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𝑶𝒏 𝑻𝒉𝒆 𝑩𝒊𝒇𝒖𝒛𝒛𝒚 𝒊𝒅𝒆𝒂𝒍𝒔 𝒐𝒇 𝑹𝑮 − 𝒂𝒍𝒈𝒆𝒃𝒓𝒂 

 

 

 

                                                                 
 

Abstrac𝒕.  𝑊e consi𝑑𝑒𝑟 𝑡ℎ𝑒 𝑓𝑢𝑧𝑧𝑦 𝑓𝑖𝑐𝑎𝑡ion of tℎ𝑒 𝑐𝑜𝑛𝑐𝑒𝑝𝑡 𝑖𝑑𝑒𝑎𝑙 𝑎𝑛𝑑 𝑠𝑜𝑚e funda𝑚𝑒𝑛𝑡𝑎𝑙 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒s to 

RG-a𝑙𝑔𝑒𝑏𝑟𝑎 𝑎re dis𝑐𝑢𝑠𝑠𝑒𝑑 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑖𝑚𝑎𝑔𝑒 (𝑝𝑟𝑒 − 𝑖𝑚𝑎ge) of 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅𝐺 − 𝑎𝑙𝑔𝑒bra, and 𝑖𝑛𝑣𝑒𝑠𝑡𝑖𝑔𝑎𝑡𝑒                         

𝑠𝑜𝑚𝑒 𝑜𝑓 𝑡ℎ𝑒𝑟𝑒 𝑝𝑟𝑜𝑝erties and inv𝑒𝑠𝑡𝑖𝑔𝑎𝑡𝑒 𝑠𝑜𝑚𝑒 𝑟𝑒𝑙𝑎𝑡𝑒𝑑 𝑝𝑟𝑜𝑝𝑒rties. 

Keywords׃ RG-algebras, fuzzy q-ideals, bifuzzy q-ideal, image (pre-image) of bifuzzy q-ideal, Cartesian product of 

bifuzzy q-ideal.  

 

1.   I𝒏𝒕𝒓𝒐𝒅uction                                                                                                                             

       R.A.K. Omar, ha𝑣𝑒 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒d the not𝑖𝑜𝑛 𝑜𝑓 𝑅𝐺 −
𝑎𝑙𝑔𝑒𝑏ras, R𝐺 − 𝑖𝑑𝑒𝑎ls, R𝐺 − 𝑠𝑢𝑏𝑎𝑙𝑔𝑒𝑏𝑟as and 

stu𝑑𝑖𝑒𝑑 𝑡ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜ns am𝑜𝑛𝑔 𝑡ℎ𝑒𝑚 𝑎𝑛d introdued 

 𝑡ℎ𝑒 𝑐𝑜𝑛𝑐𝑒pt of ho𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 𝑜𝑓 𝑅𝐺 − 𝑎𝑙𝑔𝑒𝑏ras 

an𝑑 𝑖𝑛𝑣𝑒𝑠𝑡𝑖𝑔𝑎ted som𝑒 𝑟𝑒𝑙𝑎𝑡𝑒𝑑  𝑝𝑟𝑜𝑝𝑒𝑟𝑡ies. 𝐴. 𝑇. 𝐻𝑎𝑚𝑒𝑒𝑑 

and et al. intr𝑜𝑑𝑢𝑐𝑒𝑑 𝑎𝑛𝑑  𝑠𝑡𝑢𝑑𝑖𝑒𝑑 𝑐𝑜𝑛𝑐𝑒pts of fu𝑧𝑧𝑦  𝑅𝐺 −
𝑠𝑢𝑏𝑎𝑙𝑔𝑒𝑏ras an𝑑 𝑓𝑢𝑧𝑧𝑦 𝑅𝐺 − 𝑖𝑑𝑒als of   

R𝐺 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎  𝑎𝑛𝑑 𝑖𝑛𝑣𝑒𝑠𝑡𝑖𝑔ate som𝑒 𝑜𝑓 𝑖𝑡𝑠  𝑝𝑟𝑜𝑝𝑒rties, 

several The𝑜𝑟𝑒𝑚𝑠, 𝑝𝑟𝑜𝑝𝑒𝑟ties a𝑟𝑒 𝑠𝑡𝑎𝑡𝑒𝑑 𝑎nd proved. A.T. 

Ha𝑚𝑒𝑒𝑑 𝑎𝑛𝑑  𝑆. 𝑀. 𝐴𝑏𝑟𝑎ℎem intro𝑑𝑢𝑐𝑒𝑑 𝑡he 𝑛𝑜𝑡𝑖𝑜𝑛 

o𝑓 𝑑𝑜𝑢bt fu𝑧𝑧𝑦 𝑅𝐺 − 𝑖𝑑𝑒als of R𝐺 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 a𝑛𝑑 𝑠𝑡𝑢𝑑𝑖ed 

the  homo𝑚𝑜𝑟𝑝ℎ𝑖𝑠m 𝑖𝑚𝑎𝑔𝑒 𝑎𝑛𝑑 𝑖𝑛𝑣𝑒𝑟se ima𝑔e 

o𝑓 𝑑𝑜𝑢𝑏t 𝑓𝑢𝑧𝑧y 𝑅𝐺 − 𝑖𝑑𝑒als als𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎t 𝑡ℎ𝑒 

C𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑝𝑟𝑜𝑑uct of dou𝑏𝑡 𝑓𝑢𝑧𝑧𝑦 𝑅𝐺 − 𝑖𝑑𝑒als are 

do𝑢𝑏𝑡 𝑓𝑢𝑧𝑧𝑦 𝑅𝐺 − 𝑖𝑑𝑒𝑎ls. In th𝑖𝑠 𝑝𝑎𝑝𝑒𝑟, we in𝑡𝑟𝑜𝑑𝑢𝑐e 

𝑡ℎ𝑒 𝑛𝑜𝑡𝑖on of bifu𝑧𝑧𝑦 𝑖𝑑𝑒𝑎𝑙s of  R𝐺 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 𝑎𝑛𝑑 𝑓𝑢zzy 

ima𝑔𝑒 (𝑝𝑟𝑒 − 𝑖𝑚𝑎𝑔𝑒) 𝑜𝑓 b𝑖𝑓𝑢𝑧𝑧𝑦 𝑖𝑑𝑒𝑎ls of R𝐺 −
𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠. 𝑊𝑒 𝑎𝑙𝑠𝑜 𝑖𝑛𝑡𝑟𝑜𝑑uce the int𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛  𝑎𝑛𝑑 

u𝑛𝑖𝑜𝑛 𝑏𝑖𝑓uzzyid𝑒𝑎𝑙𝑠 𝑜𝑓 𝑅𝐺 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 𝑎𝑛𝑑 

in𝑣𝑒𝑠𝑡𝑖𝑔𝑎𝑡𝑒 𝑠𝑜me 𝑟𝑒𝑠𝑢lts. 

 

 

2.  Preliminaries: 

𝑊𝑒 𝑟𝑒𝑣𝑖𝑒𝑤 𝑠𝑜𝑚𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛𝑠 𝑎𝑛𝑑 

p𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠 𝑡ℎ𝑎t 𝑤𝑖𝑙𝑙 𝑏𝑒 𝑢𝑠𝑒𝑓𝑢𝑙 𝑖𝑛 𝑜𝑢𝑟 𝑟𝑒𝑠𝑢𝑙𝑡𝑠. 

 

Definition. 2.1 [24].    

   An al𝑔𝑒𝑏𝑟a (𝜕;∗ ,0 ) i𝑠 𝑐𝑎𝑙led an RG-algebra (RG-A) if 

tℎ𝑒 𝑓𝑜𝑙𝑙𝑜wing axio𝑚𝑠 𝑎𝑟𝑒 𝑠𝑎𝑡𝑖𝑠fied: ∀ 𝜎, 𝜌, 𝜀 ∈  𝜕, 
(i) 𝜎 ∗ 0  =  𝜎, 
(ii) 𝜎 ∗ 𝜌 =  (𝜎 ∗ 𝜀)  ∗ (𝜌 ∗ 𝜀) , 
(iii)   𝜎 ∗ 𝜌 =  𝜌 ∗ 𝜎 =  0  𝑖𝑚𝑝𝑙𝑦  𝜎 =  𝜌. 
 

Remark. 2.2 [24].        

         F𝑜𝑟 𝑏𝑟𝑒𝑣𝑖ty w𝑒 𝑎𝑙𝑠𝑜 𝑐𝑎ll 𝜕 RG-A, we 

ca𝑛 𝑑𝑒𝑓𝑖𝑛𝑒 𝑎 𝑏𝑖𝑛𝑎𝑟𝑦 𝑟𝑒𝑙𝑎𝑡𝑖on (≤) b𝑦 𝑝𝑢𝑡ting  𝜎 ≤
𝜌 𝑖𝑓𝑎nd 𝑜𝑛𝑙𝑦 𝑖𝑓 𝜎 ∗ 𝜌 = 0 . 
 

Example. 2.3([24]).   

     Let 𝜕 = {0 , 1} and let ∗ b𝑒 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏y: 

 

∗ 0 1 

0  0 1 

1 1 0  

    Then (𝜕;   , 0 ) is an RG-A.  
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Example. 2.4 [24].   

    Let 𝜕 ={0 , a, b, c} and (𝜕;∗) be the 

p𝑎𝑖𝑟 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 𝑡ℎ𝑒 𝑡𝑎ble: 

 

 

 

 

 

 

 

    (𝜕;∗ ,0 ) is an RG-A. 

 

Proposition. 2.5 [15].  

