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Abstract— In this paper I have defined new subclasses of analytic functions characterized by negativity of their 

coefficients by the q-symmetric multiplier transform operator. In fact, they are subclasses of the class of starlike and 

convex functions of complex order, and through them I studied the (𝒏, 𝝃) −neighborhood of these subclasses and the 

inclusion relations between them. So I put forward the conditions through which these subclasses belong to the 

neighborhood or vice versa, the neighborhood belongs to them, and I explained the special cases of them. 
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I. INTRODUCTION  

I begin my research by assuming the class 𝒜(𝑛) which is 
the class of all normalized analytic functions inside the unit 
disc  

  𝒰 = {𝑧 ∈ ℂ: |𝑧| < 1}, and each element of which is 
written in the form 

𝑓(𝑧) =  𝑧 − ∑ 𝑎𝑘  𝑧
𝑘∞

𝑘=𝑛+1 , (𝑎𝑘 ≥ 0, 𝑛 ∈  ℕ =
{1, 2, 3, … }) .                                                            (1) 

Now I need to introduce the concept of 
(𝑛, 𝜉) −neighborhood  of the function 𝑓(𝑧) in the basic class 
𝒜(𝑛) , which I got from the two sources [1], [2] as follows: 

𝒩𝑛,𝜉(𝑓) = {ℎ ∈  𝒜(𝑛): ℎ(𝑧)

=  𝑧

− ∑ 𝑐𝑘  𝑧
𝑘

∞

𝑘=𝑛+1

 , ∑ 𝑘|𝑎𝑘 − 𝑐𝑘  |

∞

𝑘=𝑛+1

≤  𝜉 }.                        (2) 

If we take this definition for the identity function 𝐼(𝑧) = 𝑧, 
we get the definition  

𝒩𝑛,𝜉(𝐼) = {ℎ ∈  𝒜(𝑛): ℎ(𝑧)

=  𝑧

− ∑ 𝑐𝑘  𝑧
𝑘

∞

𝑘=𝑛+1

 , ∑ 𝑘|𝑐𝑘  |

∞

𝑘=𝑛+1

≤  𝜉 },                       (3) 

which is a special case of the definition of the general 
neighborhood. 

Now I will recall the two definitions of the starlike function 
of complex order 𝜂 and the convex function of complex order 
𝜂, which are the cornerstone of the research and have been 
proposed or rather studied by the researchers referred in the 
sources [3], [4], [5],] 6] as follows: 

Let 𝑓 be a function in the defined class 𝒜(𝑛). Then 𝑓 has 
the starlike property of complex order 𝜂 if the following 
condition is satisfied: 

ℛ𝑒 {1 + 
1

𝜂
(
𝑧𝑓′(𝑧)

𝑓(𝑧)
− 1)} > 0,

(𝑧 ∈  𝒰, 𝜂
∈  ℂ − {0}).                                 (4)  

The set of all starlike functions of complex order 𝜂 is 
denoted by the symbol  𝑆𝑡𝑛. 

mailto:hazha.hussain@su.edu.krd


Journal of Kufa for Mathematics and Computer              Vol.12, No.2, Aug., 2025, pp 43-48 

 

44 

 

In the same way for the function 𝑓 in the class  𝒜(𝑛), it is 
characterized by the property of convexity of complex order 𝜂 
if the following condition is satisfied: 

ℛ𝑒 {1 + 
1

𝜂
(
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
)} > 0,

(𝑧 ∈  𝒰, 𝜂 ∈  ℂ − {0}).                       (5) 

    The set of all convex functions of complex order 𝜂 is 
denoted by the symbol 𝐶𝑡𝑛. 

Let's start by defining the quantum derivative or the 
derivative 𝔮 of the function 𝑓 which is considered one of the 
operators that has attracted many researches say [7], [8], [9], 
[10] to study it recently due its great importance in the field of 
mathematical and physical sciences and its important 
applications in the topics of quantum transform analysis, 
quantum integral equation, special functions, and many other 
important topics. 

