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Abstract— This paper introduces new subclasses of the bi-univalent function class ¥, defined via a newly
constructed integral operator denoted by Z,’;,, acting on analytic functions within the open unit disc ID. These
subclasses are formulated based on multi-parameter operator structures that exhibit rich analytic behavior. We
investigate the coefficient bounds associated with functions belonging to these classes, with particular focus on
deriving sharp estimates for the first two Taylor—Maclaurin coefficients, namely |a,| and |a3|. The findings
contribute to the structural understanding of bi-univalent functions and offer new directions for application within the

framework of geometric function theory.
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1. Introduction

Integral, differential, and particularly fractional
operators play a fundamental role in modern complex
analysis. These operators have proven essential in
describing the geometric and analytic properties of
analytic functions, including coefficient bounds and
distortion phenomena. Fractional calculus extends
classical differentiation and integration by allowing the
order of these operations to take on non-integer and
even complex values, thereby enriching the theoretical
framework. Through such operators, new subclasses of
starlike and convex functions have been constructed,
facilitating a deeper examination of their geometric
behavior within the unit disk. Moreover, fractional
differential operators are crucial tools in modeling
complex dynamical systems and solving fractional
differential equations arising in physics and applied
sciences. Operators like the Srivastava and Libera
fractional integrals yielded precise
concerning the geometric characteristics and image
domains of analytic functions. The utilization of special
functions, such as generalized hypergeometric functions,
to define fractional operators has further broadened the
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scope of research in this area. Recently, several
noteworthy contributions have emerged, highlighting
significant advancements in fractional integral operators
within complex analysis [14, 15, 16, 17,18].

Let A be a class of all analytic functions f in
the open unit disk U = {z:|z| < 1}, normalized by the
conditions f(0) = 0 and f'(0) = 1, of the form:

fz) =3+ Z a,z” (z e U). (D
n=2

Let A, be the class of all functions in A which are
univalent in U. A function f € A is said to be starlike if
f(U) is a starlike domain with respect to the origin i.e.,
the line segment joining any point of f(U) to the origin
lies entirely in f(U) and a function f € A is said to be
convex if f(U) is convex domain; i.e., the line segment
joining any two points in f(U) lies entirely in f(U).
Analytically f € A is starlike, denoted by S, if and only
if Re (Z; ES)> > 0, whereas f € A is convex, denoted by
k, if and only if Re (1 + %’S)) > 0. The classes
S*(1) and k(t) of starlike and convex functions of order
7(0 < 7 < 1), are respectively characterized by
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3f'(3)\Igpf(3) =2
Re (KZ))%r (zel), )
and
zf"(z)
R<1+f(z)>>r (z €, 3

Lemmal. Let f € A, for a € N and f = 2. The integral
operator denoted by J, ;z defined as following:
Tupi A = A,

(ln(ﬁ))a J-oova_zﬂ_vf(ZV) dv
0

Tapf (5) = s

n

—er Z ()

Proof. We simplify the integral as follows
ln a (e
ja,ﬁf(z) = ﬂf Va_zﬁ_vf(ZV) dv
0

I (a)
J- Va—Zeln([i’)_V (ZV
0

_ (n@y°
+ z anz”V”> dv

I'(a)

_ (n(p)°
r@

Z nf Va+n—ze—Vln([s’) avl.

[Z f Va—le—vln(ﬁ) v

LetVln(B)nz: y,then V (anB))' ifV=0,wegety=
0,if V =oc0,wegety = and dV = (ln(lﬁ)) dy .
ga,ﬁf(z)

()" et 1
G [Zf TR T

+Z @n2 f ((m?ﬁ)))am_ze_leﬁD dyl

S s (7
=T [(m(ﬂ))“fo yeemdy
jooya+n—ze—y dyl

a,z"

(ln(ﬁ))“+" !

