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Abstract— This paper introduces new subclasses of the bi-univalent function class 𝜳, defined via a newly 

constructed integral operator denoted by 𝓘𝜶,𝜷
𝓶 , acting on analytic functions within the open unit disc 𝔻. These 

subclasses are formulated based on multi-parameter operator structures that exhibit rich analytic behavior. We 

investigate the coefficient bounds associated with functions belonging to these classes, with particular focus on 

deriving sharp estimates for the first two Taylor–Maclaurin coefficients, namely |𝓪𝟐| 𝒂𝒏𝒅 |𝓪𝟑|. The findings 

contribute to the structural understanding of bi-univalent functions and offer new directions for application within the 

framework of geometric function theory. 

Keywords— Bi-univalent functions; coefficient estimates; integral operator. 

1. Introduction  
Integral, differential, and particularly fractional 

operators play a fundamental role in modern complex 

analysis. These operators have proven essential in 

describing the geometric and analytic properties of 

analytic functions, including coefficient bounds and 

distortion phenomena. Fractional calculus extends 

classical differentiation and integration by allowing the 

order of these operations to take on non-integer and 

even complex values, thereby enriching the theoretical 

framework. Through such operators, new subclasses of 

starlike and convex functions have been constructed, 

facilitating a deeper examination of their geometric 

behavior within the unit disk. Moreover, fractional 

differential operators are crucial tools in modeling 

complex dynamical systems and solving fractional 

differential equations arising in physics and applied 

sciences. Operators like the Srivastava and Libera 

fractional integrals have yielded precise results 

concerning the geometric characteristics and image 

domains of analytic functions. The utilization of special 

functions, such as generalized hypergeometric functions, 

to define fractional operators has further broadened the 

scope of research in this area. Recently, several 

noteworthy contributions have emerged, highlighting 

significant advancements in fractional integral operators 

within complex analysis [14, 15, 16, 17,18]. 

 

Let  𝒜 be a class 𝑜𝑓 all analytic functions 𝑓 in 

𝑡ℎ𝑒 𝑜𝑝𝑒𝑛 𝑢𝑛𝑖𝑡 𝑑𝑖𝑠𝑘 𝕌 = {𝓏: |𝓏| < 1}, normalized 𝑏𝑦 the 

conditions 𝑓(0) = 0 𝑎𝑛𝑑 𝑓′(0) = 1, of the form: 

𝑓(𝓏) = 𝓏 + ∑ 𝒶𝓃𝓏 𝓃

∞

𝓃=2

         (𝓏 ∈ 𝕌).                    (1) 

Let  𝒜𝑢 be 𝑡ℎ𝑒 class of all functions 𝑖𝑛 𝒜 which 𝑎𝑟𝑒 

univalent in 𝕌. A function 𝑓 ∈ 𝒜 is 𝑠𝑎𝑖𝑑 to 𝑏𝑒 starlike 𝑖𝑓 

𝑓(𝕌) is a 𝑠𝑡𝑎𝑟𝑙𝑖𝑘𝑒 domain 𝑤𝑖𝑡ℎ respect to the origin 𝑖. 𝑒., 

the 𝑙𝑖𝑛𝑒 segment joining 𝑎𝑛𝑦 point of  𝑓(𝕌) 𝑡𝑜 the origin 

𝑙𝑖𝑒𝑠 entirely in 𝑓(𝕌) 𝑎𝑛𝑑 a function 𝑓 ∈ 𝒜 𝑖𝑠 𝑠𝑎𝑖𝑑 to be 

𝑐𝑜𝑛𝑣𝑒𝑥 if 𝑓(𝕌) is convex 𝑑𝑜𝑚𝑎𝑖𝑛; i.e., the 𝑙𝑖𝑛𝑒 segment 

joining 𝑎𝑛𝑦 two points 𝑖𝑛 𝑓(𝕌) lies e𝑛𝑡𝑖rely in 𝑓(𝕌). 

Ana𝑙𝑦𝑡ically 𝑓 ∈ 𝒜 is sta𝑟𝑙𝑖ke, denoted by 𝑆∗, if a𝑛d only 

𝑖f 𝑅𝑒 (
𝓏𝑓′(𝓏)

𝑓(𝓏)
) > 0, wh𝑒𝑟eas 𝑓 ∈ 𝒜 is con𝑣ex, denoted 𝑏y 

𝑘, if and on𝑙y if 𝑅𝑒 (1 +
𝓏𝑓′′(𝓏)

𝑓′(𝓏)
) > 0. The cla𝑠𝑠es 

𝑆∗(𝜏) 𝑎𝑛𝑑 𝑘(𝜏) of sta𝑟like and co𝑛𝑣ex functi𝑜ns of or𝑑er 

𝜏(0 ≤ 𝜏 < 1), are resp𝑒𝑐tively chara𝑐𝑡𝑒rized by 
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𝑅𝑒 (
𝓏𝑓′(𝓏)

𝑓(𝓏)
) > 𝜏                      (𝓏 ∈ 𝕌),                 (2) 

and  

𝑅𝑒 (1 +
𝓏𝑓′′(𝓏)

𝑓′(𝓏)
) > 𝜏                (𝓏 ∈ 𝕌),         (3) 

 

Lemma 1. Let 𝑓 ∈ 𝒜, 𝑓𝑜𝑟 𝛼 ∈ 𝑁 𝑎𝑛𝑑 𝛽 ≥ 2. The integral 

operator denoted by ℐ𝛼,𝛽 defined as following:  

ℐ𝛼,𝛽: 𝒜 → 𝒜, 

ℐ𝛼,𝛽𝑓(𝓏) =
(ln(𝛽))𝛼

𝛤(𝛼)
∫ 𝒱𝛼−2𝛽−𝒱𝑓(𝓏𝒱) 𝑑𝒱

∞

0

 

= 𝓏 + ∑ (
𝛤(𝛼 + 𝑛 − 1)

(ln(𝛽))𝑛−1𝛤(𝛼)
)

∞

𝑛=2

𝒶𝓃𝓏 𝓃.                  

