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Abstract: We explore a connected reaction-diffusion system involving neural responses within limited convex open
domains 2 c R"(p = 1,2,3). Utilizing the Classical Faedo-Galerkin technique and employing compactness
arguments, we establish the existence, uniqueness, and continuous dependence on initial data for strong solutions.
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I. INTRODUCTION

Over the course of several years, extensive research has
been dedicated to reaction-diffusion systems, nonlinear
parabolic partial differential equations with broad applications
in chemistry, ecology, physics, biology, and various other
domains (see [2-7] for additional information). This
investigation focuses specifically on the reaction-diffusion
system describing the transmission of action potentials in
cardiac muscle cells, analogous to the Hodgkin-Huxley model
[8]. Fitzhugh and Nagumo, along with other researchers [9,
10], employed local dynamics to streamline the Hodgkin—
Huxley system. Originally composed of four ordinary
differential equations explaining potential changes across the
membrane of a nerve cell in the giant axon of the squid, the
Hodgkin-Huxley system is condensed to a system of two
partial differential equations referred to as the FHN equations
[8, 11]. Over the years, FHN equations have found applications
in various fields [8, 12-17], including characterizing CO
oxidation on Pt (110) [12], exploring Ca’(+2) waves on
Xenopus oocytes [8] and Medaka eggs [11], and analyzing
reentry in heart tissue [18]. For additional applications, readers
are directed to [19, 21].

This research focuses on examining the neuronal responses
system presented as four coupled reaction-diffusion equations
with Neumann boundary conditions, taking the following form:
(M) Find u,, v;, u, and v, such that.

ou
sa—tl =d,Au; +af(uy) — vy +a(u, —uy),inQr, (1.1)
vy .
¥ T3 =d,Av; + uy — vy + (v, —vy),in Qr, (1.2)
du,
EW =d,Au, + af (uy) — v, —a(uy, —uy),inQp, (1.3)

v
B_tz = dyAvy + Uy — 6v, — (v, —v4),in Qr, (1.4)
du, v, Ju, av,
—ZO,—ZO,—ZO,_ZO; S 15
dv dv v dv onor (1.5)
U1 (,0) = uq9, v1(.,0) = v1,9, U2(.,0) = Uy,
Vo (.,0) == UZ,O in Q, (1.6)

where Qr = Q% (0,T), Q is an open bounded convex
domain in R7(n = 1,2,3), with smooth boundary 0Q,S; =
aQ x (0,T), v denotes the exterior unit normal to 9Q, d; and
d, are known as the diffusion coefficients for u,, v;, u, and v,
respectively, f(u) = 3u —u3. £ and § are small parameters;
and a, 8 measure the coupling strength, which represents the
interactions between neurons. [20] It is assumed that all
parameters are real and finite. Although elliptic issues with
Neumann boundary conditions were initially discussed in [23],
the realization that this problem could be categorized as a
variational problem in a Hilbert space was not widely
recognized until later. [24] demonstrated that elliptic boundary
value problems with Neumann boundary conditions can be
interpreted as weak forms in Hilbert spaces.

Investigating the neuronal responses systems with
Neumann boundary conditions is imperative for various
reasons. Despite the considerable attention directed towards
systems incorporating both Dirichlet and Neumann boundary
conditions, there has been a relatively limited focus on
Neumann boundary conditions specifically. Sherratt [25]
introduces the notion of "oscillatory" reaction-diffusion
equations, particularly in ecological applications, where the
Dirichlet condition is often utilized as a fundamental
approximation to a more realistic Neumann boundary
condition. AI-Ofl [26] conducts a mathematical analysis of
reaction-diffusion  equations with Neumann boundary
conditions, providing evidence for the existence, uniqueness,
and continuous dependence on initial data for both weak and
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strong solutions. Given the significance of this problem, recent
research has increasingly delved into the investigation of
reaction-diffusion systems with Neumann boundary conditions,
as demonstrated by studies such as [16-17].