As for the derivative 𝔮, 0 <  𝔮 < 1, it has been studied by 
the most important  researchers referred to in the sources [11], 
[12] in light of which the function 𝑓 in the important set 𝒜(𝑛) 
is defined, and its formula (1) is as follows: 

𝔇𝑡𝔮,𝑛𝑓(𝑧) =  (

𝑓(𝑧) −  𝑓(𝔮𝑧)

(1 − 𝔮)𝑧
𝑖𝑓 𝑧 ≠ 0

𝑓′(𝑧) 𝑖𝑓 𝑧 = 0

 

   𝔇𝑡𝔮,𝑛𝑓(𝑧) = 𝑧 − ∑ (𝑘)𝔮𝑎𝑘  𝑧
𝑘∞

𝑘=𝑛+1 , (𝑎𝑘 ≥ 0, 𝑛 ∈
 ℕ = {1, 2, 3, … }).                                              (6)  

(𝑘)𝔮 = 
1 − 𝔮𝑘

1 − 𝔮
= 1 +  𝔮 + 𝔮2 + …

+ 𝔮𝑘−1                                                         (7) 

𝑓′(𝑧) =  lim
𝔮→ 1−

𝔇𝑡𝔮,𝑛𝑓(𝑧) =  lim
𝑓(𝑧) −  𝑓(𝔮𝑧)

(1 − 𝔮)𝑧
𝔮→ 1−

 

𝔇𝑡𝔮,1𝑓(𝑧) =  𝔇𝑡𝔮𝑓(𝑧). 

In the same vein,  some researchers in sources [13], [14] 
have discussed  the concept of 𝔮 integration for a complex 
function 𝑓 that is differentiable and under the condition that the 
series contained in the definition is convergent in the following 
form: 

∫ 𝑓(𝑠)𝑑𝔮𝑠 = 𝑧(1 −  𝔮)
∞

0

∑𝔮𝑘𝑓(𝑧𝔮𝑘).

∞

𝑘=0

 

Now we come to our function 𝑓 defined by equation (1). 
The integral of 𝔮 for it is as follows: 

∫ 𝑓(𝑠)𝑑𝔮𝑠 =  
𝑧2

|2|𝔮
+ 

∞

0

∑
𝑎𝑘  𝑧

𝑘

|𝑘 + 1|𝔮
,

∞

𝑘=𝑛+1

 

lim
𝔮→ 1−

∫ 𝑓(𝑠)𝑑𝔮𝑠 =  
𝑧2

2
+ 

∞

0

∑
𝑎𝑘  𝑧

𝑘

𝑘 + 1
,

∞

𝑘=𝑛+1

 

In fact equal to the natural integral. 

Also, some researchers in recent years have studied the q-
symmetric multiplier transform operator in their research, such 
as [15], [16] and they defined it as follows: 

ℜ𝔮,𝑛
ℓ (𝔭)𝑓(𝑧) =  

𝑧ℓ− 𝔮

|𝔭 + 1}𝔮
𝔇𝑡𝔮,𝑛(𝑧

𝔭ℜ𝔮,𝑛
ℓ−1(𝔭)𝑓(𝑧)𝑚 (𝔭 >  −1, ℓ

∈  ℤ, 𝑧 ∈  𝒰), 

ℜ𝔮,𝑛
ℓ (𝔭)𝑓(𝑧) = 𝑧 + ∑ [

(𝔭 + 𝑘)𝔮

(𝔭 + 1)𝔮
]

ℓ

𝑎𝑘  𝑧
𝑘

∞

𝑘=𝑛+1

, (𝔭 >  −1, 0 <  𝔮

< 1, ℓ ∈  ℤ, 𝑧 ∈  𝒰),          (8) 

If we notice this interesting operator, we may see that it is a 
generalization of many of the operators are known and studied 
by distinguished researchers interested in this interesting and 
important field at the same time. Now I will review some of 

these operators, for example ℜ𝔮,1
ℓ (0)𝑓(𝑧) =  𝔇ℓ[16], also 

ℜ𝔮,1
ℓ (1)𝑓(𝑧) =  𝔇ℓ𝑓(𝑧) [17], and ℜ𝔮,1

−1(0)𝑓(𝑧) =  ℑℓ𝑓(𝑧) 
[18]. 