=at Z ((11;((0/;;71;39 "
In gegeral
Japf(z) = 2+ Z(ﬂﬁ,ﬁ)m a,z",
where
k)" ((ll;f(;;;—nlra)) (m € Ny)

If m = 0,then 73 3f(z) = f(z). Thus

15

Example 1. Behavior of the operator J;; under raw and
scaled visualization as follows:

(1) We consider the analytic function

3z
Z)=——=2z+2*+2>+,
f(z) 12

and apply the operator 7} ;f(z) to obtain

r 1
72 3f(z) =3+ Z ((liln3;_n 2>Z

This operator introduces rapldly growing coefficients, as
I'(n + 1) grows factorially. For values of |z| near the unit
circle, these terms dominate, resulting in an explosive
magnitude of the function near |z| = 1.

The raw surface plot of |f]21_3 f (z)| reflects this behavior,
showing large spikes along the boundary of the unit
disk. Although accurate, such a plot can obscure the
inner structure of the transformation within ; see Fig. 1.

(2) To gain better insight into the internal behavior
of the operator across the disk, we introduce a
logarithmic scaling of the modulus:

F(z) =log(1 + |73:f (2)|).

This transformation maintains the analytic structure but

compresses the vertical scale. As a result, the plot

becomes visually balanced, allowing finer features of the
operator's behavior to emerge — especially near the
center of the disk, where structural properties of the
function are more stable and analytically rich. The
logarithmic plot thus serves as a visually enhanced

interpretation of the operator's effect; see Fig. 2.

The two plots illustrate different aspects of the
operator 7. The first reflects the raw magnitude
growth, Wthh is important for estimating the distortion
induced by the operator, especially in extremal
problems. The second offers a smoother analytic
landscape, useful for understanding inner dynamics and
structure.

Such analysis is of particular interest in fractals and
complex dynamics, where rapidly growing iterated
structures are common, and understanding their
moderated behavior is crucial. However, in our context,
we leverage this operator to produce results in
geometric function theory, where function classes are
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studied under analytic constraints, subordination, and
coefficient estimates. These visual tools help bridge the
abstract operator theory with concrete geometric
intuition.
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Fig. 1. Plot of |7;f(z)| showing rapid boundary
growth.

log(1+733f(2)).

Im(z)

-1.0 0.0
-05

0.0 -0.5

Re(z) o5

10 10

Fig. 1. Plot of log(1 + |725f(3)|) revealing internal
structure.

The determination of the limits for the coefficients
a,is a significant issue in geometric function theory, as
these limits provide insights into the geometric
characteristics of the functions involved. The bound for
the second coefficient a,of functions in A, provides
limits on growth and distortion, in addition to covering

theorems. It is well known that the n — th coefficient a,,

isbounded by n for each f € A,.

In this concept, we assess the initial coefficients

|a,| and |as|related to the coefficient problem for
specific subclasses of bi-univalent functions.

The Koebe one—quarter theorem [7] proves that the
image of U under every univalent function f € A,
contains the disk of radius i. Therefore, every function

f € A, has an inverse f~*, defined by
7@ =2 (zel)
and
fOFHw) = w,

where

(] <n(f),  n(f) =)
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fHw) = g(w)

=w + Z byw™ = w — a, w? + 2a,? — az)w?

" — (5a,3 —5aya; + a)w* + . (5)
A function f € A, is said to be bi-univalent in the open
unit disk U if both the functions f and f~! are univalent
there. Let W denote the class of bi-univalent functions
defined in the unit disk U. Examples of functions in the

class W are
2z 1 1 l 1+2z
1-z° ®1-g % |1-7

However, the fa liar Keobe function is not a member of

Y. Other common examples of functions in U such as

2z —3° z

2 and 1— 32

are not members of ¥ ethier.
Finding bounds for the coefficients of classes of bi-
univalent functions dates back to 1967 (see Lewin [9]).
Brannan and Taha [4](see also [13]) introduced certain
subclasses of the bi-univalent function class W similar to
the familiar subclassesS*(t) and k(t)(see [4]). Thus,
following Brannan and Taha[4](see also [13]), a

functionf € A is in the classS™y[7] of strongly bi-starlike

functions of ordert(0 < t < 1), ifeach of the following
conditions are satisfied:

f € Yand |arg (Z}}:(IS)) < %, 0<t<1,
z €l)
and
arg<%>|<%, (0<t<1, w € 1),

where g is the extension of f~!toU. The classes
S*glt] and ky(a) of bi-starlike functions of order 7, and
bi-convex functions of order 7, corresponding
(respectively) to the function classes defined by
equations (2) and (3), were also introduced analogously.
They discovered non-sharp estimates on the first two
Taylor-Maclaurin coefficients, |a,| and |a;|, for each of
the function classesS*y[t] and ky(@),(see [4,13]).
Motivated by the earlier works of Atshan et al. [1,2],
Srivastava et al. [12] and Frasin and Aouf [8](see also
[3,5,6,7,9,10,11,19,20,21]). In this study, we provide
two new subclasses of the function class
W,Cy(a, B, 7,8, 1), which generalize the previously stated
classes. The novel integral operatorJ,gof analytic
functions involving binomial series in the open unit disk
U is used to define this subclass. Furthermore, functions
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in this new subclass are given upper constraints for the
second and third coefficients.

We must remember the following lemma to arrive at our
primary conclusions.
Lemma 2.[11] :Let p € P be family of all functions
p analytic in U, for which Re{p(z)} > 0 and have the
form

() =1+ p2+ p,z°+-,for 3 € U then |p,| < n,

for each 7.
2. Limits of the Coefficient for the Function Class
Ci(a, B, 31).
Definition 1. A functionf (z) given by (1) is said to be in
the class C$*(a, B, 7, 8, %), if the following conditions are
satisfied

(s~ )2 (T0pf @)
5 (Tapf (5)) = 2 (Tupf 42))

ja,ﬁf(z)
Z

f €W¥and |arg

+(—1) <¥.(ze[U) (6)

and

(s = )w? (Topg(w))”

arg 7 ;+ (8
w (f]alﬁg(‘sw)) —w (7a_ﬁg(tw))
Ja,pg(w) T
where g(w) given by (5), a€N =2 0<7<

1 and 8,% be a complex number with s + £; |8| <
land |£| < 1.
Now, we being by finding the estimates on the
coefficients |a,|and |as|, for the functions in the
classCy* (a, B, 1, 8,%).
Theorem 1. Let f(z) given by (1) be in the
classCg*(a, B, 7, 8,%). Then

lal
2T

8 —1)z2(7
(s~ 022" (Tapf @) <)
3z (ﬂa_gf(sz)) -3 (ﬂa_ﬁf(tz)) z
=[p@)]I" (10)
and
2 "
(6 —t)w , (-7a,ﬁg(w)) 8 Top9 (W)
w (ﬂa‘ﬁg(‘sw)) —w (f]a,ﬁg(tw)) w
= [g(2)]", (11)
wherep(z)and ¢(z) in Pand have the forms
@) =1+ p12+ pr2°+ p3z°> + - (12)
and
g(w) =1+ gw + gyw? + gaw?3 + . (13)

The following relations result from this
2+s-)(utp)"

= ‘[#91, (14) .
m m
6+s—)(udp) as— (s +4)(u2p) " a,?
(-1
=Tp, + 2 1 15)
and

—@+s-6)(u2p) " ay = a4, (16)

|12+ 25 - 26) (i )™ - (4s + 40 (12 )| @2
—(6+s8— f)(ﬂg,ﬁ)m%

=14y,
(z—1)
2 91"
By (14) and (16), we get that
P1= 9 (18)

and
22+ 85— t)z(,uéﬁ)zmazz

=12(p,% + 41%). (19)
Now, adding (15) and (17), we obtain that
(12 + 25 — 26) (i )" — 2(4s + 48) (2 5) """ a,?
=1(p2 + 42)
T(TZ D (p1% + a.°). (20)
From (20) and (19), we have

<
J|r(12 +25—-26) (i3 )" — 9rs+ 7ot + 21+ 5 — £ — 242 5)""]

®)

T2 27

< + .
2 +5-021(u2,)"  16+5—£l(u35)"

where g(w) given by (5), a€N,f=22 0<7t<

1 and 8,% be a complex number with s + £; |8| <

land |£| < 1.