The principal aim of this investigation is to ascertain the
existence and uniqueness of a strong solution for the system
(1.1)-(1.6) through the utilization of the Faedo-Galerkin
method [1] and the Alaoglu compactness theorem [17]. The
approach involves substituting the infinite-dimensional
dynamical system with a finite-dimensional equivalent through
the utilization of a truncated Eigenfunction expansion. The
existence, uniqueness, and continuous dependence of strong
solutions on initial data in H* (Q) have also been established,
with these outcomes attributed to the low regularity of the
initial data. The structure of this article is as follows: Section 2
provides essential notation, while Section 3 delves into the
discussion of the existence and uniqueness of strong solutions,
as well as their continuous dependence.

Il. NOTATION AND PRELIMINARIES

Throughout this work, Q represents a bounded domain in R”,
n =1,2,3 with a Lipschitz boundary 0Q. We employ the
typical Sobolev spaces W'¥ (Q),l € N,y € [1, ], with the
corresponding norms and semi-norms, denoted by || - ||, and
| |1, respectively. For i = 2, W2 (Q) is indicated by H' ()

with norm |- ||, and seminorm |-|,. If [ =0,W%%(Q) =
L? (). The (-,") symbol represents the L? (Q) inner product
over Q with the norm | -|lo=|"1o. Additionally, ()

represents the duality pairing between (H' (Q)) and H* (@),
where (H* (@))" is H'(Q)'s dual space. The norm
for (H* (@) is given by:

Ko, V)
lIvlly

= sup (e, n)ll,y € H* (.

loll(H'(Q))' = sup 5
ylli=1
(2.1)

Y#0

We present the function spaces that depend on both time and
space, denoted as LY (0,T; X) (1 <y <o), where X
represents a Banach space. These spaces encompass all
functions ¢ for which, almost everywhere in the interval
(0,T), ¢ belongs to X, and the associated norm is finite:

1

T » P
Il(p(t)lll}l’(o"[';x) = (f I(p(t)lxdt> )
0
lo@lleoo,r;x) = ess sup ll()]lx.
te(o,T)

We also define LY (Q,) as L¥ (O, T; Lw(Q)), with 1 ranging
from 1 to oo. In addition, we define C ([0, T]; X) as the space of
continuous functions from [0,T] to X, consisting of
@(t):]0,T] - X such that ¢(t) - ¢(t,) in X as t > t,. We
recall that € ([0, T]; X) is a Banach space with a corresponding
norm (see [27], page 43).
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We also introduce the space L¥(Q;) =LY (0, T; LV’(Q)),
where 1 € [1,00]. Additionally, we define C([0,T];X),
representing the space of continuous functions from [0, T] into
X, denoted as ¢(t): [0,T] - X, such that ¢(t) - @(t,) in X
as t — t,. It is noteworthy that C([0,T];X) forms a Banach
space with the associated norm, as detailed in [27] on page 43.

We also bring to mind well-established Sobolev results:

c , [1,0]ifn=1,
H'(Q) LY (Q) & (H'(@) ,for p € {[1,0) if n =2, (2.2)
[1,6] if n=3,

Where & represents continuous embedding. In accordance
with the Rellich-Kondrachov theorem, as detailed in [28] on
page 114 and [29] on page 8, the embedding in equation (2.2)
is compact. In the case of n = 3, the range for y is adjusted to
P € [1,6].

The following Hdlders inequality is also required: for
1<p;,p, <o such that pi+pi 1 if ¢ €L(Q) and

1 2

0 € LP2(Q) then @o € L*(Q) and

7 7
I|¢QII0,1=j IcveldeU I90I"1dx> (f IQI”de>
QO O Q
= llollo,p, llello,p, (2.3)

This previous inequality can be generalized by applying it
twice to obtain

7 7
lgedllos = j|<oeﬁ|dx < <j|<p|”1dx) <j|g|"2dx)
n 0 0

1

Py
<j|19|P3dx> = llello,p, llello,p, 191lo,p, (2.4)
0
for 1 < py,p,, p3 < o such that — + — + — = 1.
Pr Py P3
The following Young's inequality is widely applied:
hfll’l {ﬂllz 1