Now let's get to the heart of the matter, which is using this 
operator to define the following two classes. 

 

Definition 1.1.  Let 𝑓 be in 𝒜(𝑛) defined by formula (1). 

We say that 𝑓 is an element of the new class 𝔊𝑛,𝔮
ℓ (𝔭, 𝜚, 𝜅, 𝜐)  

If the following condition is satisfied: 

|
1

𝜚
(
𝑧𝔇𝑡𝔮,𝑛 (ℜ𝔮,𝑛

ℓ (𝔭)𝑓(𝑧)) +  𝜅𝑧2𝔇𝑡𝔮,𝑛
2 (ℜ𝔮,𝑛

ℓ (𝔭)𝑓(𝑧))

𝜅𝑧𝔇𝑡𝔮,𝑛(ℜ𝔮,𝑛
ℓ (𝔭)𝑓(𝑧) + (1 −  𝜅) ℜ𝔮,𝑛

ℓ (𝔭)𝑓(𝑧)
−  1)|

<  𝜐,                                    (9) 

(0 ≤  𝜅 ≤ 1, 0 < 𝜐 ≤ 1, 𝜚 ∈ ℂ − {0}, 𝑧 ∈  𝒰). 

 

Definition 1.2.  We take  𝑓 in 𝒜(𝑛) defined by formula 

(1). Thus 𝑓 belongs to the class 𝔄𝑛,𝔮
ℓ (𝔭, 𝜚, 𝜅, 𝜐)  

If the following inequality is satisfied: 

|
1

𝜚
(𝔇𝑡𝔮,𝑛 (ℜ𝔮,𝑛

ℓ (𝔭)𝑓(𝑧)) +  𝜅𝑧𝔇𝑡𝔮,𝑛
2 (ℜ𝔮,𝑛

ℓ (𝔭)𝑓(𝑧)) −  1)|

<  𝜐,                                    (10) 

(0 ≤  𝜅 ≤ 1, 0 < 𝜐 ≤ 1, 𝜚 ∈ ℂ − {0}, 𝑧 ∈  𝒰). 

In addition, if we look closely at previous researches in this 
field, we note that some researchers studied subclasses that are 
considered special cases of these two known classes by taking 
𝜅 = ℓ = 0, 𝜐 = 1, 𝔮 → 1− mentioned in the sources [19], [20]. 

𝔊𝑛,𝔮
ℓ (𝔭, 𝜚, 0, 1) ⊂  𝑆𝑡𝑛, 

𝔄𝑛,𝔮
ℓ (𝔭, 𝜚, 0, 1) ⊂ 𝐶𝑡𝑛. 
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2. Basic Results and Containment Relations of 

The Classes 𝕲𝒏,𝖖
𝓵 (𝖕, 𝝔, 𝜿, 𝝊)  and 𝕬𝒏,𝖖

𝓵 (𝖕, 𝝔, 𝜿, 𝝊) 
With The Neighborhood of The Identity Function 

𝓝𝒏,𝝃(𝑰): 

First we need to prove the two basic results which are 
considered the essence of the subject and on the basis of 
which we obtain the containment results of the 
(𝑛, 𝜉) −neighborhood  of the identity function 𝒩𝑛,𝜉(𝐼) with 

the two new classes 𝔊𝑛,𝔮
ℓ (𝔭, 𝜚, 𝜅, 𝜐) and 𝔄𝑛,𝔮

ℓ (𝔭, 𝜚, 𝜅, 𝜐) 
defined above. 

