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Abstract—The research aims to study a general category of forward-backward double delay differential equations
system (FBDDSDES), with a focus on solutions and their characteristics. The existence and uniqueness of solution to
the front and rear equation of the system is proven according to the conditions of Lipchitz, which confirms the
existence of a maximum solution under the conditions of unilateral continuity.
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I. INTRODUCTION

In this research, we present a new type of random
differential equation system, which are known as a random
differential equation system with double forward and backward
delays (FBDSDEs). It is defined as follows: for ¢ €
F2(Q,T,,P;R),t € [0,T],

w(t) = { + f, T(e, ¥(), ®(0))de + [, I (o,
(0. %(e), ®())dB () + [; ®()dW (o)

Y(®) = h(x(T) + [ g(e,v(0). A@))de + [ §((e,v(0). A())dB(e)

( +J] A@)dw (o)

where W and B are two mutually independent standard
Brownian motions, with the processes W, ®,y, and A defined
on R¥,R4, R*¥™ and R®*" respectively. Also, the function,
T,g T, g, and h are defined on R¥,R%, R RY™ and RY,
respectively.

@

Bao et al. [1] a study was conducted on differential
equations using the advanced way, in addition to the methods
of finding digital solutions for them. This study includes error
analysis and determining the rate of rapprochement the rate of
rapprochement by rapprochement by proposing digital
algorithms. Qingfeng and Yufeng [2] the discussion was linked
to two differential equations in an advanced manner, where the
concept of the bridge was used. This process has shown that
both equals have a unique solution. This, the establishment of
the appropriate bridge allows access to a variety of uniquely
solvable equation. Zhu and Shi [3], in the context of the same
monotonous assumptions, an average model- the double
random difference was proposed equations showed that unique
solutions are measurable by taking advantage of the continuity
feature. Zhu et al. [4] a study was presented on a model of the

dual and rear, frontal and background equations associated
with the Brown and Poisson operation, where the presence and
uniqueness of measurable solutions have been proven and
discriminatory based on the variables. Bao et al [5] it was
suggested a model linking the complications filter problem, as
well as a solution to the opposite differential equations using
the Markov is deployment process. Abdul Rahman [6] an
important study that dealt with the advanced and backward
differential equations associated with Poisson jumps,
confirmed that there are unique solutions to this type of
equations with the continuity of time. Ksendal and Sulem [7]
multiple maximum principle models have been proposed for
optimal control of backward stochastic differential equations
(BSDEs), especially in the presence of random jumps. These
models aim to provide a clear picture of optimal control while
minimizing risks using G-expectations. Ji and Wei [8] a recent
study focuses on advanced differential equations, specifically
on how they can be used to perfectly describe stochastic
systems. The main goal of this study was to improve the
performance and increase utility in financial markets. Zhang
and Shi [9] in the context of model control, the maximum
principle is discussed through the use of a comprehensive
forward-backward differential equations model. This model
aims to analyze the system's behavior by integrating both
forward and backward differential equations, which allows for
the calculation of conditions under specific assumptions.

II. BASIC ASSUMPTIONS

Suppose that {W(t);0 <t <T}and {B(t);0 <t < T}are
two mutually independent standard b —dimensioal Brownian
motions  defined on the complete probability spaces
(Qq,F;,P) and (Q,, F,, P,) respectively, and for all finite
time horizons T < oo, let Q be the class of P —null sets of F.
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We consider Q = Q, X Q,,F=F, XxF,,andP =P, X P, . For
each t € [0, T], we define F, = F¥ S FﬁT Vv N, for any process
@, then FY = F§,, Fyy = o{w, — w,;0 < z < t}. Note that
the family of ¢ —fields {F,, t € [0, T]} is neither increasing nor
decreasing, and it is not a filtration. For a Euclidean space D,
we denote C2(0,T;D)as the space of jointly measurable
processes {X(t),t € [0,T]} taking values in D, for each
t€[0,T] then X(t) isF,— measurable such that

E[fOT |X(t)]? dt] < oo. We define the following space:
Let CZ(Q,F,P; R¥)be the space of F-measurable random
1
variable X such that [ X||cz = (E|X(0)|*)z < oo.

