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Abstract—Ordinary differential equations (ODES) are important in the field of mathematics due to their spread in
various applications. Ordinary differential equations are of two types, one of which is equations with variable
coefficients and the other is equations with constant coefficients, both types are important in mathematics.

The purpose of any integral transforms is to convert functions and equations from their original form to another
simpler form, or at least another form known to us where in it, we transform the independent variable of the original
function into another variable, thus changing the scope and extent of the original function.

Many integral transformations have appeared that solve equations with variable coefficients, including the Al-
Zughair transform, the Expansion of Al-Zughair, the Extension of Al-Zughair, Al-Tememe transform, and many other
transforms that solve equations with variable coefficients, as for the integral transforms that solve equations with
constant coefficients, it was limited.

The formula of equations with variable coefficients that solved it Al-Zughair transform is given by:

n n—-1
y

d"y
ay(Inx)" Tt a;(Inx)" 1 g

dy
+ -+ a,_q (Inx) ax +a,y=f(x)

In this paper our aim is to solve ordinary differential equations with constant coefficients by using Al-Zughair
transform. Although Al-Zughair transform is used only to solve equations with variable coefficients, we were able to
use it to solve ordinary differential equations with constant coefficients because of its important in solving more
complex equations. We will use Al-Zughair transform to solve equations with constant coefficients by put y =
y(In(Inx)) as the general form of the equations it will solve it is given by:

dny dn—ly d_\y B
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. INTRODUCTION researqhers who discovered other tr_ansforms, such as Al-

) Zughair transform [9,10], the Expansion of Al-Zughair [11],

_For many years, many methods have been used for solving  anq the Extension of Al-Zughair transform [12], in addition to

differential equations[1-3], after that, integral transformations  tha transforms of Batoor Al-Tememe, Batoor Al-Zughair,

appeared that_ were used to solve thesg equations for many  Kuffi Al-Tememe, and Kuffi Al-Zughair [13]. All these

researchers, including the French scientist Pepper Simon  conversions are used to solve different types of ordinary and
Laplace who find Laplace transform [4], Fourier, Hankel  partial differential equations, as well as integral equations.

transforms[5,6], also the researcher Ali Hassan Mohammad Let f is a function defined on an interval («,v) then, the

who discovered Al-Tememe transform [7,8], and other  jntegral transform for f whose symbol F(w) is defined as:
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v

F(w) = J-R(w,x)f(x)dx

u

where R is called the kernel of the transform and it is a
function of two variables and «, v are real numbers or Foo,
such that the above integral is convergent, this integral
transform was presented by Gabriel Nagy [14].

Mohammed [9] has found Al-Zughair transform for the
ordinary equations with variable coefficients. In this research,
we found it for the ordinary equations with constant
coefficients.

II. AL-ZUGHAIR TRANSFORM

2.1 Definition [9]
Let w(g) be a function, then Al-Zughair transform for this
function where g € [1, e] is defined by the integral:

e l P
Zlw(e)] = [ ( ";) 5 (g)dg = W(g)

1
Such that this integral is convergent, ¢ is constant (£ > —1).

2.2 Property (Linear property) [9]

Let f(¢) and T (g) are two functions defined when g €
[1,e] and let ¢, 4 are constants then, Al —
Zughair transform has the linear property which it is:

Z[cf(g) £ A T(g)] = cZ[i(g)] £ dZ[T(g)]
Proof:

Zlci(g) £ dT(g)] = f

l £
( ";) [ i(g) £ A T(@)]dg

(Ing)*
g

(Ing)*
d
P T(g)dg

dT(g)d
P g)ag

¢ f “”;)[ () dg +d f
1

cZ[i(@)] + dZ[T(@)]

1. AL-ZUGHAIR TRANSFORM FOR THE
DERIVATIVES

f (lng)fcf(g) dg + j

In this section, we will find Al-Zughair transform for the
derivatives.

