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1. Introduction

R.ALKK. Omar, have introduced the notion of RG —

algebras, RG — ideals, RG — subalgebras and
studied the relations among them and introdued
the concept of homomorphism of RG — algebras

and investigated some related properties. A.T.Hameed
and et al. introduced and studied concepts of fuzzy RG —
subalgebras and fuzzy RG — ideals of
RG — algebra and investigate some of its properties,
several Theorems, properties are stated and proved. A.T.

Hameed and  S.M.Abrahem introduced the notion
of doubt fuzzy RG — ideals of RG — algebras and studied
the homomorphism  image and inverse  image

of doubt fuzzy RG — ideals also prove that the
Cartesian product  of  doubt fuzzy RG — ideals  are
doubt fuzzy RG — ideals. In this paper,we introduce
the notion of bifuzzy ideals of RG — algebras and fuzzy
image (pre — image) of  bifuzzyideals of RG—
algebras.We also introduce the intersection and
union bifuzzyideals of RG — algebras and

investigate some results.
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2. Preliminaries:

We review some definitions and
properties that will be useful in our results.

Definition. 2.1 [24].

An algebra (9;+,0) is called an RG-algebra (RG-A) if
the following axioms are satisfied: V o,p, € € 0,
iox0 = g,

(iYaxp = (oxe) x(pxe),
(iii) oxp = p*xo = 0 imply o = p.

Remark. 2.2 [24].

For brevity we also call d RG-A, we
can define a binary relation (<) by putting g <
pifandonlyif oxp=0.

Example. 2.3([24]).
Let 9 ={0, 1} and let x be defined by:

* |0 |1
0 |0 |1
1 |1 10

Then (9; *,0) is an RG-A.
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Example. 2.4 [24].
Let 3 ={0, a, b, c} and (9;*) be the
pair given by the table:

x| 0|la|b|c
0|0|la|b|c
ala|0fc|b
b|bjc|0]a
c|c|bla]0

(0;%,0) isan RG-A.

Proposition. 2.5 [15].
In any RG-A (9;*,0), the following hold: Va,p € 0,
i) oxo=0,
ii) 0 (0 *x0)= g,
i) ox(oxp)=p,
iv) oxp = 0 ifandonlyifpxo
V) og*xe =0 implieso =0,
vi) 0 x(p*xag)= oxp
In any RG-A (9;*,0), the following hold: Vo, p, € € 0,
i) (0¢p)«(0*p)=(c+(0*p))*p=0,
i) ox(ox(ox*p)) =0xp,
i) (cxp)*xe=(a*¢&)*y.
iv) axp = (e*p)*(exo0),
V) ((6%p)* @*))*(exp)=0.

0,

Definition. 2.7([15]).
Let (a; *0 ) be a RG-A and let S be a nonempty

subset of 0. S is called an RG-subalgebra of d (RG-SA) if
o *p € Swheneverag,p€S.

Definition. 2.8([19]).

A nonempty subset I of aRG-A (X; *,0) is called an
ideal of 0 (RG-I) if it satisfies the following conditions:
forany o,p € 0,

(100 €1;
(L)oxp€ lando € I imply p € 1.

Proposition . 2.9 ([15]).
Every RG-I of RG-A is an RG-SA.

Definition. 2.10 ([15]).

Let (3; *,0)be a RG-A, a fuzzy subset u of d is called a
fuzzy RG-subalgebra of  (FRG-SA) if Va,p € 0,
m(o*p) =2 min{n (o), m(p)}.

Definition. 2.11([15]).

Let (3; *,0) be aRG-A, afuzzy subset  of d is called a
fuzzy ideal of @ (FRG-I) if it satisfies the
following conditions, Va,p € 0,

1) n(0) == (o),

() m(p) = min{m (o *p)m(0)}.
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Lemma. 2.12([15]).
Letr be a FRG-1 of RG-A (9; *,0)and if ¢ < p, then
u(o) = u(p),vo,p €0,

Proposition. 2.13([15]).

1- Let 7 be a fuzzy subset of RG-A (9; *,0) . misaFRG-
SA of d ifand only if for everyt € [0 ,1], , is an RG-SA
of X .

2- Letmw beafuzzy subset of RG-A (9;*,0 ), isa FRG-I
of d ifand only if for everyt e [0,1], m, isRG-l of 9 .

3- Let A be a nonempty subset of a RG-A (9; *,0) and

m be a fuzzy subset of 0 such that « is into {0, 1}, so that
is the characteristic function of A. Thenr is a FRG-I of 9 if
and only if Ais RG-1of 3 .

Proposition. 2.14([15]).
Every FRG-1 of RG-A is a FRG-SA.