Let C2(Q,F,P;R%) be the continuous space {Fg}ics<r-
adapted process X such that

1
1Xllz = [E(supeeser| X ()| < oo.

Let C2Z(Q,F,P;R**4) be the space of {Fi}rcser-
progressively measurable processes X such that ||X||ng =

[E [ 1X (5)[2ds]? < oo.

Let MSC = C([0,T], C?(Q,F,P; R¥)) be the class of all
mean-square continuous- second order stochastic processes.

111. NUMERICAL ASSUMPTIONS

We consider the forward- backward stochastic, differential
equation with doubly delay, given as follows:

(d(P(®) =T(e ¥(@), (), ¥y, Py)de + I, ¥(@), P(0), ¥y ,)dB(e)

| +P()dW (o),

| 0<o<t,¥=2{()—t<g<0

{ d(y(®) = g(e v(@), A, Yo Ag)de + g ((2,v(0), A(@), Yo Ap )dB (o) @
| +A(@)dW(e)

| ,0<0<T

{ Yr = h(X(T),~T <t <0

whereT, g, and I are Borel-measurable functions that
depends on the past values of the solution ¥, = (W(e +
0),-T<0<0, y,=((+90)),-T<6<0 , and
@, = (P(e+0)),-T<6<0. We define the functions
I,gI', g and h as to be continuous
I:Q x [0,T] X R¥ x R®¥*" x Q2,R¥ x Q%,R™k — R¥,
g:Qx[0,T] x R¥ x R x Q?;R* x Q?;R* — R¥,

I:Q x [0,T] x R¥ x R®¥*" x Q2;R* x Q2;R**" — RI*T,
g:Qx [0,T] X R* X R¥™" X Q?;R® X Q2;RY*™ — RI*T,
A: Q x R¥ — Rk

We use the Euclidean norms in R* and R4, and define

1
|®| = {trans(®PT)}z, where & € R¥*4. Thus, R**? is
treated as a Hilbert space. Let be jointly measurable and satisfy
the following assumptions:

Al. For every t€[0,T],(W,®,y,A) € RFx R x
R% X RY™ (W, ®,y,A) € R* x R¥*" x R4 x R*" and
Ny, N,, N3, N, > 0 and a finite measure « on [—p, 0] such that

IT(¢, K, WLyt @, k3, Wy, 5, @F) —
r(t, k2 w2y, cbz,;cg,wg,yg,cl;g) <N W -w?+
ly' = y2 + @ — 2| + Ry (J_ W (t+6) — W2 (t +
0)12ade + [ [y* (t + 8) — y2(t + 8)|2ad® + [° | (t +
0) — ®2(t + 0)|2ade,

|g(t’ Kll lpllyllAll Ké: Lpgll YQliAé) -
F(t,KZ,‘{JZ,yz,AZ,Kg,‘IJ;,y;,/(}Z) < N9 - w2 +
ly' = v2 + A" = A2 + Ry (J_ [P (t + 8) — W2 (t +
0)[2ad8 + [ [y" (t +8) — y?(t + 8)[?ad® + [° JA (t +
0) — A2(t + 0)|%ade,

IF(e, W1, @1, W, dh) — (£, W2, @2, W}, d1)|2 < Na(|P! —
W2|2 4 || — B2|? + Ry(f°, [P (t+68) — W2(t+
0)[2ade + [° | (t + 8) — P2 (t + 0)[2ads).

18(t, vt AL vh, AL) — (6,Y2, A%, v, AL) 12 < Ny(ly! —
V22 + (1A = 2212 + Ry (J4 IY* (t+ 8) — y2(t + 6)[2ad® +
oL 1At + 8) — A%(t + 0)[2ad6).

