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     Abstract—This article introduces some anti-topological operators and provides various examples and results 

regarding the new operators. Specifically, We introduce the anti-frontier operator and examine essential properties of 

such concept. Furthermore, we introduce anti-accumulation points and anti-exterior of sets. We also introduce 

minimal and maximal anti-open sets and their dual. We show that every anti-open and anti-closed set are both 

minimal and maximal. 
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I. INTRODUCTION     

Dropping some axioms of topological spaces can lead to 

new types of topological spaces. Such a modification proved to 

be interesting for many researchers during the  period of 

almost  the past three decades, and yet this research line seems 

to last longer and further investigations and studies to be 

conducted.  

If we dispense with the closeness of an arbitrary union of 

open sets, then new types of topologies are introduced. In the 

literature, such topologies are called infra-topologies. Studies 

like [1-4] dealt with such topological spaces, and many 

interesting results and properties were presented. In [5], a new 

investigation carried out on infra-topological spaces, and 

further results and findings were exhibited. 

Other types of topologies were initiated by removing the 

condition of closeness of the intersection of finite open sets. 

Such topologies are called supra-topologies and were first 

introduced in [6]. Other investigations followed introducing 

supra-topologies such as in [7]. The procedure for getting rid of 

some conditions showed potential research findings need to be 

explored. 

Removing the closure of intersections and unions of open 

sets leaded to the definition of another kind of interested 

topologies, which are named minimal structures, [8]. Then 

another further scarification of removing some conditions of 

topological spaces occurred when all but one condition 

survived. The condition is just keeping the empty set in a 

collection of sets. Such a structure is called a weak structure, 

which is introduced in [9]. The reader might think about the 

possibility of removing all conditions that topological spaces 

possess. This kind of modification occurred when anti-

topologies were defined in [10]. In such structures, all the 

conditions of topological spaces are removed. Yet, interesting 

results concerning anti-topological spaces were already 

captured in [11]. 

The main motivation of this article is to continue 

investigating the properties of anti-topologies and define new 

anti-topological operators, such as the anti-frontier operator. 

We also define and investigate minimal and maximal anti-open 

sets and their dual.  

 

II. REVIEWING ANTI-TOPOLOGICAL SPACES 

 

We start with recalling the concept  of anti-topological 

spaces and other related terms. 

Definition 2.1: [11] An anti-topological space is the pair 

,( aX 𝒜 ) , where 𝒜 is a collection of subsets of a non-empty 

set 
aX  such that the following conditions are held. 

1. aX,  𝒜. 

2. The intersection of any finite collection of   is not 

contained in 𝒜 provided that the intersection is not trivial. 

3. The union of any collection of members of   is not 

contained in 𝒜 provided that the union is not trivial. 
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Elements of 𝒜 are said to be anti-open sets. The 

complements of anti-open sets are called anti-closed sets. We 

denote the collection of all anti-closed sets by  aXF . 

Example 2.2: Let },{=X a 21  and  }}{},{{= 21 . It is clear 

that 𝒜 is anti-topology.  

Example 2.3: Let },,,{=X a 4321  and  

𝒜 }},{},,{},,{{= 433221 . Clearly, 𝒜 is an anti-topology. 

Example 2.4: Let c}b,{a,=X a
 and 𝒜 {c}}{b},{{a},= .       

It is clear that   is an anti-topology.  

Definition 2.5: Assume that 𝒜 defines an anti-topology on 
aX  and 

aXx . An anti-neibourhood of x  is a subset H  of 
aX  such that there exists an anti-open set P  of aX  such that 

HPx ⊂ . By  xN a  
 we denote  all anti-neighbourhoods of 

x . 

Example 2.6:  Consider the anti-topological space ,( aX 𝒜 )

where },,,{=X a 4,5321  and 

 𝒜 }},{},,{},,,{},,{},,,{{= 515254341321 . Then 

 4541 aN},,{   and  55432 aN},,,{  . 