    In any RG-A (𝜕;∗ ,0 ), th𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 ℎ𝑜ld: ∀𝜎, 𝜌 ∈ 𝜕, 
i)    𝜎 ∗ 𝜎 =  0 , 
ii)   0  ∗ (0  ∗ 𝜎) =  𝜎, 
iii)  𝜎 ∗ (𝜎 ∗ 𝜌) =  𝜌, 
iv)  𝜎 ∗ 𝜌 =  0   𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝜌 ∗ 𝜎 =  0 , 
v)   𝜎 ∗ e = 0  𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝜎 = 0 ,  
vi)   0 ∗ (𝜌 ∗ 𝜎) =  𝜎 ∗ 𝜌 

   In any RG-A (𝜕;∗ ,0 ), tℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 ℎ𝑜ld: ∀𝜎, 𝜌, 𝜀 ∈ 𝜕, 

i)   (𝜎 ∗ 𝜌) ∗ (0 ∗ 𝜌) = (𝜎 ∗ (0 ∗ 𝜌)) ∗ 𝜌 = 𝜎, 

ii)   𝜎 ∗ (𝜎 ∗ (𝜎 ∗ 𝜌))  = 𝜎 ∗ 𝜌, 
iii) (𝜎 ∗ 𝜌) ∗ 𝜀 = (𝜎 ∗ 𝜀) ∗ 𝑦. 
iv)   𝜎 ∗ 𝜌 =  (𝜀 ∗ 𝜌) ∗ (𝜀 ∗ 𝜎), 

v)  ((𝜎 ∗ 𝜌) ∗  (𝜎 ∗ 𝜀)) ∗ (𝜀 ∗ 𝜌) = 0 . 

 

Definition. 2.7([15]).   

      Let (𝜕;   , 0 ) be a RG-A and let  𝑆 be a no𝑛𝑒𝑚𝑝𝑡𝑦  

 𝑠𝑢𝑏𝑠et  of 𝜕.  𝑆  is cal𝑙𝑒𝑑 𝑎n RG-subalgebra of 𝜕 (RG-SA) if  

𝜎 ∗ 𝜌  ∈  𝑆 wℎ𝑒𝑛𝑒𝑣er 𝜎, 𝜌 ∈ 𝑆 . 

 

Definition. 2.8([19]).   

      A no𝑛𝑒𝑚𝑝𝑡𝑦 𝑠𝑢𝑏set 𝐼 of a RG-A (𝑋;   , 0 ) i𝑠 𝑐𝑎𝑙led an 

ideal of 𝜕 (RG-I) if it sa𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑐𝑜𝑛𝑑𝑖tions: 

for any 𝜎, 𝜌 ∈  𝜕, 

(I1) 0  ∈  𝐼 ;  

(I2) 𝜎 ∗ 𝜌 ∈  𝐼 𝑎𝑛𝑑 𝜎 ∈  𝐼   𝑖𝑚p𝑙𝑦  𝜌 ∈  𝐼.  

 

Proposition . 2.9 ([15]).   

    Every RG-I of RG-A is an RG-SA.  

 

Definition. 2.10 ([15]).    

    Let (𝜕;   , 0 )be a RG-A, a fuz𝑧𝑦 𝑠𝑢𝑏set 𝜇 of 𝜕 i𝑠 𝑐𝑎𝑙𝑙ed a 

fuzzy RG-subalgebra of 𝜕 (FRG-SA) if ∀𝜎, 𝜌 ∈ 𝜕,  
𝜋 (𝜎 ∗ 𝜌)  ≥   𝑚𝑖𝑛 {𝜋 (𝜎), 𝜋 (𝜌)} . 
 

Definition. 2.11([15]).    

    Let (𝜕;   , 0)  be a RG-A, a fu𝑧𝑧𝑦 𝑠𝑢𝑏set 𝜋 of 𝜕 i𝑠 𝑐𝑎𝑙𝑙ed a 

fuzzy ideal of 𝜕 (FRG-I) if it sa𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑡he 

fol𝑙𝑜𝑤𝑖𝑛𝑔 𝑐𝑜𝑛𝑑𝑖tions, ∀𝜎, 𝜌 ∈ 𝜕, 
(1)    𝜋(0)  ≥ 𝜋 (𝜎) , 

(2)   𝜋 (𝜌)  ≥   𝑚𝑖𝑛 {𝜋 (𝜎 ∗ 𝜌), 𝜋 (𝜎)} . 

 

 

Lemma. 2.12([15]).   

     Let 𝜋  be a FRG-I of RG-A (𝜕;   , 0 )and if  𝜎 ≤  𝜌,  then 

𝜇(𝜎)   ≥  𝜇(𝜌) , ∀𝜎, 𝜌 ∈ 𝜕,. 
 

Proposition. 2.13([15]).   

1-  Let 𝜋 be a fu𝑧𝑧𝑦 𝑠𝑢𝑏𝑠𝑒t of RG-A (𝜕;   , 0 ) . 𝜋 is a FRG-

SA of 𝜕 if a𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑓𝑜𝑟 𝑒𝑣𝑒ry t  [0 ,1], 𝜋𝑡 is an RG-SA 

of 𝑋 . 

2-     Let 𝜋  be a fu𝑧𝑧𝑦 𝑠𝑢𝑏𝑠et of RG-A (𝜕;∗ ,0 ), 𝜋 is a FRG-I 

of 𝜕 if and on𝑙𝑦 𝑖𝑓 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟y t  [0 ,1], 𝜋𝑡 is RG-I of 𝜕 . 

3-   Let A b𝑒 𝑎 𝑛𝑜𝑛𝑒𝑚𝑝𝑡𝑦 𝑠𝑢𝑏𝑠et of a RG-A (𝜕;   , 0 ) and  

𝜋 be a 𝑓𝑢𝑧𝑧𝑦 𝑠𝑢𝑏𝑠et of 𝜕 sucℎ 𝑡ℎat 𝜋 is into {0 , 1}, so that 𝜋 

is the ch𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑛𝑐tion of A. Then𝜋 is a FRG-I of 𝜕 if 

a𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖f A is RG-I of 𝜕 . 

 

Proposition. 2.14([15]).   

   Every FRG-I of RG-A is a FRG-SA. 

 

Definition. 2.15[6,7]:                                                                               

   Let 𝜕 be a non𝑒𝑚𝑝𝑡𝑦 𝑠𝑒t and 𝜋 be a fu𝑧𝑧𝑦 𝑠𝑢𝑏𝑠et of 𝜕 and 

let 𝛼 ∈  [0 , 𝑇]. A ma𝑝𝑝𝑖𝑛g  πα
T : 𝜕 →  [0 ,1] is ca𝑙𝑙𝑒d a 𝜶-

translation fuzzy sub-set  of 𝜋 if it satisfies: 

𝜋𝛼
𝑇(𝜎) =  𝜋(𝜎) +  𝛼, for all 𝜎 ∈  𝜕, whereT = 1 −

sup {𝜋(𝜎): 𝜎 ∈ 𝜕}. 

 

Definition. 2.16([10 ]).    

    Let (𝜕; ∗ ,0 )  be an RG-A, a fuz𝑧𝑦 𝑠𝑢𝑏𝑠et 𝜋 𝑖𝑛 𝜕 is called a 

fuzzy q-ideal of 𝜕 (Fq-I) if it 

satisf𝑖𝑒𝑠 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜ns: ∀𝜎, 𝜌, 𝜀 ∈ 𝜕, 
(1)    𝜋 (0 )  ≥  𝜋 (𝜎) , 

(2)    𝜋 (𝜎 ∗ 𝜀)  ≥   𝑚𝑖𝑛 {𝜋 ((𝜎 ∗ 𝜌) ∗ 𝜀), 𝜋 (𝜌)} . 

 

Proposition . 2.17([10 ]).    

    Every Fq-I of RG-A (𝜕;   , 0 ) is a FRG-I of  𝜕. 

 

3. The Bifuzzy RG-subalgebras of RG-algebra 

     In this section, we shall define the notion of bifuzzy 

RGsubalgebra of RGalgebra and we study its properties when 

the bifuzzy RGalgebra is replace with bifuzzy RGsubalgebra 

of RGalgebra. 

 

Definition 3.1.  

    Let (𝜕; ∗ ,0 ) be RG-algebra, a fuzzy sub-set  𝑣 of 𝜕 is called 

an antifuzzy RG-subalgebra of 𝜕 if ∀𝜎, 𝜌 ∈ 𝜕, 
  𝑣 (𝜎 ∗ 𝜌)  ≤   𝑚𝑎𝑥 {𝑣 (𝜎), 𝑣 (𝜌)}  . 
 

Definition 3.2.  

    A bifuzzy sub-set  A in a nonempty-set 𝜕 is an object 

having the form   𝐴 =  {(𝜎, 𝜋𝐴(𝜎), 𝜈𝐴  (𝜎)) | 𝜎 𝜕} where the 

functions   𝜋𝐴: 𝜕 → [0 ,1] denote the fuzzy function 

and 𝜈𝐴: 𝜕 → [0 ,1] denote the degree of antifuzzy function and 

𝑒  ≤  µ𝐴 (𝜎)  +  𝜈𝐴  (𝜎)  ≤  1 , for all 𝜎  𝜕.  

 

 

 

∗ 0  a b c 

0 0  a b c 

a a 0  c b 

b b c 0  a 

c c b a 0  
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Definition 3.3.  

     Let  𝐴 =  {(𝜎, 𝜋𝐴(𝜎), 𝜈𝐴  (𝜎)) |𝜎 𝜕}   be a bifuzzy sub-set  

of an RG-algebra (𝜕; ∗ ,0 ).  A is said to be bifuzzy 

RGsubalgebra of 𝜕 if : ∀𝜎, 𝜌 ∈ 𝜕,  
(IFS1)     𝜋𝐴(𝜎 ∗ 𝜌) ≥  𝑚𝑖𝑛 {𝜋𝐴(𝜎), 𝜋𝐴(𝜌)} , 
(IFS2)     𝜈𝐴(𝜎 ∗ 𝜌) ≤  𝑚𝑎𝑥 {𝜈𝐴(𝜎), 𝜈𝐴(𝜌)}  . 

i.e., 𝜋𝐴 is fuzzy RG-subalgebra of RG-algebra and 𝜈𝐴 is 

antifuzzy RG-subalgebra of RG-algebra. 

 

Example 3.4.  

     Let  𝜕 ={0 ,1,2, 3} in which (∗) be a defined by the 

 following table: 

 
 
 
 

 

 

 

   Then (𝜕; ∗ ,0 ) is an RG-algebra . S1 ={0 ,1}, S2 ={0 ,2}, 

S3={0 ,3} and  S4 ={0, 1, 2, 3} are RG-subalgebras of 𝜕.   