Definition. 2.15[6,7]:

Let @ be a nonempty set and « be a fuzzy subset of 9 and
leta € [0,T]. Amapping m. :d — [0,1]iscalled a a-
translation fuzzy sub-set of m if it satisfies:
nl(o) = n(o) + a,forall o € 9, whereT =1 —
sup{r(o):0 € 0}.

Definition. 2.16([10 ]).

Let (0; *,0) be an RG-A, a fuzzy subset w in 0 is called a
fuzzy g-ideal of 0 (Fg-1) if it
satisfies the following conditions: Vo, p, € € 0,

(1) m(0) =2 m(0),

(2 m(oxe) =2 min{m ((o*p)*e),m(p)}.

Proposition . 2.17([10 ]).
Every Fg-1 of RG-A (9; *,0)isaFRG-I of 4.

3. The Bifuzzy RG-subalgebras of RG-algebra

In this section, we shall define the notion of bifuzzy
RGsubalgebra of RGalgebra and we study its properties when
the bifuzzy RGalgebra is replace with bifuzzy RGsubalgebra
of RGalgebra.

Definition 3.1.
Let (0; *,0) be RG-algebra, a fuzzy sub-set v of d is called
an antifuzzy RG-subalgebra of d if Vo, p € 0,

v(oxp) < max{v(0),v(p)} .

Definition 3.2.

A bifuzzy sub-set A in a nonempty-set d is an object
having the form A = {(o,m,4(0),v, (0)) | 0 €0} where the
functions m,:0 — [0,1] denote the fuzzy function
andv,: 0 — [0,1] denote the degree of antifuzzy function and
e < Uy (o) +vy(0) < 1,forallo ed.
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Definition 3.3.

Let A = {(0,my(0),v4 (0)) |0 €8} be abifuzzy sub-set
of an RG-algebra (9; *,0). A is said to be bifuzzy
RGsubalgebra of d if : Va,p € 0,

(IFS1)  mu(o * p) = min{my(0), ms(p)},

(IFS2)  va(o x p) < max {va(0),valp)} .
i.e., my is fuzzy RG-subalgebra of RG-algebra and v, is
antifuzzy RG-subalgebra of RG-algebra.

Example 3.4.
Let 9 ={0,1,2, 3} in which () be a defined by the
following table:

WIN ||

WINFP O] *

WIN|RL O[O

NIRIO/WwWlw

ROIWININ

0

Then (3; *,0) is an RG-algebra . S; ={0 ,1}, S, ={0,2},
Ss={0,3}and S, ={0, 1, 2, 3} are RG-subalgebras of 4.
Define a fuzzy sub-set m,: 90 —[0,1]3 m, (0)=0.7, 7,
(1)=m, (2)=0.6, m, (3) =0 .4,
vy 0—[0,113 v, (0)=0.3,v, (1)=v, (2) =0 .4,

v, (3)=0.6.
Routine calculation gives that w4 is a fuzzy RG-subalgebra
of d and that v, is antifuzzy RG-subalgebra of a.

Proposition 3.5.
Every bifuzzy RG-subalgebra

A = {(0,74(0),v4 (0)) | 0 €0} of RG-algebra (0; *,0)
satisfies the inequalities 7,(0) = m (o) and v,(0) <
v,(0), Vo € 0.
Proof:

m4(0) = my(0 * 0) 2min{m,(0),ma(0) } = ma(0)
and v4(0) = vy(o *0) <max {v4(0),v4(0)} = v4(0). 0

Definition 3.6.

For a fuzzy sub-sets m, and v, of an RG-algebra (d; *,0)
and te Im(v,) witht>a, letU (my,t) = {0 € 0 | my(o) =
t Yand se Im(v,) withs<e, L(v,,s) = {0 € |vy(0) <

s}

Remark 3.7.

1- If m, isafuzzy RG-subalgebra of RG-algebra (d; *,0),
then It’s that U (74, t) is an RG-subalgebra of 9, forall t
Im(m). Leto,p € U (my,t),thenm, (0) =t,and m, (p) >t
, then min{ 74 (o), 4 (p)}=t , since m, isafuzzy RG-
subalgebra, then m, (o * p)= min {m, (o) ,m4(p)} =t
therefore g *xp € U (my,t).

2- If v, isantifuzzy RG-subalgebra of X, then It’s

that L(v,, s)is an RG-subalgebra of X, forall s € Im(v). Let
g,p€ L(vy,s) thenv (o) <s,andv (p) <s, thenmax {v,
(X),v4 (V)}< s, since v, is antifuzzy RG-subalgebra, then
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vy (0 xp)< max {vy(0),v4(p)} <s ,therefore g*p €
L(vy,s) .