Proof.  We simplify the integral as follows 

ℐ𝛼,𝛽𝑓(𝓏) =
(ln(𝛽))𝛼

𝛤(𝛼)
∫ 𝒱𝛼−2𝛽−𝒱𝑓(𝓏𝒱) 𝑑𝒱

∞

0

 

=
(ln(𝛽))𝛼

𝛤(𝛼)
[∫ 𝒱𝛼−2𝑒ln(𝛽)−𝒱

(𝓏𝒱
∞

0

+ ∑ 𝒶𝓃𝓏 𝓃𝒱𝑛

∞

𝑛=2

)  𝑑𝒱] 

=
(ln(𝛽))𝛼

𝛤(𝛼)
[𝓏 ∫ 𝒱𝛼−1𝑒−𝒱 ln(𝛽) 𝑑𝒱

∞

0

+ ∑ 𝒶𝓃𝓏 𝓃 ∫ 𝒱𝛼+𝑛−2𝑒−𝒱 ln(𝛽) 𝑑𝒱
∞

0

∞

𝑛=2

]. 

Let 𝒱 ln(𝛽) = 𝑦, 𝑡ℎ𝑒𝑛 𝒱 =
𝑦

(ln(𝛽))
, 𝑖𝑓 𝒱 = 0, 𝑤𝑒 𝑔𝑒𝑡 𝑦 =

0, 𝑖𝑓 𝒱 = ∞, 𝑤𝑒 𝑔𝑒𝑡 𝑦 = ∞ 𝑎𝑛𝑑  𝑑𝒱 =
1

(ln(𝛽))
𝑑𝑦  . 

ℐ𝛼,𝛽𝑓(𝓏)

=
(ln(𝛽))𝛼

𝛤(𝛼)
[𝓏 ∫ (

𝑦

(ln(𝛽))
)

𝛼−1

𝑒−𝑦
1

(ln(𝛽))
  𝑑𝑦

∞

0

+ ∑ 𝒶𝓃𝓏𝓃 ∫ (
𝑦

(ln(𝛽))
)

𝛼+𝑛−2

𝑒−𝑦
1

(ln(𝛽))
  𝑑𝑦

∞

0

∞

𝑛=2

] 

=
(ln(𝛽))𝛼

𝛤(𝛼)
[

𝓏

(ln(𝛽))𝛼
∫ 𝑦𝛼−1𝑒−𝑦 𝑑𝑦

∞

0

+ ∑
𝒶𝓃𝓏 𝓃

(ln(𝛽))𝛼+𝑛−1
∫ 𝑦𝛼+𝑛−2𝑒−𝑦 𝑑𝑦

∞

0

∞

𝑛=2

]

= 𝓏 + ∑ (
𝛤(𝛼 + 𝑛 − 1)

(ln(𝛽))𝑛−1𝛤(𝛼)
)

∞

𝑛=2

𝒶𝓃𝓏 𝓃. 

In general 

ℐ𝛼,𝛽
𝓂 𝑓(𝓏) = 𝓏 + ∑(𝜇𝛼,𝛽

𝓃 )
𝓂

∞

𝑛=2

𝒶𝓃𝓏 𝓃, 

where 

(𝜇𝛼,𝛽
𝓃 )

𝓂
= (

𝛤(𝛼 + 𝑛 − 1)

(ln(𝛽))𝑛−1𝛤(𝛼)
)

𝓂

.           (𝓂 ∈ ℕ0) 

If 𝓂 = 0, 𝑡ℎ𝑒𝑛  ℐ𝛼,𝛽
0 𝑓(𝓏) = 𝑓(𝓏). Thus 

ℐ𝛼,𝛽
𝓂 𝑓(𝓏) = 𝓏 

Example 1.  Behavior of the operator ℐ𝛼,𝛽
𝓂  under raw and 

scaled visualization as follows: 

(1) We consider the analytic function  

𝑓(𝓏) =
𝓏

1 − 𝓏
= 𝓏 + 𝓏2 + 𝓏3 + ⋯, 

and apply the operator ℐ2,3
1 𝑓(𝓏) to obtain  

  

ℐ2,3
1 𝑓(𝓏) = 𝓏 + ∑ (

Γ(𝑛 + 1)

(ln 3)𝑛−1
) 𝓏𝑛

∞

𝑛=2

. 

This operator introduces rapidly growing coefficients, as 

Γ(𝑛 + 1) grows factorially. For values of |𝓏| near the unit 

circle, these terms dominate, resulting in an explosive 

magnitude of the function near |𝓏| = 1. 