Define a fuzzy sub-set  𝜋𝐴: 𝜕 → [0 ,1] ∋  𝜋𝐴 (0) = 0 .7 , 𝜋𝐴 

(1) = 𝜋𝐴 (2) =0 .6,  𝜋𝐴 (3) = 0 .4,  

 𝜈𝐴:   ∂ → [0 ,1] ∋  𝜈𝐴 (0) = 0.3 , 𝜈𝐴 (1) = 𝜈𝐴 (2) =0 .4,  

 𝜈𝐴 (3) = 0 .6. 

     Routine calculation gives that 𝜋𝐴 is a fuzzy RG-subalgebra 

of 𝜕 and that 𝜈𝐴 is antifuzzy RG-subalgebra of 𝜕. 

 

Proposition 3.5.  

    Every bifuzzy RG-subalgebra  

𝐴 =  {(𝜎, 𝜋𝐴(𝜎), 𝜈𝐴  (𝜎)) | 𝜎 𝜕} of RG-algebra (𝜕; ∗ ,0 ) 

satisfies the inequalities  𝜋𝐴(0 )  ≥  𝜋𝐴(𝜎) and 𝜈𝐴(0 ) ≤

𝜈𝐴(𝜎), ∀𝜎  𝜕.  

Proof:  

     𝜋𝐴(0 )  =  𝜋𝐴(𝜎 ∗ 𝜎)  ≥ 𝑚𝑖𝑛{ 𝜋𝐴(𝜎) , 𝜋𝐴(𝜎) }  =  𝜋𝐴(𝜎) 

and 𝜈𝐴(0 )  =  𝜈𝐴(𝜎 ∗ 𝜎) ≤ 𝑚𝑎𝑥 {𝜈𝐴(𝜎), 𝜈𝐴(𝜎)}  =  𝜈𝐴(𝜎). ⌂ 

 

Definition 3.6. 

    For a fuzzy sub-set s  𝜋𝐴 and 𝜈𝐴  of an RG-algebra (𝜕; ∗ ,0 ) 

and  t Im(𝜈𝐴)  with t ≥ α,  let 𝑈 (𝜋𝐴, 𝑡)  =  {𝜎  𝜕 | 𝜋𝐴(𝜎)  ≥
𝑡  } and  s Im(𝜈𝐴)  with s ≤ 𝜀,  𝐿(𝜈𝐴, 𝑠) =  {𝜎  𝜕 |𝜈𝐴(𝜎) ≤
𝑠}.  
 

Remark 3.7.                                                    

1-   If  𝜋𝐴  is a fuzzy RG-subalgebra of  RG-algebra (𝜕; ∗ ,0), 

then It’s that 𝑈 (𝜋𝐴, 𝑡) is an RG-subalgebra  of  𝜕, for all  t  

Im(𝜋).  Let 𝜎 , 𝜌 ∈  𝑈 (𝜋𝐴, 𝑡) , then 𝜋𝐴 (𝜎) ≥ t , and  𝜋𝐴 (𝜌) ≥ t 
,  then min{ 𝜋𝐴 (𝜎) , 𝜋𝐴 (𝜌)}≥ t  , since  𝜋𝐴  is a fuzzy RG-

subalgebra, then  𝜋𝐴 (𝜎 ∗ 𝜌)≥ 𝑚𝑖𝑛 { 𝜋𝐴(𝜎) , 𝜋𝐴(𝜌)} ≥ t   
,therefore   𝜎 ∗ 𝜌 ∈  𝑈 (𝜋𝐴, 𝑡) . 
2-    If  𝜈𝐴  is antifuzzy RG-subalgebra of  𝑋, then It’s 

that  𝐿(𝜈𝐴 , 𝑠)is an RG-subalgebra of  𝑋, for all  s  Im(𝜈).  Let 

𝜎 , 𝜌 ∈   𝐿(𝜈𝐴 , 𝑠), then 𝜈 (𝜎) ≤ s, and 𝜈 (𝜌) ≤ s ,  then max { 𝜈𝐴 

(x) , 𝜈𝐴 (y)}≤ s  , since  𝜈𝐴  is antifuzzy RG-subalgebra, then 

𝜈𝐴 (𝜎 ∗ 𝜌)≤ 𝑚𝑎𝑥 { 𝜈𝐴(𝜎) , 𝜈𝐴(𝜌)} ≤ s  ,therefore   𝜎 ∗ 𝜌 ∈
  𝐿(𝜈𝐴 , 𝑠) . 

3-    But if we do not give a condition that  𝜋𝐴  is a fuzzy RG-

subalgebra of 𝜕, then 𝑈 (𝜋𝐴, 𝑡) is not an RG-subalgebra of  𝜕 or  

𝜈𝐴  is antifuzzy RG-subalgebra of  𝜕, then  𝐿(𝜈𝐴, 𝑠)is not an RG-

subalgebra of  𝜕 as seen in the following example.  

 

Example 3.8.  

      Consider 𝜕 = {0, 1, 2, 3 } is an RG-algebra which is given 

in Example (3.4) .  Define a fuzzy sub-set  λ of 𝜕: 

 

𝜕 0  1 2 3 

𝜋𝐴 0 .7 0 .6 0 .4 0 .3 

    

   Then  𝜋𝐴 is not a fuzzy RG-subalgebra of 𝜕.                                         

      Since   𝜋𝐴 (1∗2) = 0 .3 < 0 .4  = min{ 𝜋𝐴 (1), 𝜋𝐴 (2)}.  

For  t = 0 .5, we obtain  𝑈 (𝜋𝐴, 𝑡)  = {0, 1, 2} which is not 

 an RG-subalgebra of 𝜕 since   1*2 = 3  𝑈 (𝜋𝐴, 𝑡) . 
 

Proposition 3.9.    

     Let  𝐴 =  {(𝜎, 𝜋𝐴(𝜎), 𝜈𝐴  (𝜎)) |𝜎 𝜕}   be a bifuzzy sub-set  

of an RGalgebra ( 𝜕;∗ ,0 ) .   If 𝐴  is a bifuzzy RG-subalgebra 

of 𝜕 , then it satisfies: for any t, s[0 , 1],  𝑈(𝜋𝐴, 𝑡) ≠ ∅  

implies 𝑈(𝜋𝐴, 𝑡) is an RG-subalgebra of 𝜕 and 𝐿(𝜈𝐴, 𝑠) ≠ ∅  

implies 𝐿(𝜈𝐴, 𝑠) is an RG-subalgebra of 𝜕.  

Proof:  

    Assumethat 𝜋  is a fuzzy RG-subalgebra of 𝜕, let t [0 ,1]  

be ∋ 𝑈(𝜋𝐴, 𝑡) ≠ ∅, and let 𝜎, 𝜌 ∈ 𝜕  be ∋ 𝜎, 𝜌𝑈(𝜋, 𝑡), then 

 𝜋𝐴(𝜎) ≥ 𝑡 and 𝜋𝐴(𝜌) ≥ 𝑡, so 

𝜋𝐴 (𝜎 ∗ 𝜌)  ≥  𝑚𝑖𝑛{𝜋𝐴 (𝜎), 𝜋𝐴 (𝜌)} ≥  𝑡, so that (𝜎 ∗ 𝜌) ∈
𝑈(𝜋𝐴, 𝑡).  Hence 𝑈(𝜋𝐴, 𝑡) is an RG-subalgebra of 𝜕.   

    Assumethat 𝜈𝐴  is an antifuzzy RG-subalgebra of 𝜕, let  

s [0 ,1] be ∋ 𝐿(𝜈𝐴, 𝑠) ≠ ∅, and let 𝑤, 𝑢 ∈ 𝑋  be ∋ 𝜎, 𝜌 

𝐿(𝜈𝐴, 𝑠), then  𝜈𝐴(𝜎) ≤ 𝑠 and  𝜈𝐴(𝜌) ≤ 𝑠, so  

 𝜈𝐴 (𝜎 ∗ 𝜌)  𝑚𝑎𝑥{𝜈𝐴 (𝜎), 𝜈𝐴 (𝜌)} ≤  𝑠, so that (𝜎 ∗ 𝜌) ∈
𝐿(𝜈𝐴, 𝑠).  

    Hence 𝐿(𝜈𝐴, 𝑠) is an RG-subalgebra of 𝜕.  ⌂ 

 

Proposition 3.10 .    

     Let  𝐴 =  {(𝜎, 𝜋𝐴(𝜎), 𝜈𝐴  (𝜎)) | 𝜎 𝜕}   be a bifuzzy sub-set  

of an RG-algebra ( 𝜕;∗ ,0 ) . If 𝑈(𝜋𝐴, 𝑡)  and 𝐿(𝜈𝐴, 𝑠) are RG-

subalgebras of 𝜕, for all t, s[0 , 1],  𝑈(𝜋𝐴, 𝑡) ≠ ∅ ≠ 𝐿(𝜈𝐴, 𝑠), 
then 𝐴  is a bifuzzy RG-subalgebra of 𝜕 .  

