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Abstract— In this paper | have defined new subclasses of analytic functions characterized by negativity of their
coefficients by the g-symmetric multiplier transform operator. In fact, they are subclasses of the class of starlike and
convex functions of complex order, and through them | studied the (n, &) —neighborhood of these subclasses and the
inclusion relations between them. So | put forward the conditions through which these subclasses belong to the
neighborhood or vice versa, the neighborhood belongs to them, and | explained the special cases of them.
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I. INTRODUCTION

Npe(I) ={h € A(n): h(z)
| begin my research by assuming the class A (n) which is

the class of all normalized analytic functions inside the unit =z
disc > >
_ k
U={z€C:|z] <1}, and each element of which is Z e 27 Z kle |
written in the form ke=n+1 ke=n+1
f(2)=z— YPps1ax 2",(a =20, n€E N= S<$p (3)
{1,2,3,..1). 1) o _ o
Now | need to introduce the concept of " Whgl(;:rf;lolgda special case of the definition of the general
(n, &) —neighborhood of the function f(z) in the basic class g '
A(n) , which I got from the two sources [1], [2] as follows: Now | will recall the two definitions of the starlike function
of complex order n and the convex function of complex order
_ . n, which are the cornerstone of the research and have been
Mo (F) {h € Am):h(z) proposed or rather studied by the researchers referred in the
= 5 sources [3], [4], [5].] 6] as follows:
- X - Let f be a function in the defined class A (n). Then f has
- z Ck 27, z klay = ci the starlike property of complex order n if the following
k=n+1 k=n+1 condition is satisfied:
< f}. (2) { 1<zf’(z) >}
Reil+ — —-1]¢>0,
n\ f(2
If we take this definition for the identity function 1(z) = z, (z€ Un
we get the definition € C—{0}. 4

The set of all starlike functions of complex order n is
denoted by the symbol St,,.
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In the same way for the function f in the class A(n), itis
characterized by the property of convexity of complex order n
if the following condition is satisfied:

1(zf"(z)
refos (D))
(z€e Une C—{0}). (5

The set of all convex functions of complex order n is
denoted by the symbol Ct,,.

Let's start by defining the quantum derivative or the
derivative g of the function f which is considered one of the
operators that has attracted many researches say [7], [8], [9],
[10] to study it recently due its great importance in the field of
mathematical and physical sciences and its important
applications in the topics of quantum transform analysis,
quantum integral equation, special functions, and many other
important topics.

As for the derivative q,0 < g < 1, it has been studied by
the most important researchers referred to in the sources [11],
[12] in light of which the function f in the important set A (n)
is defined, and its formula (1) is as follows:

f(z) - f(az) .
:th,nf(z) _ 7(1_(1)2 ifz+0
f'(@) ifz=0
th,nf(z) = Z— Zl?:n+1(k)qak zk, (ap =0, ne
N=1{1,23..}. (6)
1— k
(k) = 1_1 =14+ qg+ o>+ ..
+ gt (7)
N 1 .. f@— f(az)
f'(z) = qllrgl_ Dt nf(2) = llm—(l mpoy
g 17

Dt,1f(2) = Dt f (2).

In the same vein, some researchers in sources [13], [14]
have discussed the concept of q integration for a complex
function f that is differentiable and under the condition that the
series contained in the definition is convergent in the following
form:

| s =20- @Y ar G,
0 =)

Now we come to our function f defined by equation (1).
The integral of q for it is as follows:

J-oof( )d ZZ N ay Zk

s)dgs = —— ,

0 12lq k:n+1|k+1|q

lim [ (s)d Zz+ i @i 7"

o SEdes =5 k+1’
k=n+1

In fact equal to the natural integral.
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Also, some researchers in recent years have studied the g-
symmetric multiplier transform operator in their research, such
as [15], [16] and they defined it as follows:

t—q

Rn ) (1) = gy Do @R ) (Im (p > 1,8
q

€ Zze W),

_ o [+ k),
R (2) =z + kzznﬂ T 1)q] a, z8,(p> -1,0< g

<1,2€ Zze U), (8)

If we notice this interesting operator, we may see that it is a
generalization of many of the operators are known and studied
by distinguished researchers interested in this interesting and
important field at the same time. Now | will review some of
these operators, for example R¢,(0)f(z) = D’[16], also
Re1(Df(2) = Df(2) [17], and R 1(0)f(2) = If(2)
[18].

Now let's get to the heart of the matter, which is using this
operator to define the following two classes.

Definition 1.1. Let f be in A(n) defined by formula (1).
We say that f is an element of the new class (ﬁfl,q (»,0,k,0)

If the following condition is satisfied:

1 2Dty (REn @I (D)) + 122 D2 (R (0)f (2))

o\ k2Dt (R, MF@D) + Q- ORLEf@)
< v, 9

(0<sk<1l0<wv <1, 0 €C—{0},z€e U.

Definition 1.2. We take f in A(n) defined by formula
(1). Thus f belongs to the class AL, (p, 0, k, v)

If the following inequality is satisfied:

1
[ (Ptan (R @) + e, (R, ()1 (2) — 1)
<, (10)
(0<sk<1l0<wv <1, 0 €C—{0},z€e U.