Proof: By equations (6) and (7), we have

lasl

©)

17

T [(12 + 28— Zt)(uzﬁ)m —2(48 + 44?)(#;,3)24”] a,?

2(p2 + 42) ,
+@T-1DR2+s— t)z(u;[;) " a,2.
Therefore, we have

(21)

a,?
_ 2 (p, + 4,)

1(12 + 25 — 26) (3 )" — [20(4s + 48) — (1 = D@ + 5 — DI(12 ;)"
Applying Lemma 2 for the coefficients p, and g,, we

immediately have
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|a,l
2T

la,| <

2T
V3at—1

<
J|T(12 +28— Zt)(,uz_ﬁ)m -8+ 71t +21+8— 1 — 2)(/12‘!;)

This provides the intended approximation of |a,|as
stated in (15).
Next in order to find the bound on |a;|, by subtracting
(17) from (15), we get that
26+ 58— )13 5) " as— (12 + 28 — 26)(u 5) " a,?
=1(p2 — 42)

“1
D - a).22)

From (18), (19) and (22), we obtain
2(6 +5— t)(,u;ﬁ)mag

= (12 + 2s
m 2 (p:® + g1%)
- Zt) (Hg.ﬁ) ! 12 2m
22+ 8 — t)z(,ua_ﬁ)
+1(p2 — g2),

or, equivalently
_ 2 (p1? + g.%) (P2 — 42)
3= o s
22+ s —t)z(uéﬁ) 2(6+5—t)(u§ﬁ)
Appling Lemma 2 for the coefficient p,, ¢4, p, and g, we

get that
72 27

12 +5 - 0)2((u2)"" * 6+ 8 —£|(uds)"
As stated in (9), we obtain the desired estimate on |as].
Setting m = 0, in Theorem 1, we get the following result.
Corollaryl. Let f(z)given by (1) be in the

class C3(a, 8,7, 8,%),0 <17 < 1. Then

las| <

la,|
2T
<
\/I‘r(12+25—2t)—(91’5+7‘rt+2‘r+5—t—2)|
and
72 27

az| < + .
s [2+8—1)2] |6+s8—1]

Setting 8 = 1 and t = —1, in Corollaryl, we obtain the
following outcome.
Corollary2. Let f(z)given by (1) be in the class

Cd(a,B,1,1,—1),0 <t < 1. Then
T
<

Ia’zl = Y]
3t

and
2 1

6%
Setting 8 = 1 and £ = 0, in Corollary, we obtain the
following outcome.
Corollary 3. Let f(z) given by (1) be in the class
Cd(a,B,7,1,0),0 < 7 < 1. Then

las| <

18

2m|

and
las| < - + G
3= 9 T 77
3. Coefficient Bounds for the Function class
Cy(a,p.§ 81t
Definition 2. A functionf (z) given by (1) is said to be in
the class C3*(a, B,¢, 8,1),if the following conditions are

satisfied

(5= 1)z (Tpf @)

f € ¥andRe 7 7
2 (Tupf(52)) — 2 (Tupf(£2))
+(s—1) j""i(z) >& (3 €U)(23)
and
- Hw? (7, "
e (s )w(,www e
w (T4,p9(0)) —w (Topgtw))
—t)w >E (wel) (24

where g(w) givenby (5), a €N, =22, 0<¢ <
1 and 8,t be a complex number with s + £; | 8| <
land |t] < 1.
Theorem 2. Let f(z) given by (1) be in the class
Cy' (a,B,1,8,%). Then
la,|

3 -9
- |(12 +25—26) (13 5)" — 2(45 + 46)(u2 )

2m|’

(1-¢)? 2(1-9)
TI@+s—020(12p)" 16+ s —tl(ud )"
where g(w) givenby (5), c e N, =22, 0<¢<