Proof:  

       Suppose that 𝐴 is not bifuzzy RG-subalgebra of 𝜕, 

satisfies 𝑈(𝜋𝐴, 𝑡) is an RG-subalgebra of 𝜕.   Now, assume 

𝜋𝐴 (𝜎 ∗ 𝜌)  <  𝑚𝑖𝑛 {𝜋𝐴(𝜎), 𝜋𝐴 (𝜌)},   

taking 𝑡𝑒  =  
1

2
(𝜋𝐴 (𝜎 ∗ 𝜌) +  𝑚𝑖𝑛{𝜋𝐴 (𝜎), 𝜋𝐴  (𝜌)}),  we have 

𝑡𝑒  [0 , 1] and 𝑚𝑖𝑛{𝜋𝐴(𝜎), 𝜋𝐴 (𝜌)}  > 𝑡𝑒 > 𝜋𝐴 (𝜎 ∗ 𝜌), it 

follows that 𝜎, 𝜌 𝑈(𝜋𝐴, 𝑡𝑒 )  and 

 𝜎 ∗ 𝜌 ∉ 𝑈(𝜋𝐴, 𝑡𝑒 ), this is a contradiction since 𝑈(𝜋𝐴, 𝑡𝑒 )   is 

an RG-subalgebra of 𝜕 ,  

∗ 0  1 2 3 

0 0 1 2 3 

1 1 2 3 0 

2 2 3 0 1 

3 3 0 1 2 
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     And  𝐿(𝜈𝐴, 𝑠) is an RG-subalgebra of 𝜕, assume 𝜈𝐴  (𝜎 ∗
𝜌)  >  𝑚𝑎𝑥{𝜈𝐴(𝜎), 𝜈𝐴 (𝜌)},   

taking 𝑡𝑒  =  
1

2
(𝜈𝐴 (𝜎 ∗ 𝜌) +  𝑚𝑎𝑥{𝜈𝐴  (𝜎), 𝜈𝐴 (𝜌)}),  we have 

𝑠𝑒  [0 , 1] and  

𝑚𝑎𝑥{𝜈𝐴(𝜎), 𝜈𝐴 (𝜌)}  < 𝑡𝑒 < 𝜈𝐴  (𝜎 ∗ 𝜌), it follows that 

𝜎, 𝜌 𝐿(𝜈𝐴 , 𝑠𝑒 )  and 

 𝜎 ∗ 𝜌 ∉ 𝐿(𝜋, 𝑡𝑒 ), this is a contradiction since 𝐿(𝜈𝐴, 𝑠𝑒 )   is an 

RG-subalgebra of 𝑋 .    Therefore 𝐴  is a bifuzzy RG-

subalgebra of 𝜕. ⌂   

 

Corollary 3.11.    

      Let  𝐴 =  {(𝜎, 𝜋𝐴(𝜎), 𝜈𝐴  (𝜎)) |𝜎 𝜕}   be a bifuzzy sub-set  

of an RGalgebra ( 𝜕;∗ ,0 ) .  If A is a bifuzzy an RG-

subalgebra of 𝜕, then for every 𝑡  𝐼𝑚(𝜋𝐴),   𝐿(𝜋𝐴, 𝑡)is an 

RG-subalgebra of 𝜕  and 𝑠  𝐼𝑚(𝜈𝐴), 𝐿(𝜈𝐴, 𝑠) is an RG-

subalgebra of 𝜕.   

 

Definition 3.12. 

     Let  𝐴 =  {(𝜎, 𝜋𝐴(𝜎), 𝜈𝐴  (𝜎)) |𝜎 𝜕} be a bifuzzy sub-set  

of an RG-algebra (𝜕;∗ ,0 ) where i ∈ Λ ∋ 𝜋𝐴𝑖  are a fuzzy RG-

subalgebras of 𝜕   and  𝑣𝐴𝑖  are antifuzzy RG-subalgebras of 𝜕,  

for any 𝜎 ∈ 𝜕, then 

 

1-The R_intersection of any set of bifuzzy sub-set  of  𝜕 is 
(∩ 𝜋𝐴𝑖)(𝜎) = inf (𝜋𝐴𝑖)(𝜎) and (∪ 𝑣𝐴𝑖)(𝜎) = sup (𝑣𝐴𝑖)(𝜎). 

2-The P_intersection of any set of bifuzzy sub-set  of  𝑋 is 

(∩ 𝜋𝐴𝑖)(𝜎) = inf (𝜋𝐴𝑖)(𝜎) and (∩ 𝑣𝐴𝑖)(𝜎) = inf (𝑣𝐴𝑖)(𝜎). 

3-The R_union of any set of bifuzzy sub-set  of  𝜕 is (∪
𝜋𝐴𝑖)(𝜎) = sup(𝜋𝐴𝑖) (𝜎) and  (∩ 𝑣𝐴𝑖)(𝜎) = inf (𝑣𝐴𝑖)(𝜎). 

4-The P_union of any set of bifuzzy sub-set  of  𝜕 is (∪
𝜋𝐴𝑖)(𝜎) = sup(𝜋𝐴𝑖) (𝜎) and (∪ 𝑣𝐴𝑖)(𝜎) = sup (𝑣𝐴𝑖)(𝜎). 

 

Proposition 3.13.  

    The R_intersection of any set of bifuzzy RG-subalgebra of  

(𝜕;∗ 0 ) is also bifuzzy RG-subalgebra of 𝜕. 

Proof:  

     Let 𝐴𝑖  =  {(𝜎, 𝜋𝐴𝑖  (𝜎), 𝑣𝐴𝑖  (𝜎)) | 𝜎 ∈ 𝜕}   where i ∈ Λ,   be 

a set of bifuzzy RG-subalgebra of 𝜕  and 𝜎, 𝜌 ∈ 𝜕, then  

 (∩ 𝜋𝐴𝑖)(𝜎 ∗ 𝜌) = 𝑖𝑛𝑓 (𝜋𝐴𝑖)(𝜎 ∗ 𝜌) 

                             ≥  𝑖𝑛𝑓 {𝑚𝑖𝑛{(𝜋𝐴𝑖)(𝜎), (𝜋𝐴𝑖)(𝜌)}} 

                            =  𝑚𝑖𝑛{𝑖𝑛𝑓(𝜋𝐴𝑖(𝜎)), 𝑖𝑛𝑓 (𝜋𝐴𝑖(𝜌))} 

                        = min{(∩ 𝜋𝐴𝑖)(𝜎), (∩ 𝜋𝐴𝑖)(𝜌)}. 

    Hence (∩ 𝜋𝐴𝑖)   is a fuzzy RGsubalgebra of  𝜕.  

  (∪ 𝑣𝐴𝑖)(𝜎 ∗ 𝜌) = sup (𝑣𝐴𝑖)(𝜎 ∗ 𝜌) 

                            ≤ sup {max{(𝑣𝐴𝑖)(𝜎), (𝑣𝐴𝑖)(𝜌)}} 

                            = max{sup (𝑣𝐴𝑖(𝜎)),sup (𝑣𝐴𝑖(𝜌))}  

                            = max{(∪ 𝑣𝐴𝑖)(𝜎), (∪ 𝑣𝐴𝑖)(𝜌)}. 
    Hence (∪ 𝑣𝐴𝑖)   is antifuzzy RG-subalgebra of  𝜕.  

   Therefore, R_intersection of Ai is a bifuzzy RG-subalgebra 

of 𝜕. ⌂ 

 

Remark 3.14.   

      The P-intresection of any sets of bifuzzy RG-subalgebra 

need not be a bifuzzy RG-subalgebra, for example:  

 

 

Example 3.15. 

      Let 𝑋 = {0 , a, b, c, d} be a set with the following table: 

 

 

 

 

 

 

 

 

 

    Then (𝑋; ∗, 0 ) is an RG-algebra. I ={0 , c} and  J ={0 , d} 

are RG-subalgebras of 𝑋 . 

 

     We defined two cubic set 

𝐴1  =  {(𝑥, µ𝐴1 (𝑥), 𝑣𝐴1 (𝑥)) | 𝑥 ∈ 𝑋} and  

 𝐴2  =  {(𝑥, µ𝐴2 (𝑥), 𝑣𝐴2 (𝑥)) | 𝑥 ∈ 𝑋} of 𝑋 by :- 

𝜋𝐴1(x) ={
0 .8   ,      if   x ∈ {0 , c},   

0 .7,        if  x ∈ {a, b},     
0 .6,               otherwise 

  
   𝑣𝐴1

(x) 

={
0 .2 , if   x ∈ {0 , c},   

0 .6,        if  x ∈ {a, b},
0 .4,         otherwise 

 

𝜋𝐴2(x) ={
0 .7 , if x ∈ {0 , d},   

0.2,      otherwise.
   and     𝑣𝐴2(x) 

={
0 .1 , if x ∈ {0 , d},   
0 .4,      otherwise.

 

      Then A1 and A2 are bifuzzy RG-subalgebra of 𝜕 , but 

P_intersection of A1 ∩ A2  is not bifuzzy RG-subalgebra of X .       

Since     

(∩ 𝜋𝐴𝑖)(c ∗ d) = min{0 .7,0 .2} = 0.2 ≱ 0.6 = min{(∩
𝜋𝐴𝑖)(c), (∩ 𝜋𝐴𝑖)(d)} =
min{min{0 .8,0 .2} , min{0 .1,0 .6}}and 

 (∪ 𝑣𝐴𝑖)(c ∗ d) = max {0 .6,0 .4} = 0.6 ≰ 0 .4 =
max{(∪ 𝑣𝐴𝑖)(c), (∪ 𝑣𝐴𝑖)(d)} =
max{max{0 .2,0 .4} , max {0 .4,0 .1}}. 
 

Proposition 3.16.  

     Let 𝐴𝑖  =  {(𝜎, 𝜋𝐴𝑖 (𝜎), 𝑣𝐴𝑖 (𝜎)) | 𝜎 ∈ 𝜕}   where i ∈ Λ,   

be a set of bifuzzy RG-subalgebra of RG-algebra (𝑋;∗ ,0 ), 

where i ∈ Λ,  
𝑖𝑛𝑓{𝑚𝑎𝑥{𝜋𝐴𝑖(𝜎), 𝜋𝐴𝑖(𝜌)}}   =  𝑚𝑎𝑥{𝑖𝑛𝑓 𝜋𝐴𝑖(𝜎), 𝑖𝑛𝑓 𝜋𝐴𝑖(𝜌)}, 

for all 𝜎 ∈ 𝜕, then the  P_intresection of Ai is also a bifuzzy 

RG-subalgebra  of 𝜕. 
Proof:  

     Let 𝐴𝑖  =  {(𝜎, 𝜋𝐴𝑖 (𝜎), 𝑣𝐴𝑖 (𝜎)) | 𝜎 ∈ 𝜕}   where i ∈ Λ,   

be a set of bifuzzy RG-subalgebra of 𝜕  and 𝜎, 𝜌 ∈ 𝜕, then  

 (∩ 𝜋𝐴𝑖)(𝜎 ∗ 𝜌) = 𝑖𝑛𝑓 (𝜋𝐴𝑖)(𝜎 ∗ 𝜌) 

                             ≥  𝑖𝑛𝑓 {𝑚𝑖𝑛{(𝜋𝐴𝑖)(𝜎), (𝜋𝐴𝑖)(𝜌)}} 

                            =  𝑚𝑖𝑛{𝑖𝑛𝑓(𝜋𝐴𝑖(𝜎)), 𝑖𝑛𝑓 (𝜋𝐴𝑖(𝜌))} 

                        = min{(∩ 𝜋𝐴𝑖)(𝜎), (∩ 𝜋𝐴𝑖)(𝜌)} . 