A2. For every t € [0,T], (W, ®,y,A) € R*¥ x R®¥" x R% x
RYTand ky, ky, ks, k4, ks > 0 such that

[Ty, @, %, ¥V, Pl < [P + Iyl + || +

0 0 0
Ri(J o ¥ (t+8)]add + [ |y(t +68)add + [ |P(t+
0)ade),

lg(t, W, 7,8, @, %y, v, M) | < W]+ ]+ |A] +

0 0 0
Ri(J o ¥ (t+8)]add + [ |y(t+6)add + [ |A(t +
6)ads,

IF(t, P, @,%,, @,)|* < ks(1+ P> + |P]* +

0 0
R3(J 1 W (t+6)]*ad6 + [ |® (t + 6)|>ads),

, 0
18 Y, A Yo A I? < ka(1+ [y1? + |AI? + Ry (f_ [y (£ +
0)[2ade + [°, |A (t + 8)[>ade),

Forall —p < s <t < 0suchthatE|(t) — {(s)|?
< k,(t —s)and |h(X)|? < k(1 + |¥]?).

A3.
T
E(J, IT(e.4o,0,0,0,0)|2do) < oo,

T
E(J lg(e.%0,0,0,0,0)|2dg) < oo,

E(J] 1£(e,0,0,0,0)[2dg) < oo,
T, ,
E(J; 14(e,0,0,0,0)|2dg) < co.

IV. NUMERICAL ASSUMPTIONS

After the text edit has been completed, the paper is ready
for the template. Duplicate the template file by using the Save
As command, and use the naming convention prescribed by
your conference for the name of your paper. In this newly
created file, highlight all of the contents and import your
prepared text file. You are now ready to style your paper; use
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the scroll down window on the left of the MS Word Formatting
toolbar.

We consider a system of forward -Backward delay
stochastic differential equations with delay, given as
follows:

dW(t) =  + T, (), y(©), d(©), ¥, v, & )dt +
I(t, W(t), ®(t), ¥, ®,)dB(t) + ¢()dW(t),

| dy (&) = h(¥(T)) + g(t, ¥ (®, (D), A, ¥, v, Addt +

4@ y®,A0), v, A)dB(E) + AW (D),

where 0 <t <T,

3

We consider numerical formula for the FBDSDDES on the
interval [t;, t;,4], given as follows:
TR
l‘y(tj) = <+ f F( Q ‘P(Q). Y(Q)'®(Q)J LIJQ’ yg! ®Q)dQ +
5
Y1
|7 e v@. 0@, v 0, )aB@ +
.
' tj+1
[ e@awe
.

©)

V) =10+ [ 8@ v(@, M@, Horp Ag)de +
5
Y1

[ serv@a@uvon)i@+
.
' Y1
[ r@awe
5
Let 0<t<T,let0=t, <t; <-<t,=T,m=1be
a partition of interval [0, T], we denote T = Atjyr=;,, —
t=—,1<j<mAB(tj,) =
B(tj41) — B(t;), AW (tj41) = W(tj11) — W(E)) and
At = maxAtj,, forj=0,1,..,m—1,m = 1. Therefore,
we consider the following approximation:

[ W(E) = O+ [T W@, ] (@), O (@), W v, 9" de
+ I (9@, 9@, 9", 0" )dB(@) + [ ®*(@)dW (o)
v(© = h(¥MD) + f] (o, ¥ (@1 @) A1 @), W ¥ AT e
+J, 9y @M1 @." ,AF YAB() + J[ AT (@)dW (o),
where0 <t <T,j=1,.m

Lemma 1. Suppose that assumptions(A1-A3) are fulfilled.
Then FBDSDDESs has an unique solution (W, ®,y,A) €
CZ(Q,F,P; R¥) x CZ(Q,F,P; R¥") x C2(Q, F,P; RY) x
(C2(Q,F,P; R*T), and there exists a constant D > 0 such
that ||®[| + ||®l| + |lvI| + |IAl| < D.