3- But if we do not give a condition that m, is a fuzzy RG-

subalgebra of @, then U (1,4, t) is not an RG-subalgebra of d or

v, is antifuzzy RG-subalgebra of @, then L(v,, s)is not an RG-

subalgebra of 9 as seen in the following example.

Example 3.8.
Consider d = {0, 1, 2, 3 } is an RG-algebra which is given

in Example (3.4) . Define a fuzzy sub-set X of 0:

d |0 1 2 3

07 |([06 (04 |03

Ty

Then 7, is not a fuzzy RG-subalgebra of 0.
Since m, (1x2)=0.3<0.4 =min{w, (1), 7, (2)}.
For t=0.5, we obtain U (14, t) ={0, 1, 2} which is not
an RG-subalgebra of d since 1*2 =3 g U (14,t) .

Proposition 3.9.

Let A = {(0,m4(0),v4 (0)) |0 €8} be abifuzzy sub-set
of an RGalgebra (9;+,0) . If A isa bifuzzy RG-subalgebra
of 0, then it satisfies: forany t, se[0, 1], U(my, t) # @
implies U(m,, t) is an RG-subalgebra of @ and L(v,, s) #= @
implies L(v,, s) is an RG-subalgebra of 4.

Proof:

Assumethat 7 is a fuzzy RG-subalgebra of 9, let te [0,1]
be 3 U(my, t) # @,and let o,p € d be 3 g, pelU(n,t), then
my (o) = tand m,(p) = t, SO
my (0 p) = min{m, (0), m, (p)} = t,sothat (o xp) €
U(my, t). Hence U(m,,t) is an RG-subalgebra of 4.

Assumethat v, is an antifuzzy RG-subalgebra of 0, let
se [0,1]1be 3 L(v,,s) # @, and letw,u € X be3a,p
€L(vy,s), then v, (o) < sand v (p) < s, 50
vy (0 * p) <max{v, (0),v4 (p)} < s,s0that (o * p) €
L(vy,s).

Hence L(v,, s) is an RG-subalgebra of 4. o

Proposition 3.10 .

Let A = {(0,m,(0),v4 (0)) |0 €0} be abifuzzy sub-set
of an RG-algebra (d;*,0) . If U(m,, t) and L(v,, s) are RG-
subalgebras of @, for all t, se[0, 1], U(my, t) # @ # L(va,s),
then A is a bifuzzy RG-subalgebra of d .

Proof:

Suppose that A is not bifuzzy RG-subalgebra of 2,
satisfies U(m,, t) is an RG-subalgebra of 8. Now, assume
my (0% p) < min{my(o),m4 (p)}
taking t, = %(ﬂA (o * p) + min{m, (0),m, (p)}), we have
te € [0, 1] and min{m,(0),m, (p)} > t, > 1y (0 * p), it
follows that g, p e U(my,, t, ) and

oxp & U(my,t, ), this is a contradiction since U(m,, t, ) i
an RG-subalgebra of 3,
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And L(vy,s) is an RG-subalgebra of d, assume v, (o *
p) > max{v,(0),va (P},
taking t, = %(VA (o * p) + max{v, (0),v4 (p)}), we have
s, € [0, 1] and
max{v,(a),v, (p)} <t., <vy (o*p),itfollows that
g,peL(vys.) and
o *xp & L(m,t,.), this is a contradiction since L(v4, s, ) isan
RG-subalgebra of X . Therefore 4 is a bifuzzy RG-
subalgebra of 3. o

Corollary 3.11.

Let A = {(0,m4(0),v4 (0)) |o €0} be abifuzzy sub-set
of an RGalgebra (9;+,0) . If Ais a bifuzzy an RG-
subalgebra of 9, then for every t € Im(m,), L(m,,t)isan
RG-subalgebra of 8 and s e Im(v,), L(v,, s) is an RG-
subalgebra of a.

Definition 3.12.

Let A = {(0,m4(0),v4 (0)) |o €0} be a bifuzzy sub-set
of an RG-algebra (9;+,0 ) where i € A 3 my; are a fuzzy RG-
subalgebras of 3 and v,; are antifuzzy RG-subalgebras of d,
forany o € 0, then

1-The R_intersection of any set of bifuzzy sub-set of d is
(N1y;)(0) = inf (7r4;) (o) and (U ) (o) = sup (v4;)(0).
2-The P_intersection of any set of bifuzzy sub-set of X is
(N1y;)(0) = inf (m4;) (o) and (N vy;) (o) = inf (v4;)(0).
3-The R_union of any set of bifuzzy sub-set of dis (U
141)(0) = sup(my;) (0) and (N v4;)(0) = inf (v4)(0).
4-The P_union of any set of bifuzzy sub-set of 9 is (U

;) (0) = sup(my;) (o) and (U v;)(0) = sup (v4;)(0).