The raw surface plot of |ℐ2,3
1 𝑓(𝓏)| reflects this behavior, 

showing large spikes along the boundary of the unit 

disk. Although accurate, such a plot can obscure the 

inner structure of the transformation within 𝔻; see Fig. 1. 

(2) To gain better insight into the internal behavior 

of the operator across the disk, we introduce a 

logarithmic scaling of the modulus: 

𝐹(𝓏) ≔ log(1 + |ℐ2,3
1 𝑓(𝓏)|). 

This transformation maintains the analytic structure but 

compresses the vertical scale. As a result, the plot 

becomes visually balanced, allowing finer features of the 

operator's behavior to emerge — especially near the 

center of the disk, where structural properties of the 

function are more stable and analytically rich. The 

logarithmic plot thus serves as a visually enhanced 

interpretation of the operator's effect; see Fig. 2. 

The two plots illustrate different aspects of the 

operator ℐ𝛼,𝛽
𝓂 . The first reflects the raw magnitude 

growth, which is important for estimating the distortion 

induced by the operator, especially in extremal 

problems. The second offers a smoother analytic 

landscape, useful for understanding inner dynamics and 

structure. 

Such analysis is of particular interest in fractals and 

complex dynamics, where rapidly growing iterated 

structures are common, and understanding their 

moderated behavior is crucial. However, in our context, 

we leverage this operator to produce results in 

geometric function theory, where function classes are 
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studied under analytic constraints, subordination, and 

coefficient estimates. These visual tools help bridge the 

abstract operator theory with concrete geometric 

intuition. 
 

 
 

Fig. 1. Plot of  |ℐ2,3
1 𝑓(𝓏)|   showing rapid boundary 

growth. 
 

 

 

 

 

 

 

 

 

 

Fig. 1. Plot of  log(1 + |ℐ2,3
1 𝑓(𝓏)|)   revealing internal 

structure. 

The determination of the limits for the coefficients 

𝒶𝓃is a significant issue in geometric function theory, as 

these limits provide insights into the geometric 

characteristics of the functions involved. The bound for 

the second coefficient 𝒶2of functions in 𝒜𝑢provides 

limits on growth and distortion, in addition to covering 

theorems. It is w𝑒ll known tℎ𝑎t the 𝑛 − 𝑡ℎ coeffi𝑐𝑖ent 𝒶𝓃 

is bo𝑢nded by 𝑛 𝑓𝑜𝑟 each 𝑓 ∈  𝒜𝑢. 

In this concept, we assess the initial coefficients 

|𝒶2| 𝑎𝑛𝑑 |𝒶3|related to the coefficient problem for 

specific subclasses of bi-univalent functions. 

The Koebe one−𝑞𝑢𝑎𝑟𝑡𝑒𝑟 theorem [7] pro𝑣𝑒s that the 

i𝑚age of  𝕌 un𝑑er every uni𝑣alent fun𝑐𝑡ion 𝑓 ∈  𝒜𝑢 , 

co𝑛𝑡𝑎ins the di𝑠k of rad𝑖us 
1

4
. Ther𝑒fore, eve𝑟𝑦 fun𝑐𝑡ion 

𝑓 ∈  𝒜𝑢 h𝑎s an in𝑣𝑒rse 𝑓−1, def𝑖𝑛ed by  
𝑓−1𝑓(𝓏) = 𝓏             (𝓏 ∈ 𝕌) 

and 
𝑓(𝑓−1(𝓌)) = 𝓌,       (|𝓌| < 𝑟0(𝑓), 𝑟0(𝑓) ≥), 

where 

𝑓−1(𝓌) = ℊ(𝓌) 

= 𝓌 + ∑ 𝑏𝑛𝓌𝑛 = 𝓌 − 𝒶2

∞

𝑛=2

𝓌2 + (2𝒶2
2 − 𝒶3)𝓌3

− (5𝒶2
3 − 5𝒶2𝒶3 + 𝒶4)𝓌4 + ⋯.     (5) 

A fu𝑛𝑐𝑡𝑖on 𝑓 ∈ 𝒜, is s𝑎id to be bi-univalent in the 𝑜𝑝𝑒n 

unit d𝑖𝑠k 𝕌 if both the functions 𝑓 𝑎𝑛𝑑 𝑓−1 are univalent 

th𝑒re. Let Ψ denote the cla𝑠𝑠 of bi-univalent fun𝑐𝑡ions 

def𝑖𝑛ed in the u𝑛𝑖t disk 𝕌. Ex𝑎𝑚ples of fun𝑐𝑡ions in tℎe 

cla𝑠𝑠 Ψ are 

𝓏

1 − 𝓏
, log

1

1 − 𝓏
, log √

1 + 𝓏

1 − 𝓏
. 

Ho𝑤𝑒𝑣er, the fa liar Keobe fun𝑐𝑡ion is not a me𝑚ber of 

Ψ. Otℎ𝑒r common examples 𝑜f fun𝑐𝑡ions 𝑖n 𝕌 s𝑢ch as 
2𝓏 − 𝓏2

2
  𝑎𝑛𝑑  

𝓏

1 − 𝓏2
 

are n𝑜t me𝑚bers of Ψ ethier. 

Finding bounds 𝑓𝑜𝑟 the coefficients of cla𝑠𝑠es of bi-

univalent functions dates back to 1967 (see Lewin [9]).  