Theorem 2.1. The function 𝑓(𝑧) in the hypothetical 
fundamental class 𝒜(𝑛) is an element of the class 

𝔊𝑛,𝔮
ℓ (𝔭, 𝜚, 𝜅, 𝜐) if and only if 

∑ [
(𝔭 + 𝑘)𝔮
(𝔭 + 1)𝔮

]

ℓ

(𝜅((𝑘)𝑞 −  1)

∞

𝑘=𝑛+1

+  1) ((𝑘)𝑞 +  𝜐|𝜚| −  1) )𝑎𝑘  
≤  𝜐|𝜚|.                                          (11) 

Proof. First we assume that the function 𝑓(𝑧) is an element 

of the defined class 𝔊𝑛,𝔮
ℓ (𝔭, 𝜚, 𝜅, 𝜐) . In light of this fact, and by 

applying Definition 1.1 to the new class 𝔊𝑛,𝔮
ℓ (𝔭, 𝜚, 𝜅, 𝜐) , we 

obtain 

ℛ𝑒 {
𝑧𝔇𝑡𝔮,𝑛 (ℜ𝔮,𝑛

ℓ (𝔭)𝑓(𝑧)) +  𝜅𝑧2𝔇𝑡𝔮,𝑛
2 (ℜ𝔮,𝑛

ℓ (𝔭)𝑓(𝑧))

𝜅𝑧𝔇𝑡𝔮,𝑛(ℜ𝔮,𝑛
ℓ (𝔭)𝑓(𝑧) +  (1 −  𝜅) ℜ𝔮,𝑛

ℓ (𝔭)𝑓(𝑧)
−  1}

>  −𝜐 |𝜚|,        (𝑧 ∈ 𝒰) 

Or, rather it can be simplified as 

ℛ𝑒

{
 

 −∑ [
(𝔭+𝑘)𝔮

(𝔭+1)𝔮
]
ℓ

(𝜅((𝑘)𝑞 −  1) +  1)((𝑘)𝑞 +  𝜐|𝜚| −  1))𝑎𝑘  𝑧
𝑘 .∞

𝑘=𝑛+1

1 − ∑ [
(𝔭+𝑘)𝔮

(𝔭+1)𝔮
]
ℓ

(𝜅((𝑘)𝑞 −  1) +  1)𝑎𝑘  𝑧
𝑘∞

𝑘=𝑛+1 }
 

 

> −𝜐 |𝜚|,        (𝑧 ∈ 𝒰),     (12) 

So we get what  is required for the first side of the theorem 
for taking the real values of the variables 𝑧 on the real axis and 
approaching one form the left side. 

To complete the proof of the theorem, we to the other 
opposite side by assuming that condition (11) is satisfied. We 
have: 

|
𝑧𝔇𝑡𝔮,𝑛 (ℜ𝔮,𝑛

ℓ (𝔭)𝑓(𝑧)) +  𝜅𝑧2𝔇𝑡𝔮,𝑛
2 (ℜ𝔮,𝑛

ℓ (𝔭)𝑓(𝑧))

𝜅𝑧𝔇𝑡𝔮,𝑛(ℜ𝔮,𝑛
ℓ (𝔭)𝑓(𝑧) + (1 −  𝜅) ℜ𝔮,𝑛

ℓ (𝔭)𝑓(𝑧)
−  1| 

= ||
∑ [

(𝔭+𝑘)𝔮

(𝔭+1)𝔮
]
ℓ

(𝜅((𝑘)𝑞 −  1) +  1)((𝑘)𝑞 +  𝜐|𝜚| −  1))𝑎𝑘  𝑧
𝑘 .∞

𝑘=𝑛+1

𝑧 − ∑ [
(𝔭+𝑘)𝔮

(𝔭+1)𝔮
]
ℓ

(𝜅((𝑘)𝑞 −  1) +  1)𝑎𝑘  𝑧
𝑘∞

𝑘=𝑛+1

|| 

≤ 

𝜐|𝜚| (1 − ∑ [
(𝔭+𝑘)𝔮

(𝔭+1)𝔮
]
ℓ

(𝜅((𝑘)𝑞 −  1) +  1)((𝑘)𝑞 +  𝜐|𝜚| −  1))𝑎𝑘  
∞
𝑘=𝑛+1 )

1 − ∑ [
(𝔭+𝑘)𝔮

(𝔭+1)𝔮
]
ℓ

(𝜅((𝑘)𝑞 −  1) +  1)𝑎𝑘  
∞
𝑘=𝑛+1

 

≤ 𝜐|𝜚|. 

