €
Npc(U,X) ,3NZ,F; =0, 3, a sequence W1, W,,...€
Npo(U,X)2 F,cW,for i = 1,2,.. and N2, W, =0;
hence, X is countably N», —Paracompact ri by Corollary 3.6.
[Besides a nano locally finite and point- finite families of
Ny, sets, one also considers Ny, star- finite and Ny, star-
countable families: a family {A;};2, of Ny, subsets of X is
Ny star- finite ( Np, Star- countable) if for every s, €S
{s €S:A;NAs + @}is finite (countable). Clearly, any
Ny star- finite family is point- finite. Let us note that a
Ny, star- finite family of subsets of a NT'S is not necessarily a
nano locally finite; however, a Ny, star- finite open cover of a
NTS is a nano locally finite].

Conclusions

In the work, I developed a new class of nano topological
spaces using pre-open sets, and we investigated a few
countable paracompactness in pre-open sets in  nano
topological spaces. The standard nano topological concept is
different from our idea, although it nevertheless meets certain
of its requirements. and proved that every nano pre-open
Hausdorff space is countable nano pre-open paracompact
space. Every nano pre-open-T;space is countable nano pre-
open paracompact space.
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