Brannan and Taha [4](𝑠𝑒𝑒 𝑎𝑙𝑠𝑜 [13]) introduced ce𝑟𝑡ain 

subclasses of the bi-univalent fun𝑐𝑡ion class Ψ similar to 

the familiar subclasses𝑆∗(𝜏) and 𝑘(𝜏)(see [4]). Thus, 

following Brannan and Taha[4](𝑠𝑒𝑒 𝑎𝑙𝑠𝑜 [13]), a 

function𝑓 ∈ 𝒜 is in the cl𝑎𝑠s𝑆∗
Ψ[𝜏] of strongly bi-starlike 

fun𝑐𝑡ions of order𝜏(0 < 𝜏 ≤ 1), ifeach of the following 

conditions are satisfied: 

𝑓 ∈ Ψand |arg (
𝓏𝑓′(𝓏)

𝑓(𝓏)
)| <

𝜏𝜋

2
,           (0 < 𝜏 ≤ 1,

𝓏 ∈ 𝕌) 

and 

|arg (
𝓌𝑔′(𝓌)

𝑔(𝓌)
)| <

𝜏𝜋

2
,           (0 < 𝜏 ≤ 1, 𝓌 ∈ 𝕌), 

where  𝑔 is the extension of  𝑓−1 𝑡𝑜 𝕌. The classes 

𝑆∗
Ψ[𝜏] 𝑎𝑛𝑑 𝑘Ψ(𝛼) of bi-starlike functions of order 𝜏, and 

bi-convex functions of order 𝜏, corresponding 

(respectively) to the function classes defined by 

equations (2) and (3), were also introduced analogously. 

They discovered non-sharp estimates on the first two 

Taylor-Maclaurin coefficients, |𝒶2| 𝑎𝑛𝑑 |𝒶3|, for each of 

the function classes𝑆∗
Ψ[𝜏] 𝑎𝑛𝑑 𝑘Ψ(𝛼),(see [4,13]). 

Motivated by the earlier works of Atshan et al. [1,2], 

Srivastava et al. [12] and Frasin and Aouf [8](see also 

[3,5,6,7,9,10,11, 19, 20, 21]). In this study, we provide 

two new subclasses of the function class 

Ψ,𝐶Ψ(𝛼, 𝛽, 𝜏, 𝓈, 𝓉), which generalize the previously stated 

classes. The novel integral operatorℐ𝛼,𝛽of analytic 

functions involving binomial series in the open unit disk 

U is used to define this subclass. Furthermore, functions 
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in this new subclass are given upper constraints for the 

second and third coefficients. 

 

We must remember the following lemma to arrive at our 

primary conclusions. 

Lemma 2. [11] :Let 𝓅 ∈  𝒫  be family of all functions 

𝓅 𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐 𝑖𝑛 𝕌, for wℎich 𝑅𝑒{𝓅(𝓏)} > 0  and have the 

form  
𝓅(𝓏) = 1 + 𝓅1𝓏 + 𝓅2𝓏2 + ⋯ , 𝑓𝑜𝑟 𝓏 ∈ 𝕌, 𝑡ℎ𝑒𝑛 |𝓅𝓃| ≤ 𝓃, 

for each 𝓃. 

2. Limits of the Coefficient for the Function Class 
𝑪𝚿

𝓶(𝜶, 𝜷, 𝝉, 𝓼, 𝓽). 

Definition 1. A function𝑓(𝓏) given by (1) is said to be in 

the class 𝐶Ψ
𝓂(𝛼, 𝛽, 𝜏, 𝓈, 𝓉), if the following conditions are 

satisfied  

𝑓 ∈ Ψ and |arg (
(𝓈 − 𝓉)𝓏2 (ℐ𝛼,𝛽𝑓(𝓏))

′′

𝓏 (ℐ𝛼,𝛽𝑓(𝓈𝓏))
′

− 𝓏 (ℐ𝛼,𝛽𝑓(𝓉𝓏))
′

+ (𝓈 − 𝓉)
ℐ𝛼,𝛽𝑓(𝓏)

𝓏
)| <

𝜏𝜋

2
 , (𝓏 ∈ 𝕌)    (6) 

and 

  

|arg (
(𝓈 − 𝓉)𝓌2 (ℐ𝛼,𝛽𝑔(𝓌)) ′′

𝓌 (ℐ𝛼,𝛽𝑔(𝓈𝓌))
′

− 𝓌 (ℐ𝛼,𝛽𝑔(𝓉𝓌))
′ + (𝓈

− 𝓉)
ℐ𝛼,𝛽𝑔(𝓌)

𝓌
)| <

𝜏𝜋

2
,   (𝓌 ∈ 𝕌)         (7) 

where 𝑔(𝓌) given by (5), 𝛼 ∈ ℕ, 𝛽 ≥ 2, 0 < 𝜏 ≤
1 𝑎𝑛𝑑 𝓈, 𝓉 𝑏𝑒 𝑎 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑛𝑢𝑚𝑏𝑒𝑟 𝑤𝑖𝑡ℎ 𝓈 ≠ 𝓉; |𝓈| ≤
1 𝑎𝑛𝑑 |𝓉| ≤ 1. 

