Journal of Kufa for Mathematics and Computer Vol.11, No.2, Aug., 2024, pp 49-56

Comparing Robust Wilks’ statistics in Multivariate Multiple Linear

Regression
Thamer Warda Hussein Abdullah A. Ameen
Department of Mqthematics Department of Mathematics
C(_)Ileg(_e of Science College of Science
University of Basrah University of Basrah
Basra, Iraq Basra, Iraq
thamer93work@gmail.com dr_abd64@yahoo.com

Orcid.org/0009-0006-0621-6373

DOI: http://dx.doi.org/10.31642/JoKMC/2018/1 70206
Received Feb. 10, 2024. Accepted for publication Jul. 25, 2024

Abstract—In multivariate linear regression, the classical Wilks’ statistic is the most used method to test
hypotheses, which is extremely responsive to the effect of outliers. Many authors have examined the non-robust test
statistic established on normal theories for various cases. In this study, we constructed a robust version of Wilks’
statistic relying on a reweighed minimum covariance determinant estimator, that relies on the weight of the
observations, with the weights being determined by using the Hampel weight function and Huber weight function. A
comparison of the suggested statistics with the regular Wilks’ statistic has been discussed. Monte Carlo studies are
used to evaluate how well test statistics work with different datasets. So, this study looked at how two different test
statistics perform under a normal distribution. The first is the classical Wilks’ statistic, and the second is a proposed
new one. For both of them, the rate of type I errors and the power of the tests were close to the expected significance
levels. In situations where the distribution is contaminated, the proposed statistical method works best. If the data has
been corrupted or affected somehow, this approach seems to perform the best out of the options

Keywords— Minimum Covariance Determinant Estimator, Outliers, Robustness, P-Value, Wilk's Statistic.

I. INTRODUCTION various statistics have been used, Wilks' statistic A is the most
. . . widely used which is defined as:
Consider we have a g-variate dependent (predictor) _IE|
x; = (%1, %12, ...,xiq)Tand a p-variate independent (response) ) |E+H |
y; = (J_Iil'Yiz' ) Vip ) The multivariate multiple linear Where, E and H are given by:
regression model is given by: T ST T
Y = XB + & ) E=Y"Y -B'X"Y 3)
a - H = B"X"Y — nyy" 4)

where ¥YwhereY = (y4, .., v, X = (1,,, (x4, ..., )7, 1,, IS
a n-dimensional vector whose all entries are 1, BBB is
((g x 1) x p) slope matrix and EZE is (p X n) errors matrix.
Multivariate regression finds practical use in various fields
such as engineering, biology, psychology, finance and man . .
more field%. Rece%t resegi/chp s),{[udiesg)(/)n the multivariatg . In case of A < A“»P»”Eﬂ’f! the nuI! .hypothe5|s Ho will be
regression, Friedman and Breiman (1997) [1], McKean and ~ 'eéjected, where  Ag ;.. ., is the critical values degrees of
Davis (1993) [2], Ollia and Koivunen (2003[3]. For testing the ~ freedom p, vz =n—q—1 and vy =q and with level of
null hypothesis HO there is no Significant re'ationship between Significance (04 in WllkS' Critical Values table. When the W||k5I
the set of dependent variables ¥andy and the set of statistic yields significant, which means that its associated p-

independent variables Xx in other words all population  Vvalue falls below a predetermination significance threshold «,
regression this gives evidence to reject the null hypothesis, which

suggests that among the independent variables, there is at least

coefficients are zero, meaning that H, contains that none of ~ One that has a noteworthy influence on the set of dependent
the independent variables collectively contribute to explaining ~ Variables as a group. Assuming that Y is distributed as