For aXx  ,  one can easily notice that  xN a
 can be void if 

there is no U  𝒜 with Ux . The reason behind this is 

because aX  𝒜. 

The anti-interior of a set A    in an anti-topological space 

,( aX 𝒜 ) is the set     UAInt a  𝒜 }: AU . The anti-

closure of A  is the set    FAXFFACl a

a  :)( . See 

[11] for more results on such two concepts. 

Example 2.7: Consider the anti-topological space ,( aX 𝒜 )

where e}dcb,{a,=X a ,,  and 𝒜 }}{},{},.{},,{{ edcaba  

  .},,,{},,,,{},,,{},,,, }dcbaecbaedbed{{c=XF a
 

Consider the set e}d ,{ . So,   },{},{ ededInta   and 

  },{},,{},,{},{ ededbedcedCl a   . 

      Unlike interior and closure operators in topological spaces, 

anti-interior needs not be anti-open and anti-closure needs not 

be anti-closed, see Example 2.7.  

Proposition 2.8: Suppose that 𝒜 defines an anti-topology on 
aX . Let P  and S  be two subsets of 

aX . Then, 

     SClPClSPCl aaa  ⊂ . 

Proof. Since PSP ⊂  and SSP ⊂ , so 

   PClSPCl aa ⊂  and    SClSPCl aa ⊂ . 

Consequently,      SClPClSPCl aaa  ⊂ .  

The equality of the inclusion in Proposition 2.8 cannot be 

occurred in general as we clarify that in the following example. 

Example 2.9: Consider Example 2.6. Let },{=P 41  and 

},,{=S 532 . Then, 

       

  =SPCl

}{=},,{Cl},{Cl=SClPCl

a

aaaa



 353241
. 

  Minimal and maximal open sets were defined in [12] and 

[13].  In the following, we introduce minimal and maximal sets 

in terms of anti-open and anti-closed sets. 

Definition 2.10: A proper anti-open subset M in an anti-

topology 𝒜 over the set 
aX is called minimal (resp. maximal) 

if M is the only anti-open set contained in (resp. containing ) 

M. 

Definition 2.11: A proper anti-closed subset M in an anti-

topology 𝒜 over the set 
aX is called minimal (resp. maximal) 

if M is the only anti-closed set contained in (resp. containing ) 

M. 

Proposition 2.12: Let 𝒜 be an anti-topology defined over 

the set 
aX . Then any anti-open subset of 

aX is both 

minimal and maximal. 

Proof: On contrary, assume that M is an  anti-open set in 
aX . 

Now, let U be an anti-open set properly contained in M. Thus, 

 MUM  𝒜 which contradicts the third axiom of the 

anti-topology definition. 

Now, assume that M is an anti-open set in aX and U is an 

anti-open set contains M. Hence,  MUM  𝒜 which also 

contradicts the second axiom of the anti-topology 
definition.                                                                                     

Proposition 2.13: Let 𝒜 be an anti-topology defined over a 

set 
aX . Then, every anti-closed subset of 

aX is both 

minimal and maximal.  

        We remake that an anti-interior of a set cannot be anti-

open unless the set itself is an anti-open and in this case, such a 

set is the only anti-open set contained in it. Similarly, anti-

closure of a set cannot  be anti-closed unless the set itself is an  

anti-closed.  

Lemma 2.14: Assume that 𝒜 defines an anti-topology on 
aX  

and P  be a subset of 
aX . If P  is anti-open in 

aX then 

  PPInta   and P  is the only anti-open set contained in 

 PInt a  . 
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Proof: Suppose that P  𝒜. By the definition of  PInta  , it is 

clear that P  is the largest one. So,   PPInta  .   Now, 

suppose that Q  is an anti-open set contained in P . Hence, 

 PQP  𝒜 which leads to a contradiction.                                                              

Lemma 2.15: Assume that 𝒜 defines an anti-topology on 
aX  

and 
aXP  . If P  is an anti-closed in 

aX then   PPCl a  . 