Now, we being by finding the 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑠 on the 

coef𝑓𝑖cients |𝒶2| 𝑎𝑛𝑑 |𝒶3|, for the functions in the 

class𝐶Ψ
𝓂(𝛼, 𝛽, 𝜏, 𝓈, 𝓉). 

Theorem 1. Let  𝑓(𝓏) given by (1) be in the 

class𝐶Ψ
𝓂(𝛼, 𝛽, 𝜏, 𝓈, 𝓉). Then  

|𝒶2|

≤
2𝜏

√|𝜏(12 + 2𝓈 − 2𝓉)(𝜇𝛼,𝛽
3 )

𝓂
− (9𝜏𝓈 + 7𝜏𝓉 + 2𝜏 + 𝓈 − 𝓉 − 2)(𝜇𝛼,𝛽

2 )
2𝓂

|

,

(8) 

 

|𝒶3| ≤
𝜏2

|(2 + 𝓈 − 𝓉)2|(𝜇𝛼,𝛽
2 )

2𝓂 +
2𝜏

|6 + 𝓈 − 𝓉|(𝜇𝛼,𝛽
3 )

𝓂 .    (9) 

where 𝑔(𝓌) given by (5), 𝛼 ∈ ℕ, 𝛽 ≥ 2, 0 < 𝜏 ≤
1 𝑎𝑛𝑑 𝓈, 𝓉 𝑏𝑒 𝑎 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑛𝑢𝑚𝑏𝑒𝑟 𝑤𝑖𝑡ℎ 𝓈 ≠ 𝓉; |𝓈| ≤
1 𝑎𝑛𝑑 |𝓉| ≤ 1. 

Proof: By equations (6) and (7), we have 

(𝓈 − 𝓉)𝓏2 (ℐ𝛼,𝛽𝑓(𝓏))
′′

𝓏 (ℐ𝛼,𝛽𝑓(𝓈𝓏))
′

− 𝓏 (ℐ𝛼,𝛽𝑓(𝓉𝓏))
′ + (𝓈 − 𝓉)

ℐ𝛼,𝛽𝑓(𝓏)

𝓏

= [𝓅(𝓏)]𝜏                                                     (10) 

and 

(𝓈 − 𝓉)𝓌2 (ℐ𝛼,𝛽𝑔(𝓌)) ′′

𝓌 (ℐ𝛼,𝛽𝑔(𝓈𝓌))
′

− 𝓌 (ℐ𝛼,𝛽𝑔(𝓉𝓌))
′ + (𝓈 − 𝓉)

ℐ𝛼,𝛽𝑔(𝓌)

𝓌

= [𝓆(𝓏)]𝜏,                        (11) 

where𝓅(𝓏)𝑎𝑛𝑑 𝓆(𝓏) 𝑖𝑛 𝒫and ℎ𝑎𝑣𝑒 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚𝑠 
𝓅(𝓏) = 1 + 𝓅1𝓏 + 𝓅2𝓏2 + 𝓅3𝓏3 + ⋯                               (12) 

and 
𝓆(𝓌) = 1 + 𝓆1𝓌 + 𝓆2𝓌2 + 𝓆3𝓌3 + ⋯.                        (13) 

The following relations result from this 

(2 + 𝓈 − 𝓉)(𝜇𝛼,𝛽
2 )

𝓂
𝒶2

= 𝜏𝓅1,                                                               (14) 

(6 + 𝓈 − 𝓉)(𝜇𝛼,𝛽
3 )

𝓂
𝒶3 − (4𝓈 + 4𝓉)(𝜇𝛼,𝛽

2 )
2𝓂

𝒶2
2

= 𝜏𝓅2 +
𝜏(𝜏 − 1)

2
𝓅1

2                        (15) 

and 

−(2 + 𝓈 − 𝓉)(𝜇𝛼,𝛽
2 )

𝓂
𝒶2 = 𝜏𝓆1,                                           (16) 

 

[(12 + 2𝓈 − 2𝓉)(𝜇𝛼,𝛽
3 )

𝓂
− (4𝓈 + 4𝓉)(𝜇𝛼,𝛽

2 )
2𝓂

] 𝒶2
2

− (6 + 𝓈 − 𝓉)(𝜇𝛼,𝛽
3 )

𝓂
𝒶3

= 𝜏𝓆2

+
𝜏(𝜏 − 1)

2
𝓆1

2.                                                                                                          (17) 

By (14) and (16), we get that 
𝓅1 = −𝓆1                                                                                 (18) 

and 

2(2 + 𝓈 − 𝓉)2(𝜇𝛼,𝛽
2 )

2𝓂
𝒶2

2

= 𝜏2(𝓅1
2 + 𝓆1

2).                                  (19) 

Now, adding (15) and (17), we obtain that 

(12 + 2𝓈 − 2𝓉)(𝜇𝛼,𝛽
3 )

𝓂
− 2(4𝓈 + 4𝓉)(𝜇𝛼,𝛽

2 )
2𝓂

𝒶2
2

= 𝜏(𝓅2 + 𝓆2)

+
𝜏(𝜏 − 1)

2
(𝓅1

2 + 𝓆1
2). (20) 

From (20) and (19), we have 

𝜏 [(12 + 2𝓈 − 2𝓉)(𝜇𝛼,𝛽
3 )

𝓂
− 2(4𝓈 + 4𝓉)(𝜇𝛼,𝛽

2 )
2𝓂

] 𝒶2
2

= 𝜏2(𝓅2 + 𝓆2)

+ (𝜏 − 1)(2 + 𝓈 − 𝓉)2(𝜇𝛼,𝛽
2 )

2𝓂
𝒶2

2.                                     (21) 

Therefore, we have 
𝒶2

2

=
𝜏2(𝓅2 + 𝓆2)

𝜏(12 + 2𝓈 − 2𝓉)(𝜇𝛼,𝛽
3 )

𝓂
− [2𝜏(4𝓈 + 4𝓉) − (𝜏 − 1)(2 + 𝓈 − 𝓉)](𝜇𝛼,𝛽

2 )
2𝓂. 