Proposition 3.13.
The R_intersection of any set of bifuzzy RG-subalgebra of
(9;+ 0) is also bifuzzy RG-subalgebra of a.
Proof:
Let A; = {(o,m4; (0),v4 (0))| 0 €0} wherei € A, be
a set of bifuzzy RG-subalgebra of @ and o,p € 9, then
(N 141)(0 * p) = inf (ma;) (0 * p)
2 inf {min{(m4;)(0), (ma:) (L) }}
= min{inf (m4;(0)), inf (m,;(p))}
= min{(N 74;) (o), (N 74;) () }.
Hence (N my;) isafuzzy RGsubalgebra of 4.
(U vai)(o * p) = sup (v4;)(0 * p)
< sup{max{(v4;)(0), (vai) (p)}}
= max{sup (v4;(0)).sup (va;(p))}
= max{(U v4;)(0), (U v4)(p)}.
Hence (U vy;) is antifuzzy RG-subalgebra of 2.
Therefore, R_intersection of A; is a bifuzzy RG-subalgebra
of 4. o

Remark 3.14.
The P-intresection of any sets of bifuzzy RG-subalgebra
need not be a bifuzzy RG-subalgebra, for example:

Example 3.15.

Let X = {0, a, b, ¢, d} be a set with the following table:
*/0|a|bjc|d
0|0Oja|bjc|d
ala|b|c|d]|O
b|bjc|d|0]a
cljc|d|0|a|b
dj{d|0|a|b]|c

Then (X; *,0) isan RG-algebra. [={0, c} and J={0, d}
are RG-subalgebras of X .

We defined two cubic set
Ay = {(x pa1 (%), v41 (¥)) | x € X}and
Ay = {(% a2 (%), V42 (%)) | x € X}of X by :-

0.8, if xe{0,c},
a1 (X) ={0 7, if xe{ab}, 4, )
0.6, otherwise
0.2, if xe{0,c},
=10.6, if x € {a,b},
0.4, otherwise
@5y e, 9 )
(0.1, ifxe{0,d},
"l 0.4, otherwise.

Then A; and A, are bifuzzy RG-subalgebra of d , but
P_intersection of A; N A, is not bifuzzy RG-subalgebra of X .
Since
(Nnmy)(c*d) = min{0.7,0 .2} = 0.2 £ 0.6 = min{(N
m4)(0), (N 1) (d)} =
min{min{0 .8,0 .2}, min{0 .1,0 .6}}and

(Uvy)(cxd) =max{0.6,0.4} =06 %0.4=
max{(U v4)(c), (U vg)(d)} =
max{max{0.2,0 .4}, max{0 .4,0 .1}}.

Proposition 3.16.

LetA; = {(0,my; (0),vy (0))| 0o € 0} wherei€ A,
be a set of bifuzzy RG-subalgebra of RG-algebra (X;*,0 ),
wherei € A,
inf{max{my; (0),ms;(p)}} = max{inf my;(0), inf 1y ()},
for all o € 9, then the P_intresection of A; is also a bifuzzy
RG-subalgebra of 9.

Proof:

LetA; = {(0,my; (0),vy (0))| 0o € 0} wherei€ A,
be a set of bifuzzy RG-subalgebra of @ and g,p € 4, then
(N 1a) (0 * p) = inf () (0 * p)

2 inf {min{(ms;)(0), (ma:)(P)}}
= min{inf (m4;(0)), inf (m4;(p))}
= min{(N 74;) (0), (N 74;)(p)} -

Hence (N m,;) isafuzzy RG-subalgebra of 4.

(N 1) (0 * p) = inf (v4;)(0 * p)
< inf{max{(v,;) (0), (vai) (p)}}
= max{inf (v4;(0)).inf (v4; (0))}
= max{(N v4;)(0), (N v4)(p)}.
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Hence (N vy;) is antifuzzy RG-subalgebra of 2.
Therefore, P_ntersection of A; is a bifuzzy RG-subalgebra of
d.o
Proposition 3.17.
LetA; = {(0,my; (0),vy (0))| 0 € 3} wherei € A,
be a set of bifuzzy RG-subalgebra of RG-algebra (9;+,0 ),
where i € A,
sup{min{m,;(0), ma; (p)}} = min{sup my;(0), sup ma(p)},
for all o € 9, then the P_union of 4; is also a bifuzzy RG-
subalgebra of a.
Proof:
Let A, = {(o,my; (0),vy (0)) |0 € 0} wherei € A,
be a set of bifuzzy RG-subalgebra of X and g,p € 4, then
(U my;)(o * p) = sup (1) (0 * p)
2 sup {min{(my;)(0), (ma;)(P)}}
= min{sup(1m4;(0)), sup(ma;(p))}
= min{(U 14;) (), (U m4)(p)}.
Hence (U ,;) isafuzzy RGsubalgebra of 4.
(U vy)(o * p) = sup (v4)(0 * p)
< sup{max{(v4;)(0), (vai) (p)}}
= max{sup (v4;)(0).sup (va;) (p)}
= max{(U v4;)(0), (U v4)(p)}.
Hence (U vy;) is antifuzzy RG-subalgebra of 2.
Therefore, P_union of A; is a bifuzzy RG-subalgebra of 4. o