By taking the value of 𝑧 on the boundaries of the unit circle 
𝒰, then using the maximum modulus theorem, we obtain the 
required result, which is 

𝑓 ∈  𝔊𝑛,𝔮
ℓ (𝔭, 𝜚, 𝜅, 𝜐). 

Thus, we complete the proof of the theorem. 

Then we come to the following important basic result 
which can be proven in a similar way to the previous  result 
and which relates to the second new knowledge class 

𝔄𝑛,𝔮
ℓ (𝔭, 𝜚, 𝜅, 𝜐) as follows: 

Theorem 2.2. The function 𝑓(𝑧) in the hypothetical 
fundamental class 𝒜(𝑛) is an element of the class 

𝔄𝑛,𝔮
ℓ (𝔭, 𝜚, 𝜅, 𝜐) if and only if 

∑ [
(𝔭 + 𝑘)𝔮
(𝔭 + 1)𝔮

]

ℓ

(𝑘)𝔮(𝜅((𝑘)𝑞 −  1) +  1)  )𝑎𝑘  

∞

𝑘=𝑛+1
≤  𝜐|𝜚|.                                          (13) 

Remark 2. 1:  In Theorem 2.1 we note that if we take 
specific values for example ℓ = 0, 𝜚 = 1, 𝜐 = 1 − 𝛼 , 𝔮 → 1−, 
we get a special case taken and studied by the distinguished 
researcher in source no [19] and presented it as a basic result of 
his research. 

We will prove that the define class 𝔊𝑛,𝔮
ℓ (𝔭, 𝜚, 𝜅, 𝜐) is 

included in the class  of the (𝑛, 𝜉) −neighborhood with respect 
to the identity function 𝒩𝑛,𝜉(𝐼) and state the condition through 

which the amazing result is reached. 

Theorem 2.3. The new defined class 𝔊𝑛,𝔮
ℓ (𝔭, 𝜚, 𝜅, 𝜐) is a 

subset of the  (𝑛, 𝜉) −neighborhood with respect to the identity 
function 𝒩𝑛,𝜉(𝐼), or 

𝔊𝑛,𝔮
ℓ (𝔭, 𝜚, 𝜅, 𝜐) ⊂  𝒩𝑛,𝜉(𝐼) 

If 

𝜉

=  
𝜐|𝜚|(𝑛 + 1)𝔮[(𝔭 + 1)𝔮]ℓ

(𝜅((𝑛 + 1)𝑞 −  1) +  1) ((𝑛 + 1)𝑞 +  𝜐|𝜚| −  1) )[(𝔭 + 1)𝔮]
ℓ
,

(|𝜚| < 1). 

Proof. Of, course, in order to  prove the theorem, we must 

take an element in the new class 𝔊𝑛,𝔮
ℓ (𝔭, 𝜚, 𝜅, 𝜐), i.e. 

𝑓 ∈  𝔊𝑛,𝔮
ℓ (𝔭, 𝜚, 𝜅, 𝜐) 

From it we get 

[
(𝔭 + 𝑛 + 1)𝔮
(𝔭 + 1)𝔮

]

ℓ

(𝜅((𝑛 + 1)𝑞 −  1)