      In Lemma 2.14 and Lemma 2.15, we can easily notice that 

the other directions are not true in general. In Example 2.7, the 

set e}d ,{  is neither anti-open nor anti-closed. 

Proposition 2.16: Assume that 𝒜 defines an anti-topology on 
aX  and 

aXP  . If  PClx a  then, for every 

 xaNU  , we have PU  .  

Proof: Let  PClx a  and assume that PU  , for some   

 xaNU  . So there exists O 𝒜 such that UOx  . It 

is clear that PO . Thus, OXP a  . But  PCl a
 is 

the smallest anti-closed set containing P . Hence, 

  OXPCl aa  . But, OXx a  , so  PClx a  which 

leads to a contradiction. 

Proposition 2.17:  Suppose that 𝒜 defines an anti-topology on 
aX  and 

aXP  . Then 

1.    PIntX=PXCl aaaa --  

2.    PClX=PXInt aaaa --  

Proof:  

   {U-XP-IntX aaa )1(  𝒜 }P:U 

 

)(

}:)({

PXCl

UXPXXFUX

aa

aaaa





 
  F}:PXF{F-XP-ClX aaaa  )()2( 

  FX a{  𝒜 }: PXFX aa   

)( PXInt aa   

Definition 2.18 [11]: A function f  from an anti-topological 

space (
aX ,  ) into an anti-topological space (

aY , 𝔅) is called 

anti-continuous if  Bf 1- 𝒜 for any ∈B  𝔅. 

Example 2.19: Consider the two anti-topological spaces 

,( aX 𝒜 )
  
and  (

aY , 𝔅) where 3}21 ,,{=X a , 

  }},{},{{= 321 ,  },, cb{a=Y a

 
and  𝔅 {b}}},{{= a . Let 

f  be a function from the anti-topological space (
aX , 𝒜 ) 

into the  anti-topological space (
aY , 𝔅) defined by 

bffaf  )3()2(,)1( . Then  f
 
is an anti-continuous. 

Proposition 2.20: Let f  be a function from an anti-

topological space (
aX ,  )  into an anti-topological space (

aY , 

𝔅). Then f  is anti-continuous if and only if  Bf 1-
 is anti-

closed in 
aX  for any anti-closed set B  in 

aY . 

Proof. Suppose that f  is an anti-continuous and let B  be an 

anti-closed set in
aY . So, BY a -  is anti-open set in 

aY . But 

f  is anti-continuous, so  BYf a -1- 𝒜. But 

       BfX=BfYf=BYf aaa 1-1-1-1- --- . Thus, 

 Bf 1-
 is an anti-closed in 

aX . 

Now, let  B 𝔅, we want to show that  Bf 1- 𝒜.  It is 

clear that BY a -  is anti-closed in 
aY . Thus, by hypothesis, 

 BYf a -1-
 is anti-closed in 

aX .                                                                  

But,      BfX=BYf=BYf aaa 1-1--1 ---  

is anti-closed in 
aX . Therefore,  Bf 1-  𝒜.  

III. SOME ANTI-TOPOLOGICAL OPERATORS 

Definition 3.1: An anti-frontier (anti-boundary) of a set P  in 

an anti-topology 𝒜 over the set 
aX  denoted by  PFr a

,  is 

defined by the set      PIntPCl=PFr aaa - . 

Example 3.2: Consider Example 2.6. Then, 

  }},,{},,,{},,{},,,{},,{{=XF a 4324312153254 . Now, 

let 
aX},{=P ⊂31 . Then,   },,{=PCl a 431  and 

=PInta )( . Hence,   }{=},,{=PFr a 3,4,1431  . Let 

us consider the set },{=Q 41 ,   },,{=QCl a 431  and
 

}4,1{)( =QInt a
. Consequently, 

  }{=},{},,{=QFr a 341-431 . 