00, <Yyt —4—=1 (25)

. ¥y ¥ ¥ ¥

valid for any #,,¢, =0, >0 and ,,, > 1. Another
valuable consequence derived from Young's inequality is as
follows:

2

22 Y
2,0, > —1/;71 - lp—l?z,vel,fz € R,V > 0. (2.6)
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The necessity of the differential form of Gronwall's lemma is

also emphasized: let @, (t) e WL(0,T) and
D, (1), @5(t), ®,(t) € L1(0,T), such that
do, (t)

I + D, (t) < O;()DP,(t) + DL(L), a.e.t € [0,T],
then

©,(T) + [T ®,(0)dt < ebo %[0, (0) + [T ®,dt].

(2.7)

Theorem 2.1. Assuming Q c R7, where n = 1,2,3, is an open
bounded convex domain. Let Uy (), v10(),
Uz0(.), v20() € L*(Q). Then, System (M) has a unique
weak solution u,, vy, u,, v, satisfying:

uy (%, 6), uy (x, £) € L*(Qp) N L2(0, T; HX(Q)) N

L*(0,T; L2(Q) n ¢ ([0, T]; L (), (2.8)
vy (x, 1), v,(x, t) € L2(Qr) N L2(0,T; HX(Q)) N
L*(0,T; 22(Q) n ([0, T]; L*()), (2.9)

and System (M)
L2(0,T; (HY)",
respectively.

4
hold as equalities in L3(0,T; (H)"),
4

L3(0,T; (HY)"), and L*(0,T; (H1)")

A. Local existence
We employ the Faedo-Galerkin method [1], to establish
existence. Let {z;}{2, denote an orthogonal basis for H!(Q)

and an orthonormal basis for L2(Q), comprising eigen-
functions for

—AZi + Z; = Wz;, in Q,

= Q
F 0on 0Q,

(2.10)

< Wy < v with lim p; = 00, (2.11)
—>00

is an infinite set of associated eigenvalues. Note
(Zl,Z]) 1(0) = ul&] and (Zi,Zj) 12(9) = 6” Now set Vk =

span{z;}¥., € H'(Q), and seek a finite-dimensional weak
form corresponding to (M):

(M®) Find uk (., ), vk (., t),uk (., t), v¥(.,t) € V¥ such that
uf (,0) = ufo, Vf ¢,0) = Vfo, ulzc (,0) = u%,o, vé‘(.,O) = Vé{,o,
and for almost every t € (0,T),

iy n* |+ dy (Vuk, vnk) =
ot r

a(f(uf) rlk) - (V1, k) + a(uz u1»7’l ) (2.12)
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8v1

ot > + dz(VVf.VUk) =

uf,n*) = 8(f,n*) + Bw§ —vf,n*) (2.13)
k
aaitz, )+ dy (Vuk, vnk) =
a(f@s),n*) — wi,n*) —ai —uf,n*)  (2.14)
k
aaitz, k>+d2(VU§,Vnk)=
(uzl k) 5('72‘ k) ,3(172 v1‘ k) (2.15)

Now, u¥, vk, uk, v¥ expressed as Galerkin approximations
in the subsequent format

k

w0 = ) aw®70),

i=1
k

v (0 = ) ba®n(), (2.16)
i=1
k
w50 =) cwl®n0),
i=1
k
0 = ) da®n(), (217)
i=1
For i=1,...,k, let n*¥=z. The coefficients

i (t), by (1), cir (t), and d; (t) are not yet known. The
orthogonal projection from L?(Q) onto V* is introduced as
Pk:12(Q) — V¥, This projection ensures that (P¥v,n*) =
(v,n*) for all n* € V*. For elements in H'(Q) c L?(Q), this
definition is valid.