Let us consider that w = @w(In(lng)) we define

Y
(ing) @ (In(ing))dg ,then:

Z[w(In(Ing)] =J- P

1) Z[w'(In(ing))] = »(0) — (£ + 1) Z[w(In(lng))]
Proof:
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(Ing)*
g

(lng»)“l
g(lng)

Z[w'(In(lng))] = f @'(In(lng)) dx

e

|

1

w'(In(Ing)) dg

Integrate by part:

l t
Let,u = (Ing)"** > du= (£ +1) (ing)

_ @'(In(Ing))
~ glng)

dg and dv

= v = w(ln(lng))

° (lng)“l
so,
) g(ing)

@'(In(lng)) dg
= (Ing)"**. w(In(ling))|$

¢ y)
—+1) f Ung)”  an(ng)) dg

g

© ¢
= @(0) = (¢ + 1) f (l”:“) @(In(ing)) dx

= @(0) - (£ + 1) Z[@(In(ing))]

2) Z[w"(In(lng))] = ®'(0)—(£ + 1)w(0) +
( + 1)?Z2[w(In(Ilng))]
Proof:

e
n (lng)e n

2l (ning))] = [~ " (ning)) dg

1

¢ (lng,)“l

= @' (In(lng)) d

) 20ng) (In(ing)) dg

Integrate by part:
’ (Ing)*

Let,u = (Ing)*"'=sdu=({+1) dg

@' (In(Ing))

and dv = = v = w@'(In(Ing))
€ (l )[+?(lngv)
ng
so, @' (In(lng)) dg
l
J g(ing)

= (Ing)**'. @' (In(Ing)) 5

€ y)
—+1) f Ung)” ' an(ng)) dg

g
© ¢
—@'0) - (£+1) f % o' (In(Ing)) dg

=w'(0)-(#+1) [w(O) -+ Z[w(ln(lng))]]
=w'(0)—( + Dw(0) + (£ + )*Z[w(In(ing))]

3) Z[w"'(In(lng))] = w"(0) — (£ + 1w’ (0)+(£ +
1)2w(0)— (£ + 1)32Z[w(In(Ing))]
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Proof:

e l ?
Z[w"'(ln(lng»))] — f %w"'(ln(lng’)) dg'

e
(lng_){’+1
= @'’ (In(lng)) dg
l

/ g(lng)

Integrate by part:
l £

Let,u = (Ing)’*' = du=(£+1) (Ing) dg

@' (In(Ing))
g(lng)

e
(lng,)“l
so, @'’ (In(lng)) dg
l
J g(ng)
= (Ing)"™*".@" (In(Ing)) I

€ p)
e+ f U";) & (In(Ing)) dg

and dv = = v =" ' (In(lng))

£
(l";) @"(In(ing)) dg.

=w"(0) -+ 1)f

=w"(0) -
+1) [@'(0)-(¢ + Dw(0)
+ (¢ + 1)?Z[w(In(ing))]]
=w"(0) -
+ D@’ (0)+ (£ + 1)?w(0)—(£
+ 1)3Z[w(n(ing))]

4) Z[w"(In(lng))] =@ (0) — (£ + D@ (0)+(£ +
1)@’ (0)—(¢ + 1)3w(0) + (£ + 1)*Z[w(In(lng))]
Proof:

. F(ng)t
Zlw (n(ing))] = [ %wwan(zng)) dg

e
3 ( n g)£+1
) gng)
Integrate by part:

@' (In(Ing)) dg

l 4
Let,tu = (Ing)**' =>du=(#+1) (ing)

@ (In(Ing))

. g(Ing)
(Ing)™** B

so, 2(ng) @ (In(lng)) dg =

(Ing)***.@" (In(Ing))I§
-

dg

and dv = = v =" (In(Ing))

€ P
+1) f (l":) @' (In(ing)) dg

€ ’
— wlll(o) _ (f + 1) f % w’ll(ln(lng;)) dg'
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= @"(0) — (£ + 1) [@"(0)
—
+ D@’ (0)+( + 1)?w(0)—(¢
+ 1)3Z[@(In(lng))]]
—@"(0) - (£
+ D@ (0)+(¢ + 1)?w'(0)—(¢
+ 1)3w(0)
+ (£ + 1)*Z[w(In(Ing))]

3.1 The general case of Al-Zughair transform for
derivatives

From the above section, we obtain:
Z[w(")(ln(lng))] =
@ 1(0) — (£ + D@" %(0) + (£ + 1)’@"3(0)
-+ 13w *(0) + -
+ (D) 1(¢ + 1)1 w(0)
+ (—D"(® + 1)"Z[w(In(lng))]

Note: In the following section, we will present some examples
on ordinary differential equations with constant coefficients
subject to some initial conditions and how the Al-Zughair
transform and its inverse solve it.