    Hence (∩ 𝜋𝐴𝑖)   is a fuzzy RG-subalgebra of  𝜕.  

  (∩ 𝑣𝐴𝑖)(𝜎 ∗ 𝜌) = 𝑖𝑛𝑓 (𝑣𝐴𝑖)(𝜎 ∗ 𝜌) 

                            ≤ inf {max{(𝑣𝐴𝑖)(𝜎), (𝑣𝐴𝑖)(𝜌)}} 

                            = max{inf (𝑣𝐴𝑖(𝜎)),inf (𝑣𝐴𝑖(𝜌))}  

                            = max{(∩ 𝑣𝐴𝑖)(𝜎), (∩ 𝑣𝐴𝑖)(𝜌)}. 

* 0 a b c d 

0 0 a b c d 

a a b c d 0 

b b c d 0 a 

c c d 0 a b 

d d 0 a b c 
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    Hence (∩ 𝑣𝐴𝑖)   is antifuzzy RG-subalgebra of  𝜕.  

   Therefore, P_ntersection of Ai is a bifuzzy RG-subalgebra of 

𝜕. ⌂ 

Proposition 3.17.  

     Let 𝐴𝑖  =  {(𝜎, 𝜋𝐴𝑖 (𝜎), 𝑣𝐴𝑖 (𝜎)) | 𝜎 ∈ 𝜕}   where i ∈ Λ,   

be a set of bifuzzy RG-subalgebra of RG-algebra (𝜕;∗ ,0 ), 

where i ∈ Λ,  
𝑠𝑢𝑝{𝑚𝑖𝑛{𝜋𝐴𝑖(𝜎), 𝜋𝐴𝑖(𝜌)}}   =  𝑚𝑖𝑛{𝑠𝑢𝑝 𝜋𝐴𝑖(𝜎), 𝑠𝑢𝑝 𝜋𝐴𝑖(𝜌)}, 

for all 𝜎 ∈ 𝜕, then the  P_union of Ai is also a bifuzzy RG-

subalgebra  of 𝜕. 
Proof:  

     Let 𝐴𝑖  =  {(𝜎, 𝜋𝐴𝑖 (𝜎), 𝑣𝐴𝑖 (𝜎)) | 𝜎 ∈ 𝜕}     where i ∈ Λ,   

be a set of bifuzzy RG-subalgebra of 𝑋  and 𝜎, 𝜌 ∈ 𝜕, then  

 (∪ 𝜋𝐴𝑖)(𝜎 ∗ 𝜌) = 𝑠𝑢𝑝 (𝜋𝐴𝑖)(𝜎 ∗ 𝜌) 

                             ≥  𝑠𝑢𝑝 {𝑚𝑖𝑛{(𝜋𝐴𝑖)(𝜎), (𝜋𝐴𝑖)(𝜌)}} 

                            =  𝑚𝑖𝑛{𝑠𝑢𝑝(𝜋𝐴𝑖(𝜎)), 𝑠𝑢𝑝 (𝜋𝐴𝑖(𝜌))} 

                        = min{(∪ 𝜋𝐴𝑖)(𝜎), (∪ 𝜋𝐴𝑖)(𝜌)}. 

    Hence (∪ 𝜋𝐴𝑖)   is a fuzzy RGsubalgebra of  𝜕.  

  (∪ 𝑣𝐴𝑖)(𝜎 ∗ 𝜌) = sup (𝑣𝐴𝑖)(𝜎 ∗ 𝜌) 

                            ≤ sup {max{(𝑣𝐴𝑖)(𝜎), (𝑣𝐴𝑖)(𝜌)}} 

                            = max{sup (𝑣𝐴𝑖)(𝜎),sup (𝑣𝐴𝑖)(𝜌)}  

                            = max{(∪ 𝑣𝐴𝑖)(𝜎), (∪ 𝑣𝐴𝑖)(𝜌)}. 
    Hence (∪ 𝑣𝐴𝑖)   is antifuzzy RG-subalgebra of  𝜕.  

   Therefore, P_union of Ai is a bifuzzy RG-subalgebra of 𝜕. ⌂ 

 

Remark 3.18.  

    The R_union of any sets of bifuzzy RG-subalgebra need not 

be a bifuzzy RG-subalgebra, for example:  

 

Example 3.19. 

      Let 𝜕 = {0 , a, b, c, d} be a set with the following table: 

 

 

 

 

 

 

 

 

 

    Then (𝜕; ∗ ,0 ) is an RG-algebra. It’s easy to show that 

I ={0, 3} and  J ={0 , 4} are RG-subalgebras of 𝜕 . 

     We defined two cubic set 

 𝐴1  =  {(𝜎, 𝜋𝐴1 (𝜎), 𝑣𝐴1 (𝜎)) | 𝜎 ∈ 𝜕} and  

 𝐴2  =  {(𝜎, 𝜋𝐴2 (𝜎), 𝑣𝐴2 (𝜎)) |𝜎 ∈ 𝜕} of X by :- 

𝜋𝐴1(𝜎) ={
0.7   ,      if   𝜎 ∈ {0 ,3},   

0 .6,        if  𝜎 ∈ {1,2},     
0 .5,               otherwise 

      

     𝑣𝐴1(𝜎 )={
0 .1 , if   𝜎 ∈ {0,3},   

0.5,        if  𝜎 ∈ {1,2},
0.3,         otherwise 

 

𝜋𝐴2(𝜎) ={
0 .6 , if  𝜎 ∈ {0 ,4},   
0 .1,      otherwise.

   and   

   𝑣𝐴2(x) ={
0 .1 , ifx ∈ {0 ,4},   
0 .3,      otherwise.

 

      Then A1 and A2 are bifuzzy 𝑅𝐺-subalgebra of 𝜕 , but 

R_union of A1 ∪ A2  are not bifuzzy 𝑅𝐺-subalgebras of 𝜕 .       

Since     

(∪ 𝜋𝐴𝑖)(3 ∗ 4) = max{0 .6,0 .1} = 0.6 ≱ 0 .7 =
max{(∪ 𝜋𝐴𝑖)(3), (∪ 𝜋𝐴𝑖)(4)} =
max{max{0 .7,0 .1} , max{0 .1,0 .5}}and  

 (∩ 𝑣𝐴𝑖)(3 ∗ 4) = max {0 .6,0 .4} = 0 .6 ≰ 0 .2 =
max{(∩ 𝑣𝐴𝑖)(3), (∩ 𝑣𝐴𝑖)(4)} =
max{min{0 .2,0 .4} , min {0 .4,0 .1}}. 
 

Proposition 3.20 .  

    Let 𝐴𝑖  =  {(𝜎, 𝜋𝐴𝑖 (𝜎), 𝑣𝐴𝑖 (𝜎)) | 𝜎 ∈ 𝜕}   where i ∈ Λ,   be 

a set of bifuzzy RG-subalgebra  of RGalgebra (𝑋;∗ ,0 ), 

where i ∈ Λ,  
𝑠𝑢𝑝{𝑚𝑖𝑛{𝜋𝐴𝑖(𝜎), 𝜋𝐴𝑖(𝜌)}}   =  𝑚𝑖𝑛{𝑠𝑢𝑝 𝜋𝐴𝑖(𝜎), 𝑠𝑢𝑝 𝜋𝐴𝑖(𝜌)} 
and 

𝑖𝑛𝑓{𝑚𝑎𝑥{𝜋𝐴𝑖(𝜎), 𝜋𝐴𝑖(𝜌)}}   =  𝑚𝑎𝑥{𝑖𝑛𝑓 𝜋𝐴𝑖(𝜎), 𝑖𝑛𝑓 𝜋𝐴𝑖(𝜌)}, 

for all𝜎, 𝜌 ∈ 𝜕, then the  R_union of Ai is also a bifuzzy RG-

subalgebra of 𝜕. 
Proof:  

  Let 𝐴𝑖  =  {(𝜎, 𝜋𝐴𝑖 (𝜎), 𝑣𝐴𝑖 (𝜎)) | 𝜎 ∈ 𝜕}   where i ∈ Λ,   be a 

set of bifuzzy RG-subalgebra of 𝜕  and 𝜎, 𝜌 ∈ 𝜕, then  

 (∪ 𝜋𝐴𝑖)(𝜎 ∗ 𝜌) = 𝑠𝑢𝑝 (𝜋𝐴𝑖)(𝜎 ∗ 𝜌) 

                             ≥  𝑠𝑢𝑝 {𝑚𝑖𝑛{(𝜋𝐴𝑖)(𝜎), (𝜋𝐴𝑖)(𝜌)}} 

                            =  𝑚𝑖𝑛{𝑠𝑢𝑝(𝜋𝐴𝑖(𝜎)), 𝑠𝑢𝑝 (𝜋𝐴𝑖(𝜌))} 

                        = min{(∪ 𝜋𝐴𝑖)(𝜎), (∪ 𝜋𝐴𝑖)(𝜌)}. 

    Hence (∪ 𝜋𝐴𝑖)   is a fuzzy RGsubalgebra of 𝜕.  

  (∩ 𝑣𝐴𝑖)(𝜎 ∗ 𝜌) = inf (𝑣𝐴𝑖)(𝜎 ∗ 𝜌) 

                            ≤ inf {max{(𝑣𝐴𝑖)(𝜎), (𝑣𝐴𝑖)(𝜌)}} 

                            = max{inf (𝑣𝐴𝑖)(𝜎),inf (𝑣𝐴𝑖)(𝜌)}  

                            = max{(∪ 𝑣𝐴𝑖)(𝜎), (∪ 𝑣𝐴𝑖)(𝜌)}. 
      Hence (∪ 𝑣𝐴𝑖)   is antifuzzy RGsubalgebra of  𝜕.  

   Therefore, R_union of Ai is a bifuzzy RGsubalgebra of 𝜕. ⌂ 

 

4. The Bifuzzyideals of RGalgebra 

    In this section, we shall define the notion of bifuzzy ideals 

on RG -algebra and we study its properties when the bifuzzy 

RG-algebra is replace with bifuzzy ideal of RG-algebra. 