Lemma 2.1. For any y € H*(Q) we have
(WP ), V™) = (Vx, Vn*), vn* e V¥, (2.18)

Upon direct computation, it becomes evident that this
projection operator fulfills the subsequent properties:

IVP*xllo < IVxllo, VX € H(Q). (2.19)
The initial values are selected in the following manner:
uf(.,0) := Pkuf,, vf(.,0) = P*vf,, (2.20)
u%(.,0) := Pkuk ), vk(,0) = Pkvk,, (2.21)
where the following property holds:
{ulf,o: Ufo: ulzc,o' Véc,o} = {u1,0' V1,0, Uz,0 vz,o}
inL2(Q) as k +— oo, (2.22)
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The system of equations (2.12) —(2.15) can be
represented as a set of ordinary differential equations involving
the variables a;; (t), by, (t), ¢y (t), and d;, (t). We express this
system in a composite form that is equivalent to the original.

duk

ed—tl = d,Auf + aP*f(uf) — vf + a(uf —uf),
uk(.,0) == Pk (2.23)
dvk
d—tl = d,AvF + uk — 5vF + p(vE — vb),
vi(.,0) = Pkvk,, (2.24)
duk
e—= = diAuf + aP*f(uf) — vf — a(uf —u),
uf(.,0) = Pkug,, (2.25)
dv¥
d—tz = d,AvE + uf — vk — p(vk —vi),
vE(.,0) = Pkvk . (2.26)

Our subsequent objective is to establish the local Lipschitz
continuity of the nonlinearity within the system of ordinary
differential equations.

Lemma 2.2. let u € C*(Q) and Q is an open bounded
convex domain in R”. Then the nonlinear F(u) = 3u —u® in
system (M) satisfies the inequality

|F(uy) — F(uy)| < Lluy — u,|, where L is Lipschitz constant.

Proof: Based on the assumption, we obtain:

min{u:u € C*°(Q)} < u < max{u:u € C*(Q)}, implying the
existence of a positive integer C such that:

max |u| < C. (2.27)
UEC®(Q)
Now, we have
If () = fw)] = () = (u1)?) = 3(u, — uy)|

= [(up — uy) ((U2)? + upuy + (u)?) — 3(u, —uy)|

= |up — ug||(W)? + upu; + (uy)? = 3] < Jup, — w4

(lua? + luallug | + Juq > + 3] < Llu, —uy|. (2.28)
Which completes the proof.

As a result, f is locally Lipschitz. According to local
existence theorems, such as Picard’s Theorem (see, for
example, Hartman [30], p. 9), it can be concluded that the
system of ordinary differential equations has a unique solution
uk, vK uk, v¥ on afinite time interval (0, t;.).

I11. STRONG SOLUTIONS
We introduce a weak formulation of System (M), find
u (L0, v, 0),u, (L, ), v,(., t) € H(Q) such that u,(.,0) =

ul,O(- ),v1(.,0) = V1,o(- ), uy(.,0) = uz,o(- ), v,(.,0) = Vz,o(-).
and for almost every t € (0,T),
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k

u
(S0 ) + da (Vuk vy =
a(f (@), n*) — (wf,n*) + a(uf — uf,n*) (3.1)
ovk
a—tl,n"> +dy (v, V) =
(uf,n*) = 8wy, n*) + B(vy —vi',n") (3.2)
ouk
€ a—tz,nk + d, (Vuk,vnk) =
a(f s, n*) — w5,n*) — a(uf — uf,n*) (3.3)
ovk
— ) + d, (Vok, k) =
(uz: k) 5(172. k) ,3(172 Ul: ) (3.4)
Theorem 3.1. Assume Q c R7(n=1,2,3) is an open,

bounded, convex domain with a boundary aQ of class C?2.
Assume that u; o, V1 9, Uy 0, V2,0 € H' (), then the system (1.1)
- (1.6) possesses a unique, strong solution u,,v;,u, and v,
satisfying
ul(xl t)l vl (xl t): uZ (xl t): UZ (xl t)E
L(0,T; H2 (@) nc([0,TLH* (@),  (3.5)

and System (M) hold as equalities in L?(Q). Furthermore, the

(u1,o(x)' V1,0 (x)) = (uy (x, £ Uy 0, Uz00 171,0)'

Uy (x, t; U0, V1,00 Vz,o)):

(uz,o (x),v2 (x)) (U (x, t; Uy,0, Uz00 Vz,o)'

7} (x, t; Uz,0, V1,00 Vz,o))'

is continuous in H ().