+  1) ((𝑛 + 1)𝑞 +  𝜐|𝜚| −  1) )∑ 𝑎𝑘
∞

𝑘=𝑛+1
≤  𝜐|𝜚|,           (14) 

or 

∑ 𝑎𝑘
∞

𝑘=𝑛+1

≤  
𝜐|𝜚|[(𝔭 + 1)𝔮]ℓ

(𝜅((𝑛 + 1)𝑞 −  1) +  1) ((𝑛 + 1)𝑞 +  𝜐|𝜚| −  1) )[(𝔭 + 1)𝔮]
ℓ
.                (15)         
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By referring to the basic condition in Theorem 1.1, the 
intended inequality 10 and the fact found in the previous 
inequality 15, we conclude the following: 

[
(𝔭 + 𝑛 + 1)𝔮
(𝔭 + 1)𝔮

]

ℓ

(𝜅((𝑛 + 1)𝑞 −  1)

+  1) ∑ (𝑘)𝔮𝑎𝑘
∞

𝑘=𝑛+1
≤  𝜐|𝜚| +  (1
−  𝜐|𝜚|)(𝜅(𝑛 + 1)𝑞 +  𝜐|𝜚| −  1) ) 

× [
(𝔭 + 𝑛 + 1)𝔮
(𝔭 + 1)𝔮

]

ℓ

∑ 𝑎𝑘          
∞

𝑘=𝑛+1
 

≤  𝜐|𝜚| +  (1 −  𝜐|𝜚|)(𝜅(𝑛 + 1)𝑞 −  1)

+ 1) ) [
(𝔭 + 𝑛 + 1)𝔮
(𝔭 + 1)𝔮

]

ℓ

 

×
𝜐|𝜚|[(𝔭 + 1)𝔮]ℓ

(𝜅((𝑛 + 1)𝑞 −  1) +  1) ((𝑛 + 1)𝑞 +  𝜐|𝜚| −  1) )[(𝔭 + 1)𝔮]
ℓ
, 

∑ (𝑘)𝔮𝑎𝑘  
∞

𝑘=𝑛+1

≤ 
𝜐|𝜚|(𝑛 + 1)𝔮[(𝔭 + 1)𝔮]ℓ

(𝜅((𝑛 + 1)𝑞 −  1) +  1) ((𝑛 + 1)𝑞 +  𝜐|𝜚| −  1) )[(𝔭 + 1)𝔮]
ℓ
,

=  𝜉.       (16) 

So, 𝑓 is an element of  (𝑛, 𝜉) −neighborhood with respect 
to the identity function 𝒩𝑛,𝜉(𝐼), in light of or relying on 

equation (3). 

And thus the proof is successfully completed. 

We also show the containment relationship  between  the 

new defined class 𝔄𝑛,𝔮
ℓ (𝔭, 𝜚, 𝜅, 𝜐) and the class of  

(𝑛, 𝜉) −neighborhood with respect to the identity function 
𝒩𝑛,𝜉(𝐼) by determining the value of 𝜉 which can be deduced 

through the proof of the following theorem. We prove it in the 
same way as the previous theorem, with the difference of using 
Theorem 2.2 instead of Theorem 2.1. 

 

Theorem 2.4. The new defined class 𝔄𝑛,𝔮
ℓ (𝔭, 𝜚, 𝜅, 𝜐) is a 

subset of the  (𝑛, 𝜉) −neighborhood with respect to the identity 
function 𝒩𝑛,𝜉(𝐼), or 

𝔄𝑛,𝔮
ℓ (𝔭, 𝜚, 𝜅, 𝜐) ⊂  𝒩𝑛,𝜉(𝐼) 

If 

𝜉 =  
𝜐|𝜚|[(𝔭 + 1)𝔮]ℓ

(𝜅((𝑛 + 1)𝑞 −  1) +  1) [(𝔭 + 𝑛 + 1)𝔮]
ℓ
, (|𝜚| < 1). 

Remark 2. 2:  In Theorem 2.3 we note that if we take 
specific values for example 𝜅 = 0, ℓ = 0, 𝜚 = 1, 𝜐 = 1 −
𝛼 (0 <  𝛼 ≤ 1), 𝔮 → 1−, we get a special case taken and 
studied by the distinguished researcher in source no [19] and 
presented it as a basic result of his research. 