Example (1):
@'""(In(lng)) — @' (In(Ing)) = sinh(2In(Ing))
=w'(0) =w(0)=0

;@''(0)

Solution:
Take Al-Zughair transform for both sides of above equation
to obtain:
Z[w"' (In(Ing))] — Z[@" (In(lng))] = Z[sinh(2In(lng))]
@'"(0) — (£ + Do’ (0)+¢ + 1)*w(0)—(¢
+1)°Z[@(In(ing))]
—@'(0)+(# + D)w(0)
— (¢ +1)*Z[@(In(Ing))]
-2

S -4

-2

= —(¢+ 1)*Z[@(n(lng)][(* + 1) + 1] = @+ -D
= —(¢ + 1)*Z[w(n(ng)][(¢ + 2)] = —

= Z[w(In(lng))]
T4+ +1D2(E-1) - @)
Take 21 to both sides of equation (1) to obtain:
(In(ing)) = 27| L ——
GERMG) =2 Ne+3y "+ T+ T+ D2
E
(t-1)
A+B+C+E=0
3A4+4B+5C+D+7E=0
A+2B+5C+4D+17E =0
—3A—4B—-5C+D+17E=0
—2A—-3B—-6C—6D+6E =2
Hence,

(+3)(¢—1)

+
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A=t =22 =
=5 B=73 C =
And hence the solution is given by:
(n( ))—Z‘ll 1 2 1 +1 1
ouning)) =2 g @+3) 3@+2) 2 ¢+
1 1 1 1

270+ 1)? +ﬁ'(#— 1)
1 2 1 1
@(In(ing)) = 3 (Ing)* — 3 (Ing) + 5 + 5 (In(ing))

= (ing)?
24 9

Example (2):
-2 + @'(In(Ing)) = (Ing)?
Solution:

Take Al-Zughair transform for both sides of above equation
to obtain:
—Z[2] + Z[@'(In(Ing))] = Z[(Ing)?]

+@(0) — (¥ + 1) Z[w(n(lng))] =

;w(0) =2

¢+1)

#+3)

1
@+ D +2-(+1) Z[w(n(lng))] = D)

— (¢ + 1) Z[w(In(lng))]

T (#+3)
2¢
¢+3) (£+1)
1) 2 In(l _—2{’2—5{’+1
-(£+1) [w(n(ng))]—m
ot = 2851
[w(n(ng))]—m - (2)

Take Z~* to both sides of equation (2) to obtain:

In(ing)) = 2 |4+ 2 ¢
w@(In(lng)) = (£+3) (£+1) (£+1)?
A+B=2

2A+4B+C=5
A+3B+3C=-1

“@+1)
—(¢+ 1) Z[w(n(lng))] =

Hence,
A= ! B = 3 C=-2
=5 =5 =
And hence the solution is given by:
In(lng)) = Z-1 1/2 3/2 2
olnlng)) =2 |G Y e D @t 12

@w(In(Ing)) = %(lng)z + ; + 2(In(Ing))

Example (3):
@' (In(Ing)) + 3w'(In(lng)) = 3
Solution:

Take Al-Zughair transform for both sides of above equation
to obtain:
Z[w" (In(Ing))] + 3Z[@’'(In(Ing))] = Z[3]
@' (0)—( + D@ (0) + (£ + 1)?Z[w(In(Ing))] + 3w (0)

-3 +1) Z[w(n(lng))] =

;w'(0)=0,w(0) =1

¢+1)
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=>-(¢-2)+ ¢+ DZ[@(nlng)][(¢ +1) - 3]
3

“¢+D
3
= (¢ + D Z[a(n(lng))][(£ - 2)] = @+ 1) + (-2
y y In(l -t +1
= (¢ + 1D - 2)Z[@(n(ing))] = NN
2 —-f2+1
= Z[w(In(lng))] = ~(3)

T+ 12 -2)
Take 21 to both sides of equation (3) to obtain:

@(In(ing)) = 21 B¢
¢+ (E+1D2%2 (¢-2)
A+C=1

-A+B+2C=-1
—2A-2B+C=1

Hence,
A= 2 B=-1 C= !
- 3 ] - ) - 3
And hence the solution is given by:
In(ing)) = Z-1 2/3 1 1/3
wlnllng) =2 |y " er 2 T =2

2 1
w(In(lng)) = 3 + (In(Ing)) + 3 (Ing)~3

iv. Conclusion

This research aim is to solve linear ordinary
differential equations with constant coefficients by us Al-
Zughair transform, as no one has previously solved
ordinary equations with constant coefficients through
using this transform. There for the Al-Zughair method with
constants can be exploited to open the door for solving
related problems in different scientific and industrial
fields.
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