Remark 3.18.
The R_union of any sets of bifuzzy RG-subalgebra need not
be a bifuzzy RG-subalgebra, for example:

Example 3.19.
Letd ={0, a, b, c, d} be a set with the following table:

O|T|2 (Ol

DO |0 |(T|T
T |00 |0

o0 || (OO

O 0 |T(D O] *
ola|o|T|o |

Then (09; *,0) is an RG-algebra. 1t’s easy to show that
1={0,3} and J={0, 4} are RG-subalgebras of 9 .
We defined two cubic set

Ay = {(0,141 (0),V41 (0)) | 0 €0}and
Ay = {(0,142 (0), V42 (0)) |0 € 0} of X by :-
0.7 , if c€{0,3},
41(0) :{0 .6, if o € {1,2},
0.5, otherwise
0.1, if o €{0,3},
vy (0 ):{0.5, if o € {1,2},
0.3, o'{cher\}/vise
0.6, if 0 € {0,4},
m42(0) _{ 0.1, othe{rwis}e.
0.1, ifx € {0,4},
vaz(x) _{ 0.3, otherwise.
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Then A, and A, are bifuzzy RG-subalgebra of @ , but
R_union of A; U A, are not bifuzzy RG-subalgebras of d .
Since
(Umy)(B+4) =max{0.60.1}=0.6 0.7 =
max{(U 1) (3), (U my;) (D)} =
max{max{0.7,0 .1}, max{0.1,0 .5}}and

(Nvy)(3*4) =max{0.60.4}=0.6%0.2 =
max{(N v,;)(3), (N v4)(4)} =
max{min{0.2,0 .4}, min{0 .4,0 .1}}.

Proposition 3.20 .
Let4; = {(0,my; (0),vy (0)) |0 € 3} wherei€ A, be
a set of bifuzzy RG-subalgebra of RGalgebra (X;*,0),
where i € A,
sug{min{nAz(o).nAi(p)}} = min{sup m,;(0), sup my; (p)}
an
inf{max{my; (0),ms;(p)}} = max{inf my;(0), inf my; ()},
for allo, p € @, then the R_union of A; is also a bifuzzy RG-
subalgebra of .
Proof:
LetA; = {(0,my; (0),vy (0))|o € 3} wherei€ A, bea
set of bifuzzy RG-subalgebra of @ and o,p € 9, then
(U my;)(o * p) = sup (1) (0 * p)
2 sup {min{(my;)(0), (m4;)(P)}}
= min{sup(m4;(0)), sup(ma;(p))}
= min{(U 14;) (), (U m4)(p)}.
Hence (U m,;) isafuzzy RGsubalgebra of 4.
(N ) (0 * p) = inf (v4;) (0 * p)
< inf{max{(v4;) (), (v4)) (P)}}
max{inf (v,;)(a).inf (v4;)(p)}
max{(V v4;)(0), (U v4)(p)}.
Hence (U vy;) is antifuzzy RGsubalgebra of 0.
Therefore, R_union of A; is a bifuzzy RGsubalgebra of 9. o

4. The Bifuzzyideals of RGalgebra

In this section, we shall define the notion of bifuzzy ideals
on RG -algebra and we study its properties when the bifuzzy
RG-algebra is replace with bifuzzy ideal of RG-algebra.

Definition 4.1.

Let (9;%,0) be an RG-algebra, a fuzzy sub-set v of @ is
called an anti-fuzzy ideal of X if it satisfies the following
conditions, for all o,p € 0,

(AFg-1) v (0) <v (o),
(AFg-I2) v (p) < max{v(o*p),v(a)}.

Definition 4.2.

Let A = {(0,m4(0),v4 (0)) | 0 €0} be a bifuzzy sub-set
of an RG-algebra (9; *,0). A is said to be a bifuzzy ideal of
difforallo,p € 4,

(1) ma(0) = my(0) and v4(0) < v4(0),

(2) ma(y)=min{my(o * p),my(0)} and

(3) va(y) <max{v, (o * p), va (9)}.
i.e., Uy is fuzzy ideal of RG-algebra and v, is anti-fuzzy
ideal of RG-algebra.
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Example 4.3.
Let 0 ={0,1,2, 3} in which () be a defined by the following
table:

WIN|IFRO|O
O(WIN|F|(F
R OIWININ
N FRIO(WwWw

WIN|FP (O] *

Then (9; *,0) is an RG-algebra. It’s easy to show that I,
={0,1}, 1, ={0,2}, 1,={0,3}and 1,={0, 1, 2, 3} are ideals
of 8. Define a fuzzy sub-set
my:0—[0,113 1, (0)=0.7,my (1) =m, (2) =0 .6, 74 (3)
=0 .4,
VA: a—>[0 ,1] = VA (0):OS,VA (l):VA (2):04, VA (3)
=0.6.