Proposition 3.3: Assume that 𝒜 defines an anti-topology on 
aX  and 

aXP ⊂ . Then,  

1. If P  is an anti-open , then     PPCl=PFr aa -  

2. If Q  is an anti-closed, then  if    QIntQ=QFr aa - . 

Proof: 1. Assume that P  is an anti-open. So,

   PIntPClPFr aaa -)(   

                APCl a -  since P  is anti-open. 
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2. Suppose that Q  is an anti-closed. Then 

   PIntPClPFr aaa -)( 
 

               
)(int PP a  since P  is anti-closed. 

Proposition 3.4: Given a subset P  of an anti-topological 

space  A,X a
. Then

 
   PFr=PXFr aaa -

 

Proof:      PXIntPXCl=PXFr aaaaaa ---   

                                    )()( PClXPIntX aaaa 
 
 

                                
  )(PIntPCl aa 

                     

                            PFr a                                             

Definition 3.5: An anti-clopen set in an anti-topology 𝒜 over a 

set 
aX  is a set that is both anti-open and anti-closed. 

Example 3.6: Let },,,,,{ wvutsrX a  and  

𝒜 }},,{},,,{{ wvutsr . It is clear that both the two sets 

},,{ tsr and },,{ wvu are anti-clopen sets. 

Proposition 3.7: Assume that 𝒜 defines an anti-topology on 
aX  and let P  be a subset 

aX . Then, if P  is an anti-clopen 

set then   .PFr a
 

Proof. Assume that P  is an anti-clopen. Hence P  is an anti-

open and so by Proposition 3.3(1), we have 

    PPCl=PFr aa - . However, P  is also anti-closed. So by 

Proposition 3.3(2), we get

    =PP=PPCl=PFr aa -- . 

Definition 3.8: An anti-exterior of a set P  in an anti-topology 

𝒜 over a set 
aX  is the set    PXInt=PExt aaa - . 

Example 3.9: Let e}dcb,{a,=X a ,,  and 𝒜

}}{},.{},,{{ dcaba . Let },,{ ecaP  , so 

    }{},{ ddbInt=PExt aa  . 

Proposition 3.10:  Suppose that 𝒜  defines an anti-topology 

on 
aX  and 

aXP  . Then    PExtX=PCl aaa - . 

Proof: Assume that  PClx a . So there exists  xNU ax   

such that ∩ =PU x
. So, AXU a

x -⊂ . Thus, 

 PXIntx aa -  which implies that  PExtx a∈ . 

Consequently,  PExtXx aa - . The other implication 

follows similarly.    

Definition 3.11: Let 𝒜 be an anti-topology on 
aX . A point 

aXx  is called an anti-accumulation point of a subset A  of 
aX  if every anti-neibourhood of x  contains points of A  

other than x . The set of all anti-accumulation points of A  is 

called the anti-derived set of A  and it is denoted by  Ad a
. 

Example 3.12: Consider the anti-topological space  

,( aX 𝒜 ) where },,,{=X a dcba  and 

 𝒜 d}}{cc},{b},{{= ,,a . Let },,{=A cba , it is clear that  

 Adb a  since for each   }},{{b cbNU a   we have  

 AbU }){( . However,   Ada a  since  

 a}{ aNa  , but  Aaa }){}({ . Similarly, 

 Adc a . Therefore,   }.{ dbAd a   

Proposition 3.13: Let   be an anti-topology on 
aX  and A  be 

a subset of 
aX . Then 

1. If BA⊂ , then )(⊂(A) Bdd aa
. 

2.      BAdBdAd aaa  ⊂ . 

Proof: 

1. Let  Adx a , hence  AxU }){(  for any 

 xaNU  . But BA⊂ , so  BxU }){(  for every 

 xaNU  . Hence,  Bdx a . 

2. Since BAA ⊂  and BAB ⊂ , then by (1) , we have 

   BAdAd aa ⊂  and    BAdBd aa ⊂ . Hence 

     BAdBdAd aaa  ⊂ . 

Proposition 3.14: Let 𝒜 be an anti-topology on 
aX  and  

aXA  . Then, A  is an anti-closed if and only if 

  AAd a ⊂ . 