Applying Lemma 2 for the coefficients 𝓅2 𝑎𝑛𝑑 𝓆2, we 

immediately have 
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|𝒶2|

≤
2𝜏

√|𝜏(12 + 2𝓈 − 2𝓉)(𝜇𝛼,𝛽
3 )

𝓂
− (9𝜏𝓈 + 7𝜏𝓉 + 2𝜏 + 𝓈 − 𝓉 − 2)(𝜇𝛼,𝛽

2 )
2𝓂

|

, 

This provides the intended approximation of |𝒶2|as 

stated in (15). 

N𝑒xt in 𝑜𝑟𝑑er to find 𝑡ℎ𝑒 bound on |𝒶3|, by subtracting 

(17) from (15), we get that 

2(6 + 𝓈 − 𝓉)(𝜇𝛼,𝛽
3 )

𝓂
𝒶3 − (12 + 2𝓈 − 2𝓉)(𝜇𝛼,𝛽

3 )
𝓂

𝒶2
2

= 𝜏(𝓅2 − 𝓆2)

+
𝜏(𝜏 − 1)

2
(𝓅1

2 − 𝓆1
2). (22) 

From (18), (19) and (22), we obtain 

2(6 + 𝓈 − 𝓉)(𝜇𝛼,𝛽
3 )

𝓂
𝒶3

= (12 + 2𝓈

− 2𝓉)(𝜇𝛼,𝛽
3 )

𝓂
[

𝜏2(𝓅1
2 + 𝓆1

2)

2(2 + 𝓈 − 𝓉)2(𝜇𝛼,𝛽
2 )

2𝓂]

+ 𝜏(𝓅2 − 𝓆2), 

or, equivalently 

𝒶3 =
𝜏2(𝓅1

2 + 𝓆1
2)

2(2 + 𝓈 − 𝓉)2(𝜇𝛼,𝛽
2 )

2𝓂 +
𝜏(𝓅2 − 𝓆2)

2(6 + 𝓈 − 𝓉)(𝜇𝛼,𝛽
2 )

2𝓂 . 

Appling Lemma 2 for the coefficient 𝓅1, 𝓆1, 𝓅2 𝑎𝑛𝑑 𝓆2 we 

get that 

|𝒶3| ≤
𝜏2

|(2 + 𝓈 − 𝓉)2|(𝜇𝛼,𝛽
2 )

2𝓂 +
2𝜏

|6 + 𝓈 − 𝓉|(𝜇𝛼,𝛽
3 )

𝓂 , 

As stated in (9), we obtain the desired estimate on |𝒶3|. 

Setting 𝓂 = 0, in Theorem 1, we get the following result. 

Corollary1. Let 𝑓(𝓏)given by (1) be in the 

class 𝐶Ψ
0 (𝛼, 𝛽, 𝜏, 𝓈, 𝓉), 0 < 𝜏 ≤ 1. Then 

|𝒶2|

≤
2𝜏

√|𝜏(12 + 2𝓈 − 2𝓉) − (9𝜏𝓈 + 7𝜏𝓉 + 2𝜏 + 𝓈 − 𝓉 − 2)|
 

and 

|𝒶3| ≤
𝜏2

|(2 + 𝓈 − 𝓉)2|
+

2𝜏

|6 + 𝓈 − 𝓉|
. 

Setting 𝓈 = 1 𝑎𝑛𝑑 𝓉 = −1, in Corollary1, we obtain the 

following outcome. 

Corollary2. Let 𝑓(𝓏)𝑔𝑖𝑣𝑒𝑛 by (1) be in the class 

𝐶Ψ
0 (𝛼, 𝛽, 𝜏, 1, −1), 0 < 𝜏 ≤ 1. Then 

|𝒶2| ≤
𝜏

√3𝜏
, 

and 

|𝒶3| ≤
𝜏2

16
+

𝜏

4
. 

Setting 𝓈 = 1 𝑎𝑛𝑑 𝓉 = 0, in Corollary, we obtain the 

following outcome. 

Corollary 3. Let 𝑓(𝓏) given by (1) be in the class 

𝐶Ψ
0 (𝛼, 𝛽, 𝜏, 1,0), 0 < 𝜏 ≤ 1.  Then 

|𝒶2| ≤
2𝜏

√3𝜏 − 1
, 

and 

|𝒶3| ≤
𝜏2

9
+

2𝜏

7
. 

3. Coefficient Bounds for the Function class 
𝑪𝚿

𝓶(𝜶, 𝜷, 𝝃, 𝓼, 𝓽). 