Proof: In order to establish the existence and uniqueness of
strong solutions, additional regularity results are essential, and
these can be acquired through the application of further a priori
estimations.

A. Existence

The following estimates are essential to this section.
Estimatel: Selecting nk = —Auk, n* = —Avk, ¥ =
—Auk, n* = —Av¥ in the weak forms (3.1) - (3.4),

respectively, the results are combined and integrated by parts

ZE |Vu’f| dx+ |va| dx+s |Vu’2‘| dx +
Zdtf |Vv§| dx+d1 |Vu’f| dx +d, Q|Vu’2‘| dx +
d, Q|va| dx+d, | Q|Vv§|2dx+an|Vu2 Vu1| dx +

B [,|VvE — va|2dx+3af |usuf|2dx+
3a |, |u’2‘Vu’2‘| dx + 6 [,|Vvf | dx + 6 [ |Vvk | dx =

3a fﬂ|Vu’1‘| dx + 3an|Vu2| dx. (3.6)
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Add (fQ|Vv{‘|2dx + fQ|Vv§‘|2dx), on the right-hand side,
multiplying by 2,

e%anuﬂzdx+%fQ|VUf|2dx+e%fﬂ|Vu§|2dx+
%fQ|VU§|2dX + 2d, fn|Auf|2dx + 2d, fﬂ|Au§|2dx +
Zdzf |Av{‘|2dx +2d, |, |Av£‘|2dx+ 2a [, |Vuf -
Vu1| dx+2[3f |vvk —Vv1| dx+6af |u’fVu1| dx +
6af |u’2‘Vu’2‘| dx + 26 [, |Vv{‘| dx +26 |, |Vv§| dx <

( Jo|Vuk | dx + € [, |Vuf | dx + [,|Vvf | dx +

Jo| V5| dx)

(3.7)
Application of Grénwall lemma (2.7) gives
s|u1(T)| + |v{‘(T)| +£|u’2‘(T)| +|v§(T)| +
2d, [ +2d,|[uf

2d2||vf||L2(0TH2) + 2d2||17§||
+ 2ﬁ||v2

LZ(OTHZ) LZ(OTHZ)

L2(0TH2) + za”ulzc -

! ”L2 (0,T,H1)

6a|ukvu

t ||L2(0,T,H1)
ballut v,
26| ||L2(0TH1) + 26]|v ||L2(0TH1) <

e (efut O[] + [ )7 + e[uf @) + [v5O)[7)

2
k”LZ(Q ) +

(3.8)

Then, we deduce that u¥, v¥, u¥, v¥, are uniformly bounded in
L>(0,T; H*(Q)), see Theorem 2.1. We now recall that
L*(0,T; HY(Q)"), the pre-dual of L*(0,T;H'(Q)), is a
separable Banach space but lacks reflexivity. Consequently, we

deduce from the initial and subsequent bounds in equation (3.8)
that

{uk, v, uf, vk} =" {uy, vy, up, 1,3 in L°(0,T; HE(Q)), (3.9)

Then, we have u;,vy,u, and v, € L*(0,T; H*(Q)). We
employ established elliptic regularity results on domains that
are bounded, convex, and open. From the eigenvalue equations
(2.10) and (2.11) (see [17]), we have for finite k that z; €

H2(Q)(=1,..,k), and hence,
uf(, ), vk, 0, uk (1), vE(, ) € L2(Q) for ae. t € (0,T).
Thus, by [35] Theorem 3.133, we have [Juf], <