 

Definition 4.1.   

    Let (𝜕;∗ ,0 )  be an RG-algebra, a fuzzy sub-set  𝑣 of 𝜕 is 

called an anti-fuzzy ideal of 𝑿 if it satisfies the following 

conditions, for all 𝜎, 𝜌 ∈  𝜕, 

(AFq-I1)    𝑣 (0 )  ≤ 𝑣 (𝜎) , 

(AFq-I2)    𝑣 (𝜌)  ≤   𝑚𝑎𝑥 {𝑣 (𝜎 ∗ 𝜌), 𝑣 (𝜎)} . 

 

Definition 4.2.   

     Let  𝐴 =  {(𝜎, 𝜋𝐴(𝜎), 𝜈𝐴  (𝜎)) | 𝜎 𝜕}  be a bifuzzy sub-set  

of an RG-algebra (𝜕; ∗ ,0 ).  A is said to be a bifuzzy ideal of 

𝜕 if for all 𝜎, 𝜌 ∈  𝜕,, 

(1)   𝜋𝐴(0 )  ≥  𝜋𝐴(𝜎) and 𝜈𝐴(0 ) ≤  𝜈𝐴(𝜎),  
(2)   𝜋𝐴(𝑦)≥ 𝑚𝑖𝑛{𝜋𝐴(𝜎 ∗ 𝜌), 𝜋𝐴(𝜎)}  and  

(3)   𝜈𝐴(𝑦) ≤ max{𝜈𝐴 (𝜎 ∗ 𝜌), 𝜈𝐴 (𝜎)}. 

i.e., µ𝐴 is fuzzy ideal of RG-algebra and 𝜈𝐴 is anti-fuzzy 

ideal of RG-algebra. 

 

* 0 a b c d 

0 0 a b c d 

a a b c d 0 

b b c d 0 a 

c c d 0 a b 

d d 0 a b c 
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Example 4.3.  

    Let  𝜕 ={0 ,1,2, 3} in which (∗) be a defined by the following 

table: 

 

 

 

 

 

 

 

   Then (𝜕; ∗ ,0 ) is an RG-algebra. It’s easy to show that I1 

={0 ,1}, I2 ={0 ,2}, I3={0 ,3} and  I4 ={0 , 1, 2, 3} are ideals 

of  𝜕.   Define a fuzzy sub-set  

𝜋𝐴: 𝜕 → [0 ,1] ∋  𝜋𝐴 (0 ) = 0 .7 , 𝜋𝐴 (1) = 𝜋𝐴 (2) =0 .6,  𝜋𝐴 (3) 

= 0 .4,  

𝜈𝐴: 𝜕 → [0 ,1] ∋  𝜈𝐴 (0 ) = 0 .3 , 𝜈𝐴 (1) = 𝜈𝐴 (2) =0 .4,  𝜈𝐴 (3) 

= 0 .6. 

     Routine calculation gives that µ𝐴 is a fuzzy ideal of 𝜕 and 𝜈𝐴 

 is anti-fuzzy ideal of 𝜕. 

 

Remark 4.4. 

1-   If  𝜋𝐴  is a fuzzy ideal of an RGalgebra (𝜕; ∗ ,0 ), then It’s 

that 𝑈 (𝜋𝐴, 𝑡) is an ideal of  𝜕, for all  t  Im(𝜋).  Let 𝜎, 𝜌 ∈

 𝑈 (𝜋𝐴, 𝑡) , then 𝜋𝐴(𝜎 ∗ 𝜌) ≥ t , and   𝜋𝐴 (𝜎) ≥ t ,  then min { 

𝜋𝐴 (𝑥 ∗ 𝑦) , 𝜋𝐴 (𝑥)}≥ t  , since  𝜋𝐴  is a fuzzy ideal , then  µ𝐴 

(𝑦)≥ 𝑚𝑖𝑛 { 𝜋𝐴(𝜎 ∗ 𝜌) , 𝜋𝐴(𝜎)} ≥ t   ,therefore   𝑦 ∈  𝑈 (𝜋𝐴, 𝑡) . 
2-    If  𝜈𝐴  is anti-fuzzyideal of  𝑋, then It’s that  𝐿(𝜈𝐴, 𝑠)is an 

ideal of  𝜕, for all  s  Im(𝜈).  Let 𝜎, 𝜌 ∈   𝐿(𝜈𝐴 , 𝑠), then 𝜈𝐴 

(𝜎 ∗ 𝜌) ≤ s , and  𝜈𝐴 (𝜎) ≤ s ,  then max { 𝜈𝐴 (𝜎 ∗ 𝜌) , 𝜈𝐴 

(𝜎)}≤ s  , since  𝜈𝐴  is anti-fuzzy ideal , then  𝜈𝐴 (𝜌)≤
𝑚𝑎𝑥 { 𝜈𝐴(𝜎 ∗ 𝜌) , 𝜈𝐴(𝜎)} ≤ s  ,therefore  𝜌 ∈   𝐿(𝜈𝐴, 𝑠) .     

3-    But if we do not give a condition that  𝜋𝐴  is a fuzzy ideal of  

𝜕, then 𝑈 (𝜋𝐴, 𝑡) is not an ideal of  𝜕 or  𝜈𝐴  is anti-fuzzy ideal of  

𝜕, then  𝐿(𝜈𝐴, 𝑠)is not an ideal of 𝜕as seen in the following 

example.  

 

Example 4.5.  

     Consider 𝜕 = {0 , 1, 2, 3 } is an RGalgebra which is given 

in Example (3.3) .   Define a fuzzy sub-set  𝜋𝐴 of 𝜕: 

 

𝑋 0 1 2 3 

µ𝐴 0 .7 0 .6 0.4 0 .3 

  Then  𝜋𝐴  is not a fuzzy ideal of 𝑋, since   𝜋𝐴 (1∗2) = 0 .3  

< 0 .4  = min{ 𝜋𝐴 (1), 𝜋𝐴 (2)}. For  t = 0 .5, we obtain  𝑈 (µ𝐴, 𝑡)  

= {0 , 1, 2} which is not an ideal of 𝜕 since   1*2 = 3  𝑈 (µ𝐴, 𝑡) . 
 

Proposition 4.6.   

    Let  𝐴 =  {(𝜎, 𝜋𝐴(𝜎), 𝜈𝐴  (𝜎)) | 𝜎 𝜕}  be an bifuzzy sub-

set  of an RG-algebra (𝑋;∗ ,0 ) ∋ A  is a bifuzzy ideal  of 𝜕, 

then 𝑈 (𝜋𝐴, 𝑡)  and  𝑈 (𝜋𝐴 , 𝑡)  are fuzzy ideals of 𝜕, for any t 

Im(𝜇), s Im(𝑣) . 
Proof:  

   Assume that 𝐴 is a bifuzzy ideal , then by Definition (4.2) 

 𝜋𝐴  is a fuzzy  ideal of 𝜕 and 𝜈𝐴 is an anti-fuzzy ideal of 𝜕, then 

by Remark (4.4),  𝑈 (µ𝐴, 𝑡) and   𝐿(𝜈𝐴 , 𝑠) are ideals of 𝜕, for any 

t Im(𝜋), s Im(𝑣). ⌂ 

 

Proposition 4.7.   

    Let  𝐴 =  {(𝜎, 𝜋𝐴(𝜎), 𝜈𝐴  (𝜎)) | 𝜎 𝜕}  be an bifuzzy sub-

set  of an RGalgebra (𝜕; ∗ ,0) ∋ 𝑈 (𝜋𝐴, 𝑡) and   𝐿(𝜈𝐴, 𝑠) are 

fuzzyideals of 𝜕, for all t Im(𝜋), s Im(𝑣), then A  is a 

bifuzzyideal of 𝜕. 

Proof:  

1-   𝜋𝐴 (0 ) ≥ 𝜋𝐴(𝜎)  and  𝑣𝐴 (0 ) ≤ 𝑣𝐴(𝜎). 
2-    Assume that 𝑥, 𝑦 𝑈 (𝜋𝐴, 𝑡) and 𝜋𝐴 of μ is not a fuzzy 

ideal of  𝜕, therefore 𝜋𝐴 (𝑦) < 𝑡  ≤ 𝑚𝑖𝑛{𝜋𝐴 (𝜎 ∗ 𝜌) , 𝜋𝐴 

(𝜎)}, then   (𝜋𝐴)(𝜎 ∗ 𝜌)   t and  (𝜋𝐴)(𝜎) ≥ t  , but    

(𝜋𝐴)(𝜌) <  t . This shows that  𝑦 𝑈 (𝜋𝐴, 𝑡) .  This is a 

contradiction, and so  𝜋𝐴 (𝑦)  ≥  𝑚𝑖𝑛{𝜋𝐴 (𝜎 ∗ 𝜌) , 𝜋𝐴 (𝜎)}, 

for all 𝜎, 𝜌 ∈  𝜕.  Hence 𝜋𝐴   is a fuzzy ideal of  𝜕.  

 𝜈𝐴 (𝜌) > 𝑠 ≥ 𝑚𝑎𝑥{𝜈𝐴 (𝜎 ∗ 𝜌) , 𝜈𝐴 (𝜎)}, then 

   (𝑣𝐴)(𝜎 ∗ 𝜌)  ≤ s and  (𝑣𝐴)(𝜎)  ≤ s, but    (𝑣𝐴)(𝜌) > s .  

This shows that   𝑦  𝐿(𝜈𝐴 , 𝑠).  This is a contradiction, and 

 so  𝜈𝐴 (𝜌)  ≤  𝑚𝑎𝑥{𝜈𝐴  (𝜎 ∗ 𝜌 ), 𝜈𝐴 (𝜎)}, for all 𝜎, 𝜌 ∈  𝜕.    

Therefore,  𝜈𝐴   is anti-fuzzy ideal of  𝑋. 

     Hence A  is a bifuzzy ideal of 𝜕.  ⌂ 

 

Proposition 4.8.   

    Every bifuzzy ideal of RG-algebra (𝜕; ∗ ,0 ) is a bifuzzy 

RG-subalgebra of 𝜕. 