Proof. Suppose that A  is an anti-closed and let Ax . Thus, 

AX a -  is anti-open and AXx a∈ . But 

)-(∩ =AXA a
 and AXx a - . So, )(Adx a . 

This means that   AAd a ⊂ . 

Now, suppose that   AAd a ⊂ . Let AXx a - , it is clear that 

 Adx a . So, there is an anti-neibourhood O  with Ox  

and  - ={x}OA . But Ax  so =OA . 

Therefore, AXO a -⊂ , i.e.  AXIntx aa - .  Therefore, 

A is an anti-closed. 

Proposition 3.15: Let 𝒜 be an anti-topology on 
aX  and A  

be an anti-closed subset of 
aX . If AB ⊂ , then   ABd a ⊂ . 
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Proof. Since AB ⊂ , so    AdBd aa ⊂ , by Proposition 

3.13(1). Now, since A  is anti-closed, so by Proposition 3.14 

we have   AAd a ⊂  Hence,     AAdBd aa ⊂⊂ .  

IV. CONCLUSION 

       In this article, we examined collections of sets that don’t 

satisfy the axioms of topological spaces. Such collections are 

called anti-topological spaces. Specifically, we introduced 

new anti-topological operators such as anti-frontier and anti-

exterior, as well as anti-accumulation points and anti-

accumulation sets. We gave examples and some properties  of 

each new concept introduced in this article. In addition, we 

introduced the concepts of minimal and maximal anti-open 

sets and consequently their dual. The main result regarding 

such sets states that every anti-open and anti-closed set is both 

minimal and maximal. 

REFERENCES 

[1] A. M. Al-Odhari, On infra-topological spaces, 

International Journal of Mathematical Archive 6 (11), 

Nov. (2015)179 - 184.  

[2] A. M. Al-Odhari, I-continuous functions and I*-

continuous functions on infra topological spaces, 

International Journal of Mathematical Archive 7 (3),     

(2016)18 - 22. 

[3] T. M. Al-shami, Z. A. Ameen, R. Abu-Gdairid, A. 

Mhemdi, Continuity and separation axioms via infra 

topological spaces, J. Math. Comput. Sci., 30 (2023) 213-

225.  

[4] S. Chakrabarti, H. Dasgupta, Infra-topological space and 

its applications, Review Bulletin of the Calcutta 

Mathematical Society, vol. 17, Jan. (2009). 

[5] T. Witczak, Infra-topologies revisited: logic and 

clarification of basic notions, commun. Korean Math. 

Soc. 37(1), (2022) 279-292. 

[6] Mashhour. A.S, Allam. A.A, Mahmoud. F.S and Khedr. F.H, On 

supra topological spaces , Indian J.Pure and Appl.Math., 12 

(1991)  5-13. 

[7] T.M. Al-Shami, , Some Results Related to Supra 

Topological Spaces.Journal of Advanced Studies in 

Topology, 7  (2016) 283-294.  

[8] V. Popa and T. Noiri, On M-continuous functions,  Anal. 

Univ. Dunarea de Jos Galati, Ser. Mat. Fiz. Mec. Teor. 

Fasc. II, vol. 18, no. 23 (2000) 31-41. 

[9] A. Csaszar, Weak structures, Acta Math. Hungar. 131 no. 

1-2 (2011) 193-195. 

[10] M. Sahin, A. Kargn, M. Yucel, Neutro-Topological Space 

and Anti Topological Space, in: NeutroAlgebra Theory 

Volume I, The Educational Publisher Inc., 2021. 

[11]  T. Witczak, Some Remarks on Anti-topological Spaces, Asia 

Mathematika,  Vol. 6 Issue 1  (2022) 23 – 34.   

[12] F. Nakaoka and N. Oda, Some applications of minimal 

open sets, Int. J. Math. Math. Sci., 27(8), (2001) 471-476. 

[13] F. Nakaoka and N. Oda, Some properties of maximal 

open sets, Int. J. Math. Math. Sci., 2003(21), (2003) 

1331-134. 

 

 