Definition 2. A function𝑓(𝓏) given by (1) is said to 𝑏𝑒 𝑖𝑛 

the class 𝐶Ψ
𝓂(𝛼, 𝛽, 𝜉, 𝓈, 𝓉),if the following conditions are 

satisfied  

𝑓 ∈ Ψ and Re (
(𝓈 − 𝓉)𝓏2 (ℐ𝛼,𝛽𝑓(𝓏))

′′

𝓏 (ℐ𝛼,𝛽𝑓(𝓈𝓏))
′

− 𝓏 (ℐ𝛼,𝛽𝑓(𝓉𝓏))
′

+ (𝓈 − 𝓉)
ℐ𝛼,𝛽𝑓(𝓏)

𝓏
) > 𝜉, (𝓏 ∈ 𝕌)(23) 

and 

  

Re (
(𝓈 − 𝓉)𝓌2 (ℐ𝛼,𝛽𝑔(𝓌)) ′′

𝓌 (ℐ𝛼,𝛽𝑔(𝓈𝓌))
′

− 𝓌 (ℐ𝛼,𝛽𝑔(𝓉𝓌))
′ + (𝓈

− 𝓉)
ℐ𝛼,𝛽𝑔(𝓌)

𝓌
) > 𝜉,    (𝓌 ∈ 𝕌)          (24) 

where 𝑔(𝓌) given by (5), 𝛼 ∈ ℕ, 𝛽 ≥ 2, 0 ≤ 𝜉 <
1 𝑎𝑛𝑑 𝓈, 𝓉 𝑏𝑒 𝑎 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑛𝑢𝑚𝑏𝑒𝑟 𝑤𝑖𝑡ℎ 𝓈 ≠ 𝓉; |𝓈| ≤

1 𝑎𝑛𝑑 |𝓉| ≤ 1. 

Theorem 2. Let 𝑓(𝓏) given by (1) be in the class 

𝐶Ψ
𝓂(𝛼, 𝛽, 𝜏, 𝓈, 𝓉). Then  

|𝒶2|

≤ √
(1 − 𝜉)

|(12 + 2𝓈 − 2𝓉)(𝜇𝛼,𝛽
3 )

𝓂
− 2(4𝓈 + 4𝓉)(𝜇𝛼,𝛽

2 )
2𝓂

|
,                                      (25) 

 

|𝒶3| ≤
(1 − 𝜉)2

|(2 + 𝓈 − 𝓉)2|(𝜇𝛼,𝛽
2 )

2𝓂 +
2(1 − 𝜉)

|6 + 𝓈 − 𝓉|(𝜇𝛼,𝛽
3 )

𝓂 ,   (26) 

where 𝑔(𝓌) given by (5), 𝛼 ∈ ℕ, 𝛽 ≥ 2, 0 ≤ 𝜉 <
1  𝑎𝑛𝑑 𝓈, 𝓉 𝑏𝑒 𝑎 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑛𝑢𝑚𝑏𝑒𝑟 𝑤𝑖𝑡ℎ 𝓈 ≠ 𝓉; |𝓈| ≤

1 𝑎𝑛𝑑 |𝓉| ≤ 1. 

Proof. It follows that, from (23) and (24), there exist 

𝓅 𝑎𝑛𝑑 𝓆 ∈ 𝒫 such that 

(𝓈 − 𝓉)𝓏2 (ℐ𝛼,𝛽𝑓(𝓏))
′′

𝓏 (ℐ𝛼,𝛽𝑓(𝓈𝓏))
′

− 𝓏 (ℐ𝛼,𝛽𝑓(𝓉𝓏))
′ + (𝓈 − 𝓉)

ℐ𝛼,𝛽𝑓(𝓏)

𝓏

= 𝜉 + (1 − 𝜉)𝓅(𝓏),                                   (27) 

and 

(𝓈 − 𝓉)𝓌2 (ℐ𝛼,𝛽𝑔(𝓌)) ′′

𝓌 (ℐ𝛼,𝛽𝑔(𝓈𝓌))
′

− 𝓌 (ℐ𝛼,𝛽𝑔(𝓉𝓌))
′ + (𝓈 − 𝓉)

ℐ𝛼,𝛽𝑔(𝓌)

𝓌

= 𝜉 + (1 − 𝜉)𝓆(𝓌),                   (28) 
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where𝓅(𝓏) 𝑎𝑛𝑑 𝓆(𝓌) 𝑖𝑛 𝒫given by (12) and (13). 

We obtain the following relationships as a result. 
  

(2 + 𝓈 − 𝓉)(𝜇𝛼,𝛽
2 )

𝓂
𝒶2 = (1 − 𝜉)𝓅1,                                   (29) 

(6 + 𝓈 − 𝓉)(𝜇𝛼,𝛽
3 )

𝓂
𝒶3 − (4𝓈 + 4𝓉)(𝜇𝛼,𝛽

2 )
2𝓂

𝒶2
2

= (1 − 𝜉)𝓅2                                                (30) 

and 

−(2 + 𝓈 − 𝓉)(𝜇𝛼,𝛽
2 )

𝓂
𝒶2 = (1 − 𝜉)𝓆1,                               (31) 

 

[(12 + 2𝓈 − 2𝓉)(𝜇𝛼,𝛽
3 )

𝓂
− (4𝓈 + 4𝓉)(𝜇𝛼,𝛽

2 )
2𝓂

] 𝒶2
2

− (6 + 𝓈 − 𝓉)(𝜇𝛼,𝛽
3 )