Proof:  

      Let (𝜕 ;∗, 0 ) be an RG-algebra and 

𝐴 =  {(𝜎, 𝜋𝐴(𝜎), 𝜈𝐴  (𝜎)) | 𝜎 𝜕} is a bifuzzy ideal of 𝜕.  

    Since A is an bifuzzy ideal of 𝜕, then by Proposition (4.6) , 

𝑈 (𝜋𝐴, 𝑡) and   𝐿(𝜈𝐴 , 𝑠) are fuzzy ideals of 𝑋, for all t Im(𝜋), 

s Im(𝑣). By Proposition (2.9), 𝑈 (𝜋𝐴, 𝑡) and   𝐿(𝜈𝐴, 𝑠) are 

RGsubalgebras of 𝜕, for all t Im(𝜋), s Im(𝑣).  

    Therefore, 𝜋𝐴 is fuzzy RG-subalgebra of RG-algebra and 𝜈𝐴 

is antifuzzy RG-subalgebra of RG-algebra by Proposition (3.10 

). 

    Hence 𝐴  is a bifuzzy RG-subalgebra of 𝜕  by Definition 

(3.2). ⌂ 

 

Proposition 4.9.  

    The R_intersection of any set of bifuzzy ideal of RG-

algebra (𝜕;∗ ,0 ) is also bifuzzy ideal of 𝜕. 

Proof:  

     Let 𝐴𝑖  =  {(𝜎, 𝜋𝐴𝑖  (𝜎), 𝑣𝐴𝑖  (𝜎)) | 𝜎 ∈ 𝜕}   where i ∈ Λ,   be 

a set of bifuzzy ideal of 𝜕  , then  

1- For any 𝜎 ∈ 𝜕 ,  ∩ 𝜋𝐴𝑖  (0 ) = 𝑖𝑛𝑓 {𝜋𝐴𝑖(0 )} ≥
𝑖𝑛𝑓 {𝜋𝐴𝑖(x)} =∩ 𝜋𝐴𝑖(𝑥)  and  

∪ 𝑣𝐴𝑖  (0 ) = 𝑠𝑢𝑝 {𝑣𝐴𝑖(0 )} ≤ 𝑠𝑢𝑝 {𝑣𝐴𝑖(𝜎)} =∪ 𝑣𝐴𝑖(𝜎). 
2-   for all 𝜎, 𝜌 ∈ 𝜕, 
 (∩ 𝜋𝐴𝑖)(𝜌) = 𝑖𝑛𝑓 (𝜋𝐴𝑖)(𝜌) 

                      ≥  𝑖𝑛𝑓 {𝑚𝑖𝑛{(𝜋𝐴𝑖)(𝜎 ∗ 𝜌) , (𝜋𝐴𝑖)(𝜎)}} 

                     =  𝑚𝑖𝑛{𝑖𝑛𝑓(𝜋𝐴𝑖(𝜎 ∗ 𝜌), 𝑖𝑛𝑓 (µ𝐴𝑖(𝜎))} 

                   = min{(∩ 𝜋𝐴𝑖)(𝜎 ∗ 𝜌) , (∩ 𝜋𝐴𝑖)(𝜎)}    and 

    Hence (∩ 𝜋𝐴𝑖)   is a fuzzyideal of  𝜕.  

∗ 0 1 2 3 

0 0 1 2 3 

1 1 2 3 0 

2 2 3 0 1 

3 3 0 1 2 
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3-  (∪ 𝑣𝐴𝑖)(𝜌) = sup (𝑣𝐴𝑖)(𝜌) 

                            ≤ sup {max{(𝑣𝐴𝑖)(𝜎 ∗ 𝜌) , (𝑣𝐴𝑖)(𝜎)}} 

                            = max{sup (𝑣𝐴𝑖  (𝜎 ∗ 𝜌)),sup (𝑣𝐴𝑖(𝜎))}  

                            = max{(∪ 𝑣𝐴𝑖)(𝜎 ∗ 𝜌) , (∪ 𝑣𝐴𝑖)(𝜎)}. 
    Hence (∪ 𝑣𝐴𝑖)   is anti-fuzzyideal of  𝜕.  

   Therefore, R_intersection of Ai is a bifuzzy ideal of 𝜕. ⌂ 

 

Remark 4.10 .   

      The P-intresection of any sets of bifuzzy ideal need not be 

a bifuzzyideal, for example:  

 

Example 4.11. 

      Let𝜕 = {0 , a, b, c, d} be a set with the following table: 

 

 

 

 

 

 

 

 

 

    Then (𝜕; ∗, 0 ) is an RG-algebra. It’s easy to show that 

I ={0, c} and  J ={0 , d} are ideals of 𝜕 . 

 

     We defined two cubic set  

𝐴1  =  {(𝜎, 𝜋𝐴1 (𝜎), 𝑣𝐴1 (𝜎)) | 𝜎 ∈ 𝜕} and  

𝐴2  =  {(𝜎, 𝜋𝐴2 (𝜎), 𝑣𝐴2 (𝜎)) | 𝜎 ∈ 𝜕} by :- 

𝜋𝐴1(𝜎) ={
0 .8   ,      if   𝜎 ∈ {0 , c},   

0 .7,        if  𝜎 ∈ {a, b},     
0.6,               otherwise 

 

     𝑣𝐴1(𝜎) ={
0.2 , if   𝜎 ∈ {0 , c},   

0 .6,        if  𝜎 ∈ {a, b},
0.4,         otherwise 

 

𝜋𝐴2(𝜎) ={
0 .7 , if  𝜎 ∈ {0 , d},   

0 .5,      otherwise.
   and    

  𝑣𝐴2(𝜎) ={
0 .1 , if  𝜎 ∈ {0 , d},   

0 .4,      otherwise.
 

      Then A1 and A2 are bifuzzy ideal of 𝜕 , but P_intersection 

of A1 ∩ A2  is not bifuzzy ideals of X .     Since     

(∩ 𝜋𝐴𝑖)(𝑏 + 𝑑) = (∩ 𝜋𝐴𝑖)(𝑎) = min{0 .7,0.2} = 0 .2 ≱
0 .5 = min{(∩ 𝜋𝐴𝑖)(𝑏 + 𝑎), (∩ 𝜋𝐴𝑖)(𝑑 − 𝑎)} = min{(∩
𝜋𝐴𝑖)(𝑐) , (∩ 𝜋𝐴𝑖)(𝑑)} =
{ min{min{0 .8,0 .5} , min{0 .6,0 .7}}and  

 (∪ 𝑣𝐴𝑖)(𝑏 + 𝑑) = (∪ 𝑣𝐴𝑖)(𝑎) = max {0 .6,0 .4} = 0.6 ≰
0.4 = max{(∪ 𝑣𝐴𝑖)(𝑏 + 𝑎), (∪ 𝑣𝐴𝑖)(𝑑 − 𝑎)} = max{(∪
𝑣𝐴𝑖)(𝑐), (∪ 𝑣𝐴𝑖)(𝑑)} = max{max{0 .2,0 .4} , max {0 .4,0.1}}. 
 

 

Proposition 4.12.  

     Let 𝐴𝑖  =  {(𝜎, 𝜋𝐴𝑖  (𝜎), 𝑣𝐴𝑖  (𝜎)) | 𝜎 ∈ 𝜕}   where i ∈ Λ,   be 

a set of bifuzzy ideal of RG-algebra (𝜕;∗ ,0 ), where i ∈ Λ,  
𝑖𝑛𝑓{𝑚𝑎𝑥{𝜋(𝜎), 𝜋𝐴𝑖(𝜌)}}   =  𝑚𝑎𝑥{𝑖𝑛𝑓 𝜋𝐴𝑖(𝜎), 𝑖𝑛𝑓 𝜋𝐴𝑖(𝜌)}, 

for all 𝜎 ∈ 𝜕, then the  P-intresection of Ai is also a bifuzzy 

ideal of 𝜕. 
 

Proof:  

     Let 𝐴𝑖  =  {(𝜎, 𝜋𝐴𝑖 (𝜎), 𝑣𝐴𝑖 (𝜎)) | 𝜎 ∈ 𝜕}   where i ∈ Λ,   

be a set of bifuzzy ideal of 𝜕  and 𝜎, 𝜌 ∈ 𝜕, then  

1-     𝜋𝐴𝑖 (0 ) ≥ 𝜋𝐴𝑖(𝜎)  and  𝑣𝐴𝑖  (0 ) ≤ 𝑣𝐴𝑖(𝜎)  implies that 

(∩ 𝜋𝐴𝑖)(0 ) ≥ (∩ 𝜋𝐴𝑖)(𝜎)  and  (∩ 𝑣𝐴𝑖) (0 ) ≤ (∩
𝑣𝐴𝑖)(𝜎)  . 

2-  (∩ 𝜋𝐴𝑖)(𝜌) = 𝑖𝑛𝑓 (µ
𝐴𝑖

)(𝜌) 

                             ≥  𝑖𝑛𝑓 {𝑚𝑖𝑛{(𝜋𝐴𝑖)(𝜎 ∗ 𝜌) , (𝜋𝐴𝑖)(𝜎)}} 

                            =  𝑚𝑖𝑛{𝑖𝑛𝑓(𝜋𝐴𝑖(𝜎 ∗ 𝜌 ), 𝑖𝑛𝑓 (𝜋𝐴𝑖(𝜎))} 

                        = min{(∩ 𝜋𝐴𝑖)(𝜎 ∗ 𝜌) , (∩ 𝜋𝐴𝑖)(𝜎)}. 

    Hence (∩ 𝜋𝐴𝑖)   is a fuzzyideal of  𝑋.  

3-  (∩ 𝑣𝐴𝑖)(𝜌) = 𝑖𝑛𝑓 (𝑣𝐴𝑖)(𝜌) 

                            ≤ inf {max{(𝑣𝐴𝑖)(𝜎 ∗ 𝜌) , (𝑣𝐴𝑖)(𝜎)}} 

                            = max{inf (𝑣𝐴𝑖  (𝜎 ∗ 𝜌)),inf (𝑣𝐴𝑖(𝜎))}  

                            = max{(∩ 𝑣𝐴𝑖)(𝜎 ∗ 𝜌) , (∩ 𝑣𝐴𝑖)(𝜎)}. 
    Hence (∩ 𝑣𝐴𝑖)   is anti-fuzzy ideal of  𝜕.  