Routine calculation gives that p, is a fuzzy ideal of  and v,

is anti-fuzzy ideal of 4.

Remark 4.4.

1- If m, isafuzzy ideal of an RGalgebra (0; *,0), then It’s
that U (14, t) is an ideal of @, forall t € Im(). Letao,p €

U (my,t) , thenmy(o xp) =t,and m, (0) =t, then min {

m, (xxy),m, (x)}=1t,since m, isafuzzy ideal,then p,
(y)= min{my(o *p),my(0)} =t therefore y € U (my,t).
2- If v, isanti-fuzzyideal of X, thenIt’s that L(v,, s)is an
ideal of 9, forall s e Im(v). Leta, p € L(v,,s), thenv,
(cxp)<s,and vy (0) <s, thenmax{v, (o *p), V4

(0)}< s ,since v, isanti-fuzzy ideal , then v, (p)<

max {v4(o * p),v4(0)} <s ,therefore p € L(v,,s).

3- Butif we do not give a condition that m, is a fuzzy ideal of
d, then U (m,, t) is not an ideal of d or v, is anti-fuzzy ideal of
d, then L(v,, s)is not an ideal of das seen in the following
example.

Example 4.5.
Consider d = {0, 1, 2, 3 } is an RGalgebra which is given

in Example (3.3) . Define a fuzzy sub-set =, of 0:

X |0 1 2 3
w |07 /06 (04 |0.3
Then m, isnota fuzzy ideal of X, since m, (1x2) =0.3

<0.4 =min{m, (1), 74 (2)}. For t=0.5, we obtain U (p,,t)
={0, 1, 2} which is not an ideal of d since 1*2=3 ¢ U (ug4,t) .

Proposition 4.6.
Let A = {(0,m4(0),v4 (0)) | o €3} be an bifuzzy sub-

set of an RG-algebra (X;+,0) 3 A is a bifuzzy ideal of 9,
then U (my,t) and U (my, t) are fuzzy ideals of d, for any te
Im(w), se Im(v) .
Proof:

Assume that A is a bifuzzy ideal , then by Definition (4.2)

m, isafuzzy ideal of d and v, is an anti-fuzzy ideal of 9, then
by Remark (4.4), U (u4,t) and L(v,, s) are ideals of @, for any
te Im(m), se Im(v). o

Proposition 4.7.

Let A = {(g,m4(0),v4 (0)) | 0 €3} be an bifuzzy sub-
set of an RGalgebra (9; *,0) 3 U (1, t) and L(v,,s) are
fuzzyideals of @, for all te Im(m), se Im(v), then A isa
bifuzzyideal of a.

Proof:
1- m, (0) =my(o) and v, (0) < v,(0).
2- Assume that x,y €U (my, t) and m, of p is not a fuzzy

ideal of 9, therefore my (y) <t <min{r, (o * p), Ty
(o)}, then (my)(o*p) 2tand (my)(o) =t , but
(ma)(p) < t. Thisshows that y ¢U (1, t). Thisisa
contradiction, and so m, (y) = min{m, (o * p), 74 (0)},
forall o,p € 9. Hence y isafuzzy ideal of 4.
V4 (p) > s = max{vy (6 * p),v, (0)}, then

(W) (o *p) <sand (vy)(o) <s,but (vy)(p) >s.
This shows that y ¢ L(v,,s). This is a contradiction, and
S0 v, (p) < max{vy (g *p),v, ()}, forallo,p € 4.
Therefore, v, is anti-fuzzy ideal of X.