3. Containment Relations For The Distinct 

Classes 𝕲𝒏,𝖖
𝓵,𝝎(𝖕, 𝝔, 𝜿, 𝝊) and 𝕬𝒏,𝖖

𝓵,𝝎(𝖕, 𝝔, 𝜿, 𝝊) and 

The (𝒏, 𝝃) −neighborhood of The  Conditional 
Function 𝓝𝒏,𝝃(𝑰)  

First we define two classes 𝔊𝑛,𝔮
ℓ,𝜔(𝔭, 𝜚, 𝜅, 𝜐) and  

𝔄𝑛,𝔮
ℓ,𝜔(𝔭, 𝜚, 𝜅, 𝜐) by means of the previously defined classes 

𝔊𝑛,𝔮
ℓ (𝔭, 𝜚, 𝜅, 𝜐) and  𝔄𝑛,𝔮

ℓ (𝔭, 𝜚, 𝜅, 𝜐).  Later, we show the 

containment relations for these two classes with the class 
(𝑛, 𝜉) −neighborhood of the conditional function 𝒩𝑛,𝜉(ℎ) by 

determining or distinguishing the value of 𝜔 for each of them. 

We take a function 𝑓 in the class  𝒜(𝑛), so it is an element 

of the distinct class 𝔊𝑛,𝔮
ℓ,𝜔(𝔭, 𝜚, 𝜅, 𝜐)  if there is a function 

ℎ ∈  𝔊𝑛,𝔮
ℓ (𝔭, 𝜚, 𝜅, 𝜐) that satisfies the following condition: 

|
𝑓(𝑧)

ℎ(𝑧)
−  1| < 1 −  𝜔,           (0 ≤ 𝜔 < 1, 𝑧

∈  𝒰)                                   (17) 

Now we define the class 𝔄𝑛,𝔮
ℓ,𝜔(𝔭, 𝜚, 𝜅, 𝜐) by the class  

𝔄𝑛,𝔮
ℓ (𝔭, 𝜚, 𝜅, 𝜐) in the same previous way: 

We take a function 𝑓 in the basic set  𝒜(𝑛), so it is an 

element of the distinct class 𝔄𝑛,𝔮
ℓ,𝜔(𝔭, 𝜚, 𝜅, 𝜐)  if there is a 

function ℎ ∈ 𝔄𝑛,𝔮
ℓ (𝔭, 𝜚, 𝜅, 𝜐) that satisfies the following 

condition: 

|
𝑓(𝑧)

ℎ(𝑧)
−  1| < 1 −  𝜔,           (0 ≤ 𝜔 < 1, 𝑧

∈  𝒰)                                   (18) 

Theorem 3.1. The (𝑛, 𝜉) −neighborhood with respect to 
the conditional function 𝒩𝑛,𝜉(ℎ), where 

ℎ ∈  𝔊𝑛,𝔮
ℓ (𝔭, 𝜚, 𝜅, 𝜐) is a subset of the distinct defined class 

𝔊𝑛,𝔮
ℓ,𝜔(𝔭, 𝜚, 𝜅, 𝜐), or   

𝒩𝑛,𝜉(ℎ) ⊂  𝔊𝑛,𝔮
ℓ,𝜔
(𝔭, 𝜚, 𝜅, 𝜐) 

If  

𝜔 = 1 − 
𝜉

(𝑛 + 1)𝔮
×  

{(𝜅((𝑛 + 1)𝑞 −  1) +  1) ((𝑛 + 1)𝑞 +  𝜐|𝜚| −  1) )[(𝔭 + 𝑛 + 1)𝔮]
ℓ}

/{(𝜅((𝑛 + 1)𝑞 −  1)

+  1) ((𝑛 + 1)𝑞 +  𝜐|𝜚| −  1) )[(𝔭 + 𝑛 + 1)𝔮]
ℓ

− 𝜐|𝜚|(𝑛 + 1)𝑞[(𝔭 + 1)𝔮]
ℓ}} 

  Proof.  In order to prove the required containment 
relation, we take 𝑓 ∈  𝒩𝑛,𝜉(ℎ) and directly we obtain the truth 