In addition, if we look closely at previous researches in this
field, we note that some researchers studied subclasses that are
considered special cases of these two known classes by taking
k=+4¢=0, v=1,9— 17 mentioned in the sources [19], [20].

®£l,q(pl Q; 0; 1) c Stn,
Q’[fl’q(p; Q; 01 1) c Ctn
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2. Basic Results and Containment Relations of
The Classes ®f,(p,0,k,v) and UL, (p, 0 K, )
With The Neighborhood of The Identity Function
Nn,f(l):

First we need to prove the two basic results which are
considered the essence of the subject and on the basis of
which we obtain the containment results of the
(n, &) —neighborhood of the identity function JV;, £ (I) with
the two new classes 6% ,(p,0,k,v) and AL, (p, 0,k V)
defined above.

Theorem 2.1. The function f(z) in the hypothetical
fundamental class A(n) is an element of the class
®} . (p, 0, k,v) if and only if

C (p+k>q]*’
k),— 1
2, [ -
+ 1) (g + vlol — 1))ay
< vlo|. 11

Proof. First we assume that the function f(z) is an element
of the defined class (ﬁflq(p, 0, k,v) . In light of this fact, and by
applying Definition 1.1 to the new class G oo Kv) , we
obtain

Do (R0 (2)) + K22 D2 (R (0)f (2))
KkzDt(RE ) f @) + (1— ) RL,(f @)
> —vlel, (z€W
Or, rather it can be simplified as

(p+1)

Zk n+1 [((p:l;;:l (k(()g — 1) + Day z* }
(zew), (12)

{ - [“’*"’] (0D, = 1) + (), + vlel = 1) 2|
Re

—vlol,

So we get what is required for the first side of the theorem
for taking the real values of the variables z on the real axis and
approaching one form the left side.

To complete the proof of the theorem, we to the other
opposite side by assuming that condition (11) is satisfied. We
have:

2Dty (R (0)f(2)) + KZ*Dt2n(REn(0)f (2))

k2Dt (RELP)f(2) + (1 — 1) RE(0)f (2)

2o [2] (00, — 1) + (00, + vlel ~ 1y 2

(p+1)

= | Z=3% [(vﬂc)q] (k(()g — 1) + Day z* |

(p+1)

w [’
ool (1= B[220 (00, = 1)+ (@, + vl = e )

(p+1),

1= 5 [29] (@0 - 1)+ D

(p+1)

< vlol.

By taking the value of z on the boundaries of the unit circle
U, then using the maximum modulus theorem, we obtain the
required result, which is

f € Gf (0 K,0).
Thus, we complete the proof of the theorem.

Then we come to the following important basic result
which can be proven in a similar way to the previous result
and which relates to the second new knowledge class
AL (0, 0, k,v) as follows:

Theorem 2.2. The function f(z) in the hypothetical
fundamental class A(n) is an element of the class
AL (v, 0, k,v) ifand only if

SHCENE
kzzn,,l [(n+ 1):] (), (k(()g — 1) + 1) ay

< vlg|. (13)

Remark 2. 1: In Theorem 2.1 we note that if we take
specific values for example £ =0, =1,v=1—-a,q—> 17,
we get a special case taken and studied by the distinguished
researcher in source no [19] and presented it as a basic result of
his research.

We will prove that the define class ®? o oK) is
included in the class of the (n, &) —neighborhood with respect
to the identity function JV;, - (1) and state the condition through
which the amazing result is reached.

Theorem 2.3. The new defined class @ﬂ‘q(p, 0,k,v) is a
subset of the (n, &) —neighborhood with respect to the identity
function V;, £(I), or

(Sfl,q (pl Ql K: U) c Nn,f (I)

vle|(n + Da[(p + Dql*

T (K +1)g— 1)+ 1) ((n+ Dy + vlel— 1)) + Dal’’
(lol < 1).

Proof. Of, course, in order to prove the theorem, we must
take an element in the new class Gfm(p, 0,K,V), i.e.

f € Grq(p, oK)
From it we get

1
(i—;:—;q)q] (k((n+1),— 1)

+ 1) ((n+ 1), + vlel - 1))2
(14)

k= n+1
< vlol,

or

Z:;nﬂ ak
vle|[(p + Dql’

(K((n+ Dy— 1)+ 1) ((n+ 1), + vlel — 1))+ Dal’

(15)
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By referring to the basic condition in Theorem 1.1, the
intended inequality 10 and the fact found in the previous
inequality 15, we conclude the following:

+n+1),

[(P(p D, ] (k((n+1),— 1)

1) Zkzm(k)qak

vlel+ (1
vle(k(n + 1), + vle| - 1))

[(p +n+1),

{7 (o]
a
(P + 1)q ] Zk=n+1 g

< vlel + (1 - vleD(x(n + 1), — 1)

(p+n+1)q[
“))[ G+,

vlel[( + D]’

N+

X )
(k((n+Dg— 1)+ D ((n+ Dy + vlel = 1))+ Dal’

> g
k=n+1

vlol(n + Dq[(p + 1)q]’

S )
(k((m+1);— 1)+ 1) ((n+ 1), + vlel — 1))[( + Da]*

§. (16)
So, f is an element of (n, &) —neighborhood with respect
to the identity function 2V, (1), in light of or relying on
equation (3).