Hence A is a bifuzzy ideal of 3. o

Proposition 4.8.
Every bifuzzy ideal of RG-algebra (d; *,0) is a bifuzzy
RG-subalgebra of 4.
Proof:
Let (0 ;% 0) be an RG-algebra and
A = {(0,m4(0),v4 (0)) | 0 €0} is a bifuzzy ideal of 0.
Since A is an bifuzzy ideal of 9, then by Proposition (4.6) ,
U (my,t) and L(vy, s) are fuzzy ideals of X, for all te Im(m),
se Im(v). By Proposition (2.9), U (4, t) and L(v,,s) are
RGsubalgebras of 9, for all te Im(w), se Im(v).
Therefore, m, is fuzzy RG-subalgebra of RG-algebra and v,
is antifuzzy RG-subalgebra of RG-algebra by Proposition (3.10

).
Hence A is a bifuzzy RG-subalgebra of @ by Definition
(3.2).n

Proposition 4.9.
The R_intersection of any set of bifuzzy ideal of RG-

algebra (9;*,0) is also bifuzzy ideal of a.
Proof:

Let A; = {(0,m4; (0),v4; (6)) | 0 €0} wherei € A, be
a set of bifuzzy ideal of d , then

1- Foranyo €0, Nmy; (0) =inf {my;(0)} =

inf {my(x)} =N my(x) and

U vy (0) = sup {v,;(0)} < sup {vy;(0)} =U v, (0).
2- forallo,p €0,

(Nma)(p) = inf (ma;)(p)

2 inf {min{(ma;) (0 * p), (m4;) (0)}}
min{inf (my; (o * p), inf (4 (o))}
min{(N 7,;) (0 * p) , (N 74;) ()}  and
Hence (N m,;) is afuzzyideal of 4.
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3- (U (p) = sup (v4:)(p)
< sup{max{(va;) (0 * p) , (Vai) (0)}}
= max{sup (va; (o * p)),sup (va; (o))}
= max{(U vy;)(0 * p), (Uvy)(0)}
Hence (U vy;) is anti-fuzzyideal of 2.
Therefore, R_intersection of A; is a bifuzzy ideal of 9. o

Remark 4.10.
The P-intresection of any sets of bifuzzy ideal need not be
a bifuzzyideal, for example:

Example 4.11.
Letd = {0, a, b, c, d} be a set with the following table:

o0 |T| oo
O |o|o|ojla|la

OO |To|T
T |00 |0

o0 |T( | O *
ola|o|T|o |

Then (0; *,0) is an RG-algebra. It’s easy to show that
[={0,c}and J={0,d} are idealsof 0 .

We defined two cubic set
Ay = {(0,741 (0),V41 (0)) |0 € d}and
Ay = {(0,142 (0),V42 (0)) | 0 €3} by :-

0.8, if c€{0,c},
m41(0) ={0 7, if 0 € {a,b},
0.6, otherwise
0.2, if o0 €{0,c},
v,41(0) ={0 .6, if 0 €{a,b},
0.4, o{ther\ivise
0.7, if c € {0,d},
m42(0) _{ 0.5, otherwise. and
V15(0) :{0 1, if o €{0,d},
Az 0.4, otherwise.

Then A, and A, are bifuzzy ideal of 9 , but P_intersection
of A; N A, is not bifuzzy ideals of X .  Since
(Nmy)(b +d) = (Nmy)(a) =minf{0.7,02} =0.2 &
0.5 = min{(N ) (b + a), (N 1y)(d —a)} = min{(N
m4) (), (Ny)(d)} =
{ min{min{0 .8,0 .5}, min{0 .6,0 .7}}and
(Uvy)b+d) = (Uvy)(a) = max{0.6,0 .4} =0.6 £
0.4 = max{(U v,;)(b + a), (U v,;)(d — a)} = max{(U
v,4)(€), (U v4)(d)} = max{max{0.2,0 .4}, max{0 .4,0.1}}.

Proposition 4.12.

Let A; = {(o,m4; (0),v4 (0)) |0 €0} wherei € A, be
a set of bifuzzy ideal of RG-algebra (9;*,0), wherei € A,
inf{max{n(0),ms;(p)}} = max{inf my(0),inf 1y (p)},
for all o € 0, then the P-intresection of A; is also a bifuzzy
ideal of 0.

Proof:
LetA; = {(0,my; (0),vy (0)) |0 € 3} wherei€ A,
be a set of bifuzzy ideal of 0 and g, p € 9, then

1- 1y (0) =my(o) and v,; (0) < vy;(0) implies that
(nmy)(0) = (n1y)(0) and (Nw,) (0) < (N
v,4)(0) .

2- (n T[Ai)(p) = inf (HAL)(p)

2 inf {min{(m;)(0 * p), (ma1)(0)}}
= min{inf (my; (0 * p ), inf (m4;(0))}
= min{(N my;)(0 * p), (N 1y;)(0)}.

Hence (N my;) isafuzzyideal of X.
3- (nvy)(p) = inf (v,)(p)
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< inf{max{(vx;) (0 * p) , (Vai) (0)}}
= max{inf (v; (o * p)),inf (v4;(a))}
= max{(N v;) (0 * p), (N v4)(0)}.
Hence (N vy;) is anti-fuzzy ideal of 4.
Therefore, P_intersection of A; is a bifuzzy ideal of 9. o

Proposition 4.13.