𝓂
𝒶3

= (1 − 𝜉)𝓆2.                                                (32) 

By (29) and (31), we get that 
𝓅1 = −𝓆1                                                                    (33) 

and 

2(2 + 𝓈 − 𝓉)2(𝜇𝛼,𝛽
2 )

2𝓂
𝒶2

2 = (1 − 𝜉)2(𝓅1
2 + 𝓆1

2).       (34) 

Now, adding (30) and (32), we obtain that 

(12 + 2𝓈 − 2𝓉)(𝜇𝛼,𝛽
3 )

𝓂
− 2(4𝓈 + 4𝓉)(𝜇𝛼,𝛽

2 )
2𝓂

𝒶2
2

= (1 − 𝜉)(𝓅2 + 𝓆2).                                 (35) 

Therefore, we have 

𝒶2
2 =

(1 − 𝜉)(𝓅2 + 𝓆2)

|(12 + 2𝓈 − 2𝓉)(𝜇𝛼,𝛽
3 )

𝓂
− 2(4𝓈 + 4𝓉)(𝜇𝛼,𝛽

2 )
2𝓂

|
, 

Applying Lemma 2 for the coefficients 𝓅2 𝑎𝑛𝑑 𝓆2, we 

immediately have 

|𝒶2
2| ≤

4(1 − 𝜉)

|(12 + 2𝓈 − 2𝓉)(𝜇𝛼,𝛽
3 )

𝓂
− 2(4𝓈 + 4𝓉)(𝜇𝛼,𝛽

2 )
2𝓂

|
, 

w It provides us with the intended estimate of |𝒶2|as 

stated in (25). 

Next, by deducting (32) from (30), we can determine the 

bound on |𝒶3|. This yields that 

2(6 + 𝓈 − 𝓉)(𝜇𝛼,𝛽
3 )

𝓂
𝒶3 − (12 + 2𝓈 − 2𝓉)(𝜇𝛼,𝛽

3 )
𝓂

𝒶2
2

= (1 − 𝜉)(𝓅2 − 𝓆2).             (36) 

By (33), (34) and (36), we obtain 

2(6 + 𝓈 − 𝓉)(𝜇𝛼,𝛽
3 )

𝓂
𝒶3

= (12 + 2𝓈

− 2𝓉)(𝜇𝛼,𝛽
3 )

𝓂
[

(1 − 𝜉)2(𝓅1
2 + 𝓆1

2)

2(2 + 𝓈 − 𝓉)2(𝜇𝛼,𝛽
2 )

2𝓂]

+ (1 − 𝜉)(𝓅2 − 𝓆2), 

or, equivalently 

𝒶3 =
(1 − 𝜉)2(𝓅1

2 + 𝓆1
2)

2(2 + 𝓈 − 𝓉)2(𝜇𝛼,𝛽
2 )

2𝓂 +
(1 − 𝜉)(𝓅2 − 𝓆2)

2(6 + 𝓈 − 𝓉)(𝜇𝛼,𝛽
2 )

2𝓂 . 

Appling Lemma 2 for the coefficient 𝓅1, 𝓆1, 𝓅2 𝑎𝑛𝑑 𝓆2 we 

get that 

|𝒶3| ≤
(1 − 𝜉)2

|(2 + 𝓈 − 𝓉)2|(𝜇𝛼,𝛽
2 )

2𝓂 +
2(1 − 𝜉)

|6 + 𝓈 − 𝓉|(𝜇𝛼,𝛽
3 )

𝓂 , 

As stated in (26), we obtain the desired estimate on |𝒶3|. 

Setting 𝓂 = 0, in Theorem2, we obtain the following 

outcome. 

 

Corollary 4. Let𝑓(𝓏)given by (1) be in the 

class𝐶Ψ
0 (𝛼, 𝛽, 𝜉, 𝓈, 𝓉), 0 ≤ 𝜉 < 1.  Then 

|𝒶2| ≤ √
4(1 − 𝜉)

|(12 + 2𝓈 − 2𝓉) − 2(4𝓈 + 4𝓉)|
,    

and 

|𝒶3| ≤
4(1 − 𝜉)2

|(2 + 𝓈 − 𝓉)2|
+

2(1 − 𝜉)

|6 + 𝓈 − 𝓉|
. 

Setting 𝓈 = 1 𝑎𝑛𝑑 𝓉 = −1, in Corollary 4, we get the 

following result. 

Corollary 5. Let 𝑓(𝓏) given by (1) be in the class 

𝐶Ψ
0 (𝛼, 𝛽, 𝜉, 𝓈, 𝓉), 0 ≤ 𝜉 < 1.  Then 

|𝒶2| ≤ √
(1 − 𝜉)

4
, 

and 

|𝒶3| ≤
(1 − 𝜉)2

16
+

(1 − 𝜉)

8
. 

4. Conclusion  

In this work, we introduced new subclasses of bi-

univalent functions defined via a novel parameterized 

integral operator. We established precise estimates for 

the second and third Taylor–Maclaurin coefficients, 

highlighting the analytic impact of the operator’s 

parameters. Theoretical insights were further supported 

by complex 3D visualizations, illustrating the geometric 

deformation induced by the operator. These findings 

offer potential applications in geometric function theory 

and open new directions for future investigations 

involving fractional and integral transformations. 
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