1 and s,% be a complex number with 8 + £; | 8| <
land |£| < 1.
Proof. It follows that, from (23) and (24), there exist
p and g € P such that

|las (26)

(8 — t)Zf (%,Ef (Z)) B Iopf (2)
2 (Tpf(52)) = 2 (Tapf(t2)) 3
={+ (1 -9p(z), (27)
and
(s —t)wzl (7a,ﬁg(w))" D) o p9(w)
w (7a‘ﬁg(5w)) —w (iia,[;g(tw))
=§+ (1 - Hagw), (28)
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wherep(z) and g(w) in Pgiven by (12) and (13).
We obtain the following relationships as a result.

@2+s—t)(u2p)" a=(1—-Op, (29)
6+ 5 — t)(uzﬁ)m% — (45 + 4t)(y§‘ﬁ)2ma,22

=1 -9p: (30)
and
-2+s8- t)(,uéﬁ)ma,z =1 -8)q., (31)

12+ 26 = 26) (i )™ - (4s + 40 (12 )" | 22
—(6+5— t)(#i.ﬁ)m“S

=(1-$)g,- (32)
By (29) and (31), we get that
P1= 4 (33)
and
22 + 5 — t)z(ugﬁ)zmazz =1-%@p*+a.5). (34

Now, adding (30) and (32), we obtain that
(12 + 25 — 26) (i3 )" — 2(4s + 48) (12 5)"" az?

=1 -2+ g2). (35)
Therefore, we have
2.2 1-Op:+4a2)
2

|z +2s - 200(u3 )" — 2045 + 40) (42 5)
Applying Lemma 2 for the coefficients p, and g,, we
immediately have

2m|'

4(1-4)
|(12 +25-26)(35)" — 2(45 + 46) (12 )
w It provides us with the intended estimate of |a,|as
stated in (25).
Next, by deducting (32) from (30), we can determine the
bound on |a;|. This yields that
26 +8— ) (U2 5) " as — (12 + 25 — 26) (1 5) " a,?

=1 -2~ g2 (36)
By (33), (34) and (36), we obtain

2(6+ 8 — t)(,uzﬁ)mas.

= (12 + 25
m| (A _5)2(2’912 + 1%
—26)(ud, o
( ﬁ) 22+ 58— t)z(,ufz_ﬁ)
+ (1 =8Pz — a2),

laz?| < 2m|’

or, equivalently
@ —)%(pi” +q4%) 1 -8 (p2 —g2)

: 22+ 8— t)z(,ué‘ﬁ)zm 2(6+8— t)(,ui_ﬁ)zm.

Appling Lemma 2 for the coefficient p,, g4, p, and g, we
get that
(1-¢)? 2(1-9)

2+ 5= 21(u2p)™" 16 +5—£13)"
As stated in (26), we obtain the desired estimate on |as|.

las| <

19

Setting m = 0, in Theorem?2, we obtain the following
outcome.

Corollary 4. Letf (z)given by (1) be in the
classCd(a,B,¢,5,1),0 < & < 1. Then

la,| < )
2= 112 + 28 — 2¢8) — 2(48 + 41)|
and
4(1 - §)? 21-9)

las| < 2 .
[(2+s8—1)% |6+s5—¢%]
Setting 8 = 1 and £ = —1, in Corollary 4, we get the
following result.
Corollary 5. Let f(z) given by (1) be in the class
Cd(a,B,é,8,1),0 <& < 1. Then

a1-9

a,| < :
a2l < [~

and
— &)2 —
1-9 N 1 f)_

<
lasl = —¢ 8

4. Conclusion

In this work, we introduced new subclasses of bi-
univalent functions defined via a novel parameterized
integral operator. We established precise estimates for
the second and third Taylor-Maclaurin coefficients,
highlighting the analytic impact of the operator’s
parameters. Theoretical insights were further supported
by complex 3D visualizations, illustrating the geometric
deformation induced by the operator. These findings
offer potential applications in geometric function theory
and open new directions for future investigations
involving fractional and integral transformations.
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