Let4; = {(0,my; (0),vy (0)) |0 € 3} wherei€ A, be
a set of bifuzzyideal of RGalgebra (d;+,0 ), wherei € A,
sup{min{m,;(0), ma; ()3} = min{sup m,;(0), sup ms; (p)},
for all o € 9, then the P_union of A; is also a bifuzzy ideal of
a.
Proof:

Let4; = {(0,my; (0),vy (0)) |0 € 3} wherei€ A, be
a set of bifuzzy ideal of X and x,y € X, then

1- my (0) =2 my(o) and vy (0) < v4(0)
implies that (U m,;)(0) = (Uumy,;)(o) and
(Uvy) (0) < (Uyy)(o) .

2- (Umy)(p) = sup (ma)(P)

= sup {min{(my;) (0 * p) , (m4:)(0)}}
= min{sup(my; (o * p)), sup(m4;(0))}
= min{(VU m4;) (0 * p) , (U my;)(0)} and
Hence (U p,;) isafuzzy ideal of a.
3- (Uwy)(p) =sup (vy)(p)
< sup{max{(v4;) (0 * p) , (v41) (0)}}
= max{sup (va;) (o * p),sup (va;) (o)}
= max{(U v4;) (0 * p) , (U vg)(0)}.
Hence (U vy;) is anti-fuzzy ideal of 4.
Therefore, P_union of A; is a bifuzzy ideal of 9. o

Remark 4.14.
The R_union of any sets of bifuzzy ideal need not be a
bifuzzyideal, for example:

Example 4.15.
Let X ={0, a, b, c, d} be a set with the following table:
*10 |1 (|2 |3 |4
0O (0|1 ]2 |3 |4
1 ]1 (2 (3 (4]0
2 |2 13 (4]0 |1
3 (3 (4|0 |1 |2
4 |4 |10 |1 |2 |3
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Then (0; *,0) is an RG-algebra. It’s easy to show that
[1={0,3} and J={0, 4} are ideals of 9 .
Then A; and A, are bifuzzy ideal of @ , but R_union of
A; UA, are not bifuzzy ideals of d . We defined two cubic set
A; = {(0,741 (0),v41 (0)) |0 €0}and 4, =
{(0,742 (0),v42 (0)) | 0 € 0} of X by :-

0.7, if c0€{0,3},
144 (0) :{ 0.6, ifoef{1,2}
0.5, otherwise
e.1l, if o€{0,3},
v,41(0) ={e .5, if o € {1,2},
e.3, otherwise
(0.6, if o € {0,4},
ma2(0) _{ 0.1, otherwise. and
(0.1, ifo €{0,4},
Vaz(X) _{ 0.3, otherwise.

(Nmy)(2 *4) = (N1my;)(1) =minf{0.7,0.2} =0.2%20.5
= min{(n nAi)((Z *x 1) * 1), (n T[Ai)(l)} = min{(N
1) (3), (N 14)(4)} = { min{min{0 .8,0.5}, min{0.6,0.7}}
and

(Uvy)(2#+4) = (Uvy)(1) = max{0.6,04} =0.6 £ 0.4 =
max{(U v3)((2 * 1) * 1), (U v3) (1)} = max{(U v4)(3), (U
1,4;)(4)} = max{max{0 .2,0 .4}, max{0 .4,0 .1}}.

Proposition 4.16.
LetA; = {(0,my; (0), vy (0)) |0 € 3} wherei€ A,
be a set of bifuzzy ideal of RG-algebra (d;+,0 ), where i € A,
Sug{min{”m(ﬂ),ﬂm(ﬁ)}} = min{sup 1,;(0), sup 74, (p)}
an
inf{max{m,;(0), s (p)}} = max{inf my;(0), inf 7 (p)},
for all o € 9, then the R_union of A; is also a bifuzzy ideal of
a.
Proof:
LetA; = {(0,my (0),vy (0)) |0 € 0} wherei€ A, be
a set of bifuzzy ideal of X and x,y € X, then
1- my(0)=m,(x) and v, (0) < v,(0).
2- (Umy)(p) = sup (ma;)(p)
2 sup {min{(ms;) (0 * p), (7a;)(0)}}
min{sup(my; (o * p) ), sup(my;(0))}
= min{(U m4;) (0 * p), (Umy)(0)} and
Hence (U my;) isafuzzy ideal of 0.
3- (Nva)(p) = inf (v4;)(p)
< inf{max{(v,;) (0 * p) , (vai) (0)}}
= max{inf (v,;) (o * p).inf (v4;)(a)}
= max{(U v4;) (0 * p), (U vy)(0)}
Hence (U vy;) is anti-fuzzy ideal of 4.
Therefore, R_union of A; is a bifuzzy ideal of 9. o
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