Cllaut |l lluzll, < cl|aug]|,, for some positive constant C
and a.e. t € (0, T) Therefore from the fifth to eighth bounds
in (3.8), we conclude that u¥, v¥, u¥, v¥ are uniformly bounded
in L2(0,T; H?(Q)). Since L*(0,T; H?(Q)) is a reflexive
Banach space (see [33] page 40), then, by compactness
arguments (see [31] page 289), we deduce the existence of
subsequences uf, v¥, u¥ and v} € L2(0,T; H?(Q)) such that
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{uk, vf, uk, vE} = {uy, vy, uy, v} in L2(0,T; H2 (),

(3.10)
Thus, we arrive at uy,vy,u, and v, € L2(0, T- H2(Q)).
k k
Furthermore since 24 = 0, avl =0,22 _ o, and =0 on

" ov
aQ, it follows by the weak convergence of uk - ul, vk >

vy, uk = u,, and vk > v, in H?(Q), that 661;1—0 v _
/22 = 0 and 22 = 0 on L(00).
Estimate 11: Set n* —oud ko e 0ud e 9vE

at’ at’ at
in the weak form (3.1) - (3.4) respectively, we get the result
when we combine the results

auk avk auk
el |5 d + 15 dx+£f -2 dx+
f%d+ f|Vu|dx+ f|Vu|dx+
- dtf \% k| dx + |Vv§| dx+ |u1| dx +

ad

;Efﬂ|u2| dx"'Zdtf |u2—u1| dx +2dtf|

k| dx+6 f|v{‘| dx +
3a d 3a d
2dtf|v§| dx—;dtf| "|d += f|u’2‘| dx +
fﬂu’f%ldx+fﬂu’2‘aait2 dx — [ vf 6;1 dx Jov¥ 6;1;
(3.11)
Using Inequality (2.5) on the last four terms on the right, we
get
kavl
Jul—dx< f|u1| dx + j dx (3.12)
o Lot
vk
Juz—dx< f|u2| dx + j dx (3.13)
T
ouk X 6u1
fvl—dx<—f|v1| dx += f dx (3.14)
9 ot
ouk ouk
fnvz 6t2 dx_—f|v§| dx + = f atz dx (3.15)

Combining (3.12) - (3.15) in (3.11) and multiplying through by
2, gives

2
6u’2C

dx +e [, |5

2
61;{‘

dx + [, 5

2
au’f

ot dx +

ef,

av§

I, — fQ|Vuf|2dx+d1%fﬂ|Vu’2‘|2dx+
d2;f |va|2dx+d2; Iy |VU§|2dx+adf |uf|4dx-|-
f|u’2‘| dx + a— f|u2—u1|dx+[>’dtf|v2—

dx +d,; =

Zdt
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k|2dx+5 df |v{‘|2dx+6df |v§‘|2dx<
3a— f|u | dx+3a—f |uk | dx + [, |uf | dx +
fn|u’2‘| dx+sfﬂ|v{‘| dx+gfﬂ|v§| dx.

(3.16)
Integrating over time (0, t), leads to
auf)® ot ’ auk|” L]
o 1 (ar) 1(or) o 12(@r) o L (@ar)

d1|u1(T)| +d1|u’2‘(T)| +d2|v{‘(T)| +d2|v§(T)| +
Sk, +2usM];, + alluf (@) - uk @]} +
ﬁllvé‘(T)—vl(T)ll +6|| {‘(T)II + 8[|l || +
3a||u (O)|| +3a||u (0)|| < 3a||u (T)||0 +
ey e e P
(12 ) d1|u'f(0)| + da[uf 0] + d vk @)} +
dofvE O +5 [k @, , +5 a5 @], + allus©) -

uk ()| + BIIV§(0) — v (0)|| + 6||vi‘(0)|| A OI
(3. 17)

Now, on noting bounds in Estimates I,L*(Q;), <
L2(Q), H (Qp) © L*(Q7), H (Q7) © L2(Qr), so the initial
condition u, o, v1 0, Uy and v, € H*, From this deduction, it
follows that the right-hand side of equation (3.17) is
constrained by a p05|tive constant. It can be expressed as:
t?u’lc 6vf 6u2

ot ot ot and are uniformly bounded in L?(Q;). Since
L*(Qp) is a reflexwe Banach space, we can employ
compactness arguments to infer the existence of subsequences
u¥, vk uk and v¥ € L?2(Q;) such that

61;2

{auf ovk ouk avz} {aul dvy Juy avz}

ot ot at ' ot at ' ot ' ot ' ot
in 12(Qy) (3.18)
Thus, we have that aﬂ %,% and aavz € L2(Qp), uy, vy, Uy

and v, € L*(0,T; 1111(9)),u1 and u, € L*(0,T; L*(Q)), v,

and v, €L°(0,T;L2(Q) and  (u; —uy), (v, —vy) €
L*(0,T; L2 ().