  

∑ 𝑘|𝑎𝑘 − 𝑐𝑘| 
∞

𝑘=𝑛+1
≤  𝜉, 

i.e. the following inequality of coefficients 
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∑ 𝑘|𝑎𝑘 − 𝑐𝑘| 
∞

𝑘=𝑛+1
≤ 

𝜉,

(𝑛 + 1)𝑞
,        (𝑛 ∈  ℕ) 

Again we recall condition 14 because ℎ ∈
 𝔊𝑛,𝔮
ℓ (𝔭, 𝜚, 𝜅, 𝜐) 

  

∑ 𝑎𝑘
∞

𝑘=𝑛+1

≤  
𝜐|𝜚|[(𝔭 + 1)𝔮]ℓ

(𝜅((𝑛 + 1)𝑞 −  1) +  1) ((𝑛 + 1)𝑞 +  𝜐|𝜚| −  1) )[(𝔭 + 𝑛 + 1)𝔮]
ℓ
.      (19)         

|
𝑓(𝑧)

ℎ(𝑧)
−  1| <

∑ |𝑎𝑘 − 𝑐𝑘| 
∞
𝑘=𝑛+1

1 − ∑ 𝑐𝑘  
∞
𝑘=𝑛+1

 

≤ 
𝜉,

(𝑛 + 1)𝑞
× 

{(𝜅((𝑛 + 1)𝑞 −  1) +  1) ((𝑛 + 1)𝑞 +  𝜐|𝜚| −  1) )[(𝔭 + 𝑛 + 1)𝔮]
ℓ}

/{(𝜅((𝑛 + 1)𝑞 −  1)

+  1) ((𝑛 + 1)𝑞 +  𝜐|𝜚| −  1) )[(𝔭 + 𝑛 + 1)𝔮]
ℓ

− 𝜐|𝜚|(𝑛 + 1)𝑞[(𝔭 + 1)𝔮]
ℓ}} 

= 1 −  𝜔. 

Thus we have deduced the value of 𝜔, in light of which the 

function 𝑓 belongs to the special class 𝔊𝑛,𝔮
ℓ,𝜔(𝔭, 𝜚, 𝜅, 𝜐), 

which in turn ends the proof of the theorem. 

Now we come to the second distinct class 𝔄𝑛,𝔮
ℓ,𝜔(𝔭, 𝜚, 𝜅, 𝜐) 

and the containment relation with class (𝑛, 𝜉) −neighborhood 
with respect to the conditional function 𝒩𝑛,𝜉(ℎ) and the 

statement of the condition on the basis of which the relation is 
true. Honestly, it is similar to  the previous theorem. 

Theorem 3.2. The (𝑛, 𝜉) −neighborhood with respect to 

the conditional function 𝒩𝑛,𝜉(ℎ), where ℎ ∈ 𝔄𝑛,𝔮
ℓ (𝔭, 𝜚, 𝜅, 𝜐) 

is a subset of the distinct defined class 𝔄𝑛,𝔮
ℓ,𝜔(𝔭, 𝜚, 𝜅, 𝜐), or   

𝒩𝑛,𝜉(ℎ) ⊂  𝔄𝑛,𝔮
ℓ,𝜔
(𝔭, 𝜚, 𝜅, 𝜐) 

If  

𝜔

= 1 − 
𝜉

(𝑛 + 1)𝔮

× 
(𝜅((𝑛 + 1)𝑞 −  1) +  1) (𝑛 + 1)𝑞[(𝔭 + 𝑛 + 1)𝔮]

ℓ

(𝜅((𝑛 + 1)𝑞 −  1) +  1) (𝑛 + 1)𝑞[(𝔭 + 𝑛 + 1)𝔮]
ℓ − 𝜐|𝜚|[(𝔭 + 1)𝔮]ℓ

,

(|𝜚| < 1|). 
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