statistics are intensely responsive to the impact of outliers (see

where,
B=X"X)"'Xx"y (5)
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[4]). Many multivariate robust estimators of location a scatter
which are resilient to feasible outliers in the data-set have been
proposed, M-estimator Maronna 1976 [5], the minimum
covariance determinant estimator (MCD) Rousseeuw (1984)
[6], S-estimator (Davies 1987, Rousseeuw and Leroy 1987,
Lopuhaa and Hendrik 1989) [7-9]. In high dimensions a robust
estimator of location and scatter investigated by (Woodruff
and Rocke 1994) [10]. The impact of outliers on the Wilks'
statistic will be discussed in a simulation study outlined in
section IV. There for, we present an alternative robust Wilks'
statistic to the classical Wilks' statistic. The Minimum
Covariance Determinant Estimator (MCD) that suggested by
Rousseeuw in (1984) [6] which is highly robust estimator of
scatter and location matrices, for this privilege they are used.
To enhance efficiency while remain high robustness, one can
utilizes re-weighted stops for MCD estimator, a summary of
the MCD estimator is presented in section II. The proposed
approximations have been constructed with accuracy
examination which is shown in section III. In section IV a
simulation study is used to assess the performance of the
proposed statistics and to compare various test statistics in
various cased considering factors such as robustness, the
power of the test and significance level. In section V a real
data is used to conduct a more in-depth assessment of the
proposed robust statistics.

Il. ROBUST ESTIMATOR

To construct the robust wilks’ statistic, we need to estimate
the multivariate parameters of the model. The MCD estimator
of Rousseeuw (1984) [6] is extremely robust estimator of
multivariate scatter matrix and location matrix. The MCD
estimators seek to identify a subset of z observations that
minimizes the sample covariance matrix determinant, where
the subset size z is choose to be in the range from the half size
of the sample to the full size of the sample. The covariance
matrix of the subset gives the estimated scatter matrix € of the
MCD and the mean vector of the subset gives the estimated
location L of the MCD. The effective algorithms for computing
the MCD estimates available in widely-used software
programming languages such as R, python , SAS and
Matlab. To intensify the effectiveness of the MCD, a robust
re-weighted version has been used. To find the estimated
covariance matrix for the MCD many methods have been
suggested, (He and Fung 2000) [11] and (Huber and Van
Driessen 2004) [12].

111. THE PROPOSED WILKS’> APPROXIMATION
STATISTICS

Due to the complicity of the classical Wilks' distribution
which was introduced by Anerson (1958) [13], we will use
Bartlett approach for the Wilks' statistics distribution which is
defined by (see [14]):

N U R RV IO RPN &
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our proposed approximation is an alternative Wilks' statistic
based on RMCD estimators which defined as:

_ __|ER|
R ™ | Eg+Hg|’ @)
where Hy and Ey are given by:
H,=Y" (WX(XTWX)—leW - ZY{—WW ) Y (8)
0ot
Ex=Y" (W-WXX"WX)"'X"W)Y (9)
where,
W =diag(w;), i=12,..,n,
Jw = wiw, w = (w;,wy, .., w,)T.
In our present study, we propose the following

recommendations:

Step-1. Compute the estimated location vector
estimated covariance matrix £ by using the MCD.
Step-2. Calculate the weights w; of the observation y; by
using the Hampel weight function (see Campbell, (1980) [15])
and Huber weight function those defined as:

it and the

{ 1, MD(y;) < d,
i MD(yl-) , MD (3’1) > do
where,
_1(MD(y.-)—do) b,
d=dgye 2\ b2 ,d0=\/§+ﬁ, b, =2, b, =125,

and MD(Y;) is the Mahalanobis distances which given by:

- s0)~1 -
MD(y;) = J(yi - T(E%) (3 - a9 (11)
And w; with Huber weight function is given by:
Wi = { 1, MD(y) < \xZers®), 12)
' 0, wtherwise

Step-3.  For j=j+1 calculate the weighted estimated
location matrix g and the weighted estimated covariance
matrix £ as following:

~7i 1
o= HwiZ’szyi
¥ = Xiwi(yi — ﬁj)(yl' - ﬁj)T

(13)
(14)

1
XTwi-1

Step-4. Repeat steps two and three until the following
condition holds:

B+ /ml” |7/p]”

det(2*1) = det(s))

Now we will present robust forms of Wilks’ statistics
which are much like Ag (7), namely Ag,and Ag,, but relied on
re-weighted minimum covariance determinant estimator with
Huber wight function and Hampel weight function and
construct their approximate distribution.