Estimate  Ill:  Set n* = W3 n* = W39k =
k)3, n* = (v¥)? in the weak form (3.1) - (3.4) respectively,

combine the results, yields

4dt|| k"04 4-dt|| k”o4 4dt|| k"04 4dt|| k”04
3d1||u’1‘Vu’1‘||0 + 3d2||v{‘Vv{‘||0 + 3d1||u’2‘Vu’2‘||0 +

3, |vkvvk||; + allukl;  + allukllc  + SllvEll; , +
6||v§||:;,4 = 3a||uf||z’4 + 3a||u§||4 + (uk, wH3 +

(uz' (17 ) ) - (7-71, (u ) ) (VZJ (u ) ) + a(uz ulr
(uf)? )—a(uz u1’ W5)®) + pa(vf —vf, (W) +
/’7(172 _171’ (172) ) (3.19)
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Using applying Inequality (2.5) on the final eight terms in the
right hand side, we have that

1
3 4
Luz(v2)3 1 2D
3 3
as 4 4
- L vkdyar < Tk, + = Itlls,,  G.22)
3 3
4
L vk@hyar < T, + — s, (323)

a(uz u1‘(u )? )_a(uz u1'(u )?) = a(uz'(u )3 )_
auf, (uf)? )—a(uz,(uz) ) + auf, (uf)? )< a’”uf”
a||uz||o4 + a—||uz||o4 +a = |k, + Of—||u1||04

a = [l (3.24)

ﬁ(vz _Uly(v1) ) — :3(172 Ul:(UZ) )_:3(‘72;(171) )_
Bk @ - Bk ()7 + A0k, D < I, -
ﬁllvé‘lloﬁﬁ
B = |lvsl:, -

Where @ > 0, combining (3.19) - (3.25), gives
+ —_

sar e, + WH s+ m” e + 51921
3d, [k vu|[” + 3d2||v{‘Vv{‘||0 + 3, Jukvuk | +

3d, s Vo + alluf I|06 +allull;, +alluf (5, +
alluzIIM + @+ Pk, + @+ plvEll;, <

4 4 4
Clllutlly, + It N, + ikl + A1,

sl + 8 o M1l +ﬁ—||v1 Iy, +
(3.25)

(3.26)

Multiplying through by 4 and application (2.7), gives

+

elluk Iy, + Ikl , + ellu (T)IIM vl
12d, |[ulvuk|?, -+ 12d,|[vive|?
12d, ||ufvuk ||L2(Q )+ 124, |[vE Vvl I”
T Y Y
4ar||uk ||L4(Q t 4(8 + B)||vf ||L4(n y t

4(8 + B)||vk ||L4(ﬂ ) S exp(CT)(s”u (O)”

ot @15, + elus @y, + ||v§<0>||0_4)-
(3.27)

Now, on noting the initial condition wu, g, v, Uz, V20
€ HY, and, H1(Qr) © L?(Qy), we deduce that the right-hand
side of (3.27) is bounded by a positive constant. We have that

Lz(ﬂ ) LZ(Q ) +

Lz(n )
+ 4a||uf|| +

Lﬁ(n ) L*(ar)
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ul, vl,uz,vz € LOO(O, T; LZ(Q)), ul,uz € L6(QT) and 171,172 €
L*(Qy).

Lemma 3.1. For some n = 0, suppose that
d¢
c € 1*0,T; H"”(ﬂ)),a € L2(0,T; H'1()).