   Therefore, P_intersection of Ai is a bifuzzy ideal of 𝜕. ⌂ 

 

Proposition 4.13.  

    Let 𝐴𝑖  =  {(𝜎, 𝜋𝐴𝑖 (𝜎), 𝑣𝐴𝑖 (𝜎)) | 𝜎 ∈ 𝜕}   where i ∈ Λ,   be 

a set of bifuzzyideal of RGalgebra (𝜕;∗ ,0 ), where i ∈ Λ,  
𝑠𝑢𝑝{𝑚𝑖𝑛{𝜋𝐴𝑖(𝜎), 𝜋𝐴𝑖(𝜌)}}   =  𝑚𝑖𝑛{𝑠𝑢𝑝 𝜋𝐴𝑖(𝜎), 𝑠𝑢𝑝 𝜋𝐴𝑖(𝜌)}, 

for all 𝜎 ∈ 𝜕, then the  P_union of Ai is also a bifuzzy ideal of 

𝜕. 
Proof:  

    Let 𝐴𝑖  =  {(𝜎, 𝜋𝐴𝑖 (𝜎), 𝑣𝐴𝑖 (𝜎)) | 𝜎 ∈ 𝜕}   where i ∈ Λ,   be 

a set of bifuzzy ideal of 𝑋  and x, y ∈ 𝑋, then  

1-   𝜋𝐴𝑖 (0 ) ≥ 𝜋𝐴𝑖(𝜎)  and  𝑣𝐴𝑖  (0 ) ≤ 𝑣𝐴𝑖(𝜎)  

implies that (∪ 𝜋𝐴𝑖)(0 ) ≥ (∪ 𝜋𝐴𝑖)(𝜎)  and 

 (∪ 𝑣𝐴𝑖) (0 ) ≤ (∪ 𝑣𝐴𝑖)(𝜎)  . 

2- (∪ 𝜋𝐴𝑖)(𝜌) = 𝑠𝑢𝑝 (𝜋𝐴𝑖)(𝜌) 

                             ≥  𝑠𝑢𝑝 {𝑚𝑖𝑛{(𝜋𝐴𝑖)(𝜎 ∗ 𝜌) , (𝜋𝐴𝑖)(𝜎)}} 

                            =  𝑚𝑖𝑛{𝑠𝑢𝑝(𝜋𝐴𝑖(𝜎 ∗ 𝜌)), 𝑠𝑢𝑝 (𝜋𝐴𝑖(𝜎))} 

                        = min{(∪ 𝜋𝐴𝑖)(𝜎 ∗ 𝜌) , (∪ 𝜋𝐴𝑖)(𝜎)}    and 

    Hence (∪ µ𝐴𝑖)   is a fuzzy ideal of  𝜕.  

3-  (∪ 𝑣𝐴𝑖)(𝜌) = sup (𝑣𝐴𝑖)(𝜌) 

                            ≤ sup {max{(𝑣𝐴𝑖)(𝜎 ∗ 𝜌) , (𝑣𝐴𝑖)(𝜎)}} 

                            = max{sup (𝑣𝐴𝑖) (𝜎 ∗ 𝜌),sup (𝑣𝐴𝑖)(𝜎)}  

                            = max{(∪ 𝑣𝐴𝑖)(𝜎 ∗ 𝜌) , (∪ 𝑣𝐴𝑖)(𝜎)}. 
    Hence (∪ 𝑣𝐴𝑖)   is anti-fuzzy ideal of  𝜕.  

   Therefore, P_union of Ai is a bifuzzy ideal of 𝜕. ⌂ 

 

Remark 4.14.  

    The R_union of any sets of bifuzzy ideal need not be a 

bifuzzyideal, for example:  

 

Example 4.15. 

      Let 𝑋 = {0 , a, b, c, d} be a set with the following table: 

 

 

 

 

 

 

 

* 0 a b c d 

0 0 a b c d 

a a b c d 0 

b b c d 0 a 

c c d 0 a b 

d d 0 a b c 

* 0 1 2 3 4 

0 0 1 2 3 4 

1 1 2 3 4 0 

2 2 3 4 0 1 

3 3 4 0 1 2 

4 4 0 1 2 3 
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    Then (𝜕; ∗ ,0 ) is an RG-algebra. It’s easy to show that 

I ={0, 3} and  J ={0 , 4} are ideals of 𝜕 . 

        Then A1 and A2 are bifuzzy ideal of 𝜕 , but R_union of 

A1 ∪ A2  are not bifuzzy ideals of 𝜕 . We defined two cubic set 

𝐴1  =  {(𝜎, 𝜋𝐴1 (𝜎), 𝑣𝐴1 (𝜎)) | 𝜎 ∈ 𝜕} and  𝐴2  =
 {(𝜎, 𝜋𝐴2 (𝜎), 𝑣𝐴2 (𝜎)) | 𝜎 ∈ 𝜕} of 𝑋 by :- 

𝜋𝐴1(𝜎) ={
0 .7   ,      if   𝜎 ∈ {0 ,3},   

0.6,        if  𝜎 ∈ {1,2},     
0 .5,               otherwise 

 

     𝑣𝐴1(𝜎) ={
e .1 , if   𝜎 ∈ {0 ,3},   

e .5,        if  𝜎 ∈ {1,2},
e .3,         otherwise 

 

𝜋𝐴2(𝜎) ={
0 .6 , if  𝜎 ∈ {0 ,4},   
0 .1,      otherwise.

   and    

  𝑣𝐴2(x) ={
0 .1 , if 𝜎 ∈ {0 ,4},   
0 .3,      otherwise.

 

(∩ 𝜋𝐴𝑖)(2 ∗ 4) = (∩ 𝜋𝐴𝑖)(1) = min{0 .7,0 .2} = 0 .2 ≱ 0 .5 

= min{(∩ 𝜋𝐴𝑖)((2 ∗ 1) ∗ 1), (∩ 𝜋𝐴𝑖)(1)} = min{(∩

𝜋𝐴𝑖)(3) , (∩ 𝜋𝐴𝑖)(4)} = { min{min{0 .8,0.5} , min{0 .6,0 .7}}   

and  

 (∪ 𝑣𝐴𝑖)(2 ∗ 4) = (∪ 𝑣𝐴𝑖)(1) = max{0.6,0.4} = 0.6 ≰ 0 .4 =

max{(∪ 𝑣𝐴𝑖)((2 ∗ 1) ∗ 1), (∪ 𝑣𝐴𝑖)(1)} = max{(∪ 𝑣𝐴𝑖)(3), (∪

𝑣𝐴𝑖)(4)} = max{max{0 .2,0 .4} , max{0 .4,0 .1}}. 

 

Proposition 4.16.  

      Let 𝐴𝑖  =  {(𝜎, 𝜋𝐴𝑖 (𝜎), 𝑣𝐴𝑖 (𝜎)) | 𝜎 ∈ 𝜕}   where i ∈ Λ,   

be a set of bifuzzy ideal of RG-algebra (𝜕;∗ ,0 ), where i ∈ Λ,  
𝑠𝑢𝑝{𝑚𝑖𝑛{𝜋𝐴𝑖(𝜎), 𝜋𝐴𝑖(𝜌)}}   =  𝑚𝑖𝑛{𝑠𝑢𝑝 𝜋𝐴𝑖(𝜎), 𝑠𝑢𝑝 𝜋𝐴𝑖(𝜌)} 

and 

𝑖𝑛𝑓{𝑚𝑎𝑥{𝜋𝐴𝑖(𝜎), 𝜋𝐴𝑖(𝜌)}}   =  𝑚𝑎𝑥{𝑖𝑛𝑓 𝜋𝐴𝑖(𝜎), 𝑖𝑛𝑓 𝜋𝐴𝑖(𝜌)}, 

for all 𝜎 ∈ 𝜕, then the R_union of Ai is also a bifuzzy ideal of 

𝜕. 
Proof:  

   Let 𝐴𝑖  =  {(𝜎, 𝜋𝐴𝑖 (𝜎), 𝑣𝐴𝑖 (𝜎)) | 𝜎 ∈ 𝜕}   where i ∈ Λ,   be 

a set of bifuzzy ideal of 𝑋  and x, y ∈ 𝑋, then  

1-   𝜋𝐴 (0 ) ≥ 𝜋𝐴(𝑥)  and  𝑣𝐴 (0 ) ≤ 𝑣𝐴(𝜎). 

2-  (∪ 𝜋𝐴𝑖)(𝜌) = 𝑠𝑢𝑝 (𝜋𝐴𝑖)(𝜌) 

                             ≥  𝑠𝑢𝑝 {𝑚𝑖𝑛{(𝜋𝐴𝑖)(𝜎 ∗ 𝜌) , (𝜋𝐴𝑖)(𝜎)}} 

                            =  𝑚𝑖𝑛{𝑠𝑢𝑝(𝜋𝐴𝑖(𝜎 ∗ 𝜌) ), 𝑠𝑢𝑝 (𝜋𝐴𝑖(𝜎))} 

                        = min{(∪ 𝜋𝐴𝑖)(𝜎 ∗ 𝜌) , (∪ 𝜋𝐴𝑖)(𝜎)}    and 

     Hence (∪ 𝜋𝐴𝑖)   is a fuzzy ideal of  𝜕.  

3-  (∩ 𝑣𝐴𝑖)(𝜌) = inf (𝑣𝐴𝑖)(𝜌) 

                            ≤ inf {max{(𝑣𝐴𝑖)(𝜎 ∗ 𝜌) , (𝑣𝐴𝑖)(𝜎)}} 

                            = max{inf (𝑣𝐴𝑖) (𝜎 ∗ 𝜌),inf (𝑣𝐴𝑖)(𝜎)}  

                            = max{(∪ 𝑣𝐴𝑖)(𝜎 ∗ 𝜌) , (∪ 𝑣𝐴𝑖)(𝜎)}. 
    Hence (∪ 𝑣𝐴𝑖)   is anti-fuzzy ideal of  𝜕.  

   Therefore, R_union of Ai is a bifuzzy ideal of 𝜕. ⌂ 
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