- (UER —% (p—vup + 1)) InAg,, = XpVup (15)

We can find the degrees of freedom vg, , and vy, to the
robust Wilks' statistic Ag as follows:
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vy, = trace ( WXXTWX)"1 XTW — Z’niw) (16)
1"
vg, = trace(W — WX(XTWX)™1 XTW ) 17)

Now we will use the QQ-plots technique to examine the
accuracy of Ag; and Agz, by the simulation for k = 3000
samples of the multivariate normal distribution and many
cases of p the number of dependent variables, g the number
of the independent variables and n the sample size. The
classical distribution of the £k statistics will undergo
comparison to the approximate distribution of Ag; and Az, by
using QQ-plots, we will insert some of the plots in Fig.1 and
Fig .2. The standard cut-off values of a test, 0.95, 0.975

and 0.99 are presented in these plots as vertical lines. The

plots show that the approximations are accurate for all the
dimensions under the study p €{2,3,4} and q € {2,3,5},
large and small sizes, and for medium and high correlation r
and no correlation r = 0.

r=0.25 n=20 p=2 g=2 Quantiles= 3000
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Fig.1: Ag, QQ-plots in case of n=20, p=2, q=2
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r=0.75 n=30 p=2 g=3 Quantiles= 3000
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Fig.2: Ag, QQ-plots in case of =30, p=2, q=3

IV. MONTE CARLO SIMULATION

Monte Carlo process is a valuable technique for
assessing the performance goodness of the test statistics. The
performance assessment of the test statistics based on type I
error rate and the power of the test, using these two measures
we will compare the behavior of the robust statistics and the
classic Wilks’ statistic, once in case of the data consist outliers
and other in terms of the data is completely normally
distributed. In order to study the type | error rate and the
power of the test, we will consider number of cases,
independent variables p =2,3,4, dependent variables
q=2,3,5, sample sizes n = 20,30,40 and the correlation
between the components of the dependent variable Y, no
correlation r = 0, medium correlation r = 0.5, and strong
correlationr = 0.75 .

1. Significance Level
In order to evaluate and compare the rates of type I error @ of
the test statistics under the study, we generate the observations
of different sizes n once from the multivariate normal
distribution y; ~ N,,(0,I) and another whose contain outliers
using the following model:
Ym ~ Np 0,0,
Vs ~ Np(u*' cl),

m=12,...,[t],
s=[t]+1,....,n
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where, t = ?OTZ [t] is the largest positive integer that is not

less than t, p* = v? /sz,o.om 1, , v = 5,¢ = 0.0625 and

1, is a vector whose all entries are 1, under the null
hypothesis H, : B; = 0, where B, is a matrix that consist all
the rows of the coefficient matrix B except the first row. The
classical Wilks’ statistic A is compared to the Bartltt® x?2
formula eq (7), the robust Wilks’ statistics that we proposed
are compared to the approximate distribution (Huber and
Hampel) which given in section 3. In the simulation this
process has been repeated for k = 3000 times to calculate

a= % (where T (k) is the number of the times that null

hypothesis been rejected when it is true.) The values @ are
considered to be the estimate of the threshold significance
level when the simulated critical values are exceeded the
threshold value of the significance level which is selected to
be 0.05, we can get the nominal level interval from Fawcett
and Salter standard error formula (1989) [16], a+2 X

2-a) gives the standard divination interval about the
nominal level. We opt the plots of the P-value that suggested
by Davidson and McKinnon (1998) [17], as it provides a more
comprehensive representation of how the test statistics
conform to the approximate distribution under the null
hypothesis within the simulated samples. Fig.1 and Fig.2 show
the plots of the P-value, the statistics A, Ag and Ag, are close

to the 45° line.

r=0n=20 p=2

q=2
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Fig.3: P-value in case of normal data
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Fig.4: P-value in case of normal data

2.Power of the test
To find the power of the test of the statistics under the study
and do comparisons between them, we generate the
observations of different sizes n once from the multivariate
normal distribution y; ~ N,(0,I) and another whose contain
outliers using the model:

Ym ~ N, (0,), m=1.2,...,[t],

ys ~ Np(u*, cD), s=[t]+1,....,n

50n [t] is the largest positive integer that is not

where t = —,
100

less than t, p* = v? /sz,o.om 1, , v = 5,¢ = 0.0625 and

1, is a vector whose all entries are 1, under the alternative
hypothesis. We used Davidson and MacKinnon (1998) [18]
method to compare the resulting power size curves. Fig.5,
Fig.6, Fig.7 and Fing.8 show the statistics A, Az and Ag, are
close the each other in term of size power and with respect to
the correlation between the dependent variables, where the
data-sets are normally distributed and contains no outliers. In
case the data has been corrupted and in case of no-correlation
and low-correlation between the dependent variables the
statistics Ag,and A, works way better than A as shown in
Fig.9, Fig.10 and Fig.11, in case of high correlation the
statistics A, Ag,and Ag, are close to each other as shown in
Fig.12.
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Fig 5: Curves of size power normal data
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Fig 7: Curves of size power, normal data
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Fig 6: Curves of size power normal data
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Fig 8: Curves of size power, normal data
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Fig 9: Curves of size power, corrupted data
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Fig.11: Curves of size power, corrupted data
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Fig 10: Curves of size power, corrupted data
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Fig.12: Curves of size power, corrupted data
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V. REAL DATA

In this section we used a real data set (see [14] chapter 3),
normal patients and diabetics where under the study to
measure their glucose intolerance, insulin response to oral
glucose, insulin resistance, relative weight and fasting plasma
glucose, table I below shows the first 10 observations.

TABLE I. REAL DATA OF DIABETES PATIENT (FIRST 10 OBSERVATIONS
ONLY)

n Y1 Y2 X1 X X3
1 0.81 80 356 124 55
2 0.95 97 289 117 76
3 0.94 105 319 143 105
4 1.04 90 356 199 108
5 1 90 323 240 143
6 0.76 86 381 157 165
7 0.91 100 350 221 119
8 21 85 301 186 105
9 0.99 97 379 142 98
10 0.78 97 296 131 94

Where, the independent variables are:
x1= glucose intolerance,
x,=insulin response to oral glucose,
x5 = insulin resistance,
and the dependent variables are:
y, = relative weight,
y, = fasting plasma glucose.
To test the normality of the data set we will use:

A. Mardia Multivariate Normality Test: The Mardia
statistical test is a statistical examination that using to assess if
a given multivariate dataset follows the multivariate normal
distribution (see [18]). This test named after Jagdish
K.Mardia, who introduced it in his book “Measures of
Multivariate Skewness and Kurtosis with Applications.”[19].

TABLE Il MARDIA TEST OF MULTIVARIATE NORMALITY
Test Statistic P value Resul | MVN
t Result
Mardia 101.10593 | 5.71975e-21 | NO NO
Skewness
Mardia 13.53029 0.0 NO
Kurtosis

55

B. The Royston Multivariate Normality Test: Often referred to
as the Royston Test, is another statistical examination used to
determine whether a given multivariate dataset follows the
multivariate normal distribution or not. This test was
introduced by Martin Royston [20-21], which is an extension
of Shapiro test.

TABLE IlI. MULTIVARAITE NORMALITY ROYSTON TEST
Test H P value MVN Result
Royston | 35.61727 1.844201e-8 NO

Testing of the hypothesis was under A, Ag, and Ag,. The test
cannot be rejected according to the corresponding P-value
which is shown in table 4 at « = 0.05 , the proposed statistics
Ag, and Ag, give powerful evidence to reject the testing
hypotheses.

TABLE IV. P-VALUE OF CLASSICAL WILKS’ STATISTIC, Ag, AND Ag,
METHODS.
Method P value
A 0.703493688
Ag, 0.017180954
Ag, 0.017180938

V1. CONCLUSIONS

We introduced enhanced robust forms of Wilks’ statistic based
on re-weighted minimum covariance determinant estimator
Ag, and Ag, and formulated their approximated distributions.
The results indicate that the proposed statistics are close to the
classic Wilks’ statistic A in case of the data is normally
distributed, while the proposed statistics are best of the classic
Wilks’ in case of the contaminated distribution.
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