It follows that ¢ € C([0, T]; H*(Q))
Proof: (See [32], pages 191-194).
Here, in our case, n=1,H"(Q) = H*(Q),H"(Q) =

HY(Q),H""1(Q) = L?(Q). Thus, from Lemma (3.1) we have
that u¥, v¥, uf, vk € C([0, T]; HX(Q))

B. Continuous dependence and uniqueness.

Assume ul,u?, v}, v?, ul, u? and v}, v2 satisfy the weak form
(3.1) - (3.4), with initial conditions ui(.,0) =uf,(),
w0 = ko), R0, ie(),  vE(,0) = vl,(),
u%(!o) = u%‘o(.), u%( '0) = u%,O(') and 1721 (!0) = 1721,0(.),
v2(.,0) = vZ,(.), respectively, such that wui,()#
ufo( ) vig() #v30(), uze() #uio() and wvz,() #
vZ,(.). Setting w, = u} —u? w, =vi —v{,, w3 = uj — uj
and w, =vi—v? and setting n=—Aw; +w; and 5=
—Aw, + 0y, = —Aw; + w3, = —Aw, + w, in (3.1) -
(3.4), Subtracting weak forms results in, after integration by
parts,

1d

SEZIQ (lw1|* + Vo, [#)dx + fn (Jw,|? + [Vw,|H)dx +
gld 1d

s Jo (wsl® + Vo dx + 2= [ (g + [Vw,|?)dx +
dy [ (Vs |? + 8wy [P)dx + dy [, (IVa,|? + [Aw,|?)dx +
dy [, (Vs |? + |8ws]?)dx + d, [, (IVw,|? + [Aw,|?) dx +
af, (W) = W) (-Aw; + w)dx +a [, (w3)° -

W) (—dw; + w3)dx  +a [ (lw; —w]* +

[Vws — Vo, |2)dx + B [ (lws — w]* + [V, — Vw,|*)dx +

8 [, lwy|?dx + 6 [, [Vw,|?dx + & [, lws|*dx +
8 [, Vaul?dx = 3a [, (lw|* + [V, [?)dx + 3a [,(los|* +

1d
2dt

[Vws|?)dx (3.28)
Applying Young’s inequalities (2.6), yields that

af, (WD? - W) (—Aw; + w)dx = a [,(ui -

) ((ud)? + ubu? + (u2)?) (—Aw, + w)dx > a f, ((”i)z +
%) (IVoy]? + |wy ) dx. (3.29)

In the same way,

af, (Wd)? - 3)*) (~Aw; + w3)dx = a [, (ub -
ud)((h)? +ujud + ) (—Aw; + w3)dx > a ((u%)

2

+

CAL) (90, 1 + s ).

2

(3.30)

Substitute (3.30) and (3.29) in to (3.28), add (Jlw, 1% + w,]|?),
on the right-hand side, multiplying by 2, and neglecting final
terms, leads to

d da da da
L sl + Ll 12 + £ S llwsl + - llwgli2+< 6a(llw, I +

lwsllF + w7 + llwsll?), (3.31)
application of Gronwall lemma (2.7) we get
ellw;(MIIF + Nl (MIF + ellws (M + lwa(MIF <
exp(6aT) (ellw; (0)IF + llw, (0)IF + ellwz(0)I3 +
lws (0)113). (3.32)
Thus, if  (ui(0),v1(0),u3(0),v3(0)) = (ui(0), vZ(0),

uj(0),  v3(0)) then  (1(0),w;(0), ws(0), s (0)) =
(0,0,0,0) and hence it follows from (3.23) that (w,(T) =
0,w,(T) = 0,w3(T) =0, wy(T) =0) and hence ul(T) =
ui (), vi(T) = vi(T),uz(T) =u3(T) and v3(T) = vi(T)
for all t, we deduce uniqueness of solution. However, if
(ui(0),v1 (0),u3(0), v2(0)) # (uf(0), v£(0), u3(0), v3(0)),
then we have continuous dependence in H(Q). This
completes proof.
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