And thus the proof is successfully completed.

We also show the containment relationship between the
new defined class ?Ifl,q(p, o,k,v) and the class of
(n, &) —neighborhood with respect to the identity function
Np,e(I) by determining the value of & which can be deduced
through the proof of the following theorem. We prove it in the
same way as the previous theorem, with the difference of using
Theorem 2.2 instead of Theorem 2.1.

Theorem 2.4. The new defined class ¥%,(p, 0, k,v) is a
subset of the (n, &) —neighborhood with respect to the identity
function V;, £ (1), or

9’Ifl,q (p’ Ql Kl U) c Nn,{ (I)

_ vlel[(p + Dal
(K((n + 1) — 1) + D [(p+n+1q]?’

Remark 2. 2: In Theorem 2.3 we note that if we take
specific values for example ¥k =0,£=0,0=1Lv=1-
a(0< a<1), g—17, we get a special case taken and
studied by the distinguished researcher in source no [19] and
presented it as a basic result of his research.

(lel <1).
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3. Containment Relations For The Distinct
Classes @f;j‘;’(p,g, k,v) and ‘Ltf;',‘;’(p, o, k,v) and
The (n, &) —neighborhood of The Conditional
Function V', :(I)

First we define two classes (ﬁﬁ[f&’ (p,0,x,v) and
Qlf;‘fc‘" (p, 0, K, v) by means of the previously defined classes

®f (P 0,k,v) and AL (p,0,k,V). Later, we show the
containment relations for these two classes with the class
(n, £) —neighborhood of the conditional function IV, ¢ (h) by
determining or distinguishing the value of w for each of them.
We take a function f in the class A(n), so it is an element

of the distinct class (ﬁi’fa) (p,0,K,v) if there is a function
h € ©f,(n, 0,k v) that satisfies the following condition:

1@
h(2)

0<w<1l,z
17)

—1|<1—w,
€ U

Now we define the class ‘21“’(;3, 0,k,v) by the class
QIfl,q(p, 0, k, V) in the same previous way:

We take a function f in the basic set A(n), so it is an
element of the distinct class %I“’(p, o,k,v) if there is a
function h € QIfl,q(p, 0,k,v) that satisfies the following
condition:

f(2)

h(z)

1|<1—w, 0<w<1l,z
€U (18)

Theorem 3.1. The (n, &) —neighborhood with respect to
the conditional function Npe(h), where

hge (ﬁfl,q (p, 0, k, V) is a subset of the distinct defined class
®y5 (0, 0,%,0), or

*sz(h) c Gﬁi?(p;Q;K;U)

E X
(n+1),
{(k(@+1g = 1)+ D ((+ D + vlel = 1)) +n+1a])

Hle((+1)g — 1)
+ 1) ((n+Dg + vlel = 1)[(p+n+ D]’

— vje|(n + Dq[(p + Dal}}

Proof. In order to prove the required containment
relation, we take f € JV, - (h) and directly we obtain the truth

o
Z Klay — c] < €,
k=n+1

i.e. the following inequality of coefficients

w=1-
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oo f'
kla, — ¢x| < ——, ne€e N
D10l = Gy @EW
Again  we recall condition 14 because h €
(ﬁﬁ,q (p! o K, U)
Z“’ o
k=n+1 1) ]t’
vle|[(p + Da (19)

(K((n+ 1, - 1) +1) ((n+ Dy + vle|l - 1) M +n+ 1]t

f(2) Dk=n+1 @ — il

| <P
h(z) 1= XRine1Ck
< 76' X
(n+ 1),

{(K((n +1,- 1)+ 1) ((n+ 1), + vlel = 1))[(p+n+1q]"}
H{(k((n+ 1), - 1)
+ 1D ((n+1g + vlel = 1))[(p+n+ gl
—vlel(n + 1y + Dal'}}

=1- w.
Thus we have deduced the value of w, in light of which the
function f belongs to the special class (ﬁfl’f;) (p,0,K,V),

which in turn ends the proof of the theorem.

Now we come to the second distinct class QI"“’(p 0,K,V)
and the containment relation with class (n, §) —neighborhood
with respect to the conditional function M ((h) and the
statement of the condition on the basis of which the relation is
true. Honestly, it is similar to the previous theorem.

Theorem 3.2. The (n, &) —neighborhood with respect to
the conditional function V;, ¢ (h), where h € QIf;,q (»,0,K,v)
is a subset of the distinct defined class %Ifl’_(;’ (p,0,K,v),0r

Nn,{ (h) c Q’Iﬁ:(é{) (p: Ql K, U)

__f
(n+ 1),
(k((n+ 1Dy — 1)+ 1) (n+ Dy[(p +n+ Dl
(k((n+ 1Dy — 1)+ 1) (+ Dy[(p +n+ 1ql* —vlel[(p + Dal*’
(lel < 1J).
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