Proof. We consider FDSDDE

¥ (o)

t
= Z+f I'(o, W(0),y(0), ®(0), ¥y, Vo, Pp)do
0

t
0
t

N j O (0)dW (o) ©)
0
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where t € [0, T]. Let us define the mapping

0(S,A) = (W, ®): C2([0,T]), R¥ x C2([0,T]), R**™) >
CZ([0.T]), R* x c2([0,T]), R**"

For arbitrary
(87,N) € ¢([0.T]), R* x ¢3([0,T]),R**"), we have
W, 0)) = 0((S/,A),j =12. Let (¥, &%) = (W!—
P2, @l — d2). By applying Ito’s formula to |¥(t)|?,
yields E[1W @] +E [ f; 19" (0)[*do] +
|15 12017 do < 2E[f; ¥* (o) (0)do] +

E[f; 11" (@)*de],

I*(0) = I'(e, ¥ (0), 7' (0), ®'(0), ¥}, v4, ®}) —

(e, ¥2(0), v%(0), (), W2, V2, ®Z),

() =
lj(Q' lpl(g)‘ @1(9)’ ) Lpglﬂ CI);) -
(o, W1 (0), ®1(0),, W2, @})

From inequality 2ab < %az +rb?%,1r >0,

there exists constants ry,7,,13, 7, >0 such that
2E[[{¥ (@I (@)de] = 2NE[f; w" (0)[*de] +
2N,E[f, 19" ()11y* (@)lde +
2ME [f; 19" (@b (e)|de| < EZE[f; 1%* (o) %de +
Nory |3 197 (@) 12de| + ZE [y 19" (@)I7de] +
Ny [f3 10 (@)17de] + 2N E [ [ 1%7 (o) [2de] +
ZE ([ 19" (@Fde] + NirsE [ [ Iy* (o) de] +
SE([; 19" (@ de] + MinE [, 10" (o) de] =
(242428, + 2+ 2 B [[7 197 (o) 2do| +

1 2 ¢ 3 4 ¢
NyrsE [f3 v @)12de] + NanE [f; 19 (0)12de] +

Ny E [f5 1%° (@)12de| + Ny [ 197 (0)de]
and
t Ak 2 t * 2
E[fy 1P (@)2de] +< N:E[f; 19" (0)[*de] +
NE [f; 19° (o) [*de] .
E[fy N5 (IS"[2 + 1A + Rs (f [2,1S" (¢ + 0)[2add +
Jy S50 (¢ + ©)Pad6+< N;E [f; ¥ (0)[*de] +
NE [f; 16 (0)17do]
By changing of integration order argument, we obtain

Jy 1215 (e + 8)[2 a(dB)de = [ [71S"(e +

0)|2dea(dd) = [° ;15" (0)|2dea(dd) <

B [1S"()I? do (7)

and
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Sy [2 1A (o + 8)[a(d8)de = [° [ 1A" (o +
0)|? doa(d®) = [°, ;" 1" ()2 dtedd <
B [ 1A"()[2do 8)

where g = f_OT a(d8). From (3.6) and (3.7), we have

2E [ [} w" ()T (o)de| + ELf, N;(IS™(0) > +
A*(@)1%)de] + R B E [, 15" (@)|? do +

RiBE [j 10 (@17de+< N:E [f; 19 () Ide] +
NoE [ [ 1 (o) 7o)

Let m="2 4 T R4 2N, + 2
(1 —mE [f; 1¥" (0)|2do| +
(1 - WE|[5 10" (@1de| < NysE [ Iy (o)I7do] +
NiE ([ 19 (@) de| + Nyr,ELf |9 (0)[2do]

Now, let us define a norm which is equivalent to the space
C3((Q, F,P; R>%),

+ 0 Ny =
T4

Ny, + N3,we have

Iw, @|| =)ELf, (¥ (@)I? + (@ ()| )dol)z

and E[f! Iy* (0)|2do] < oo.

Therefore, the mapping © is a contraction map on
C2([0.T],R*) x CZ([0.T],R**™). By the contraction
mapping theorem, there exists a unique fixed point
(W, ®) € CZ([0.T],R*) x C2([0.T],R**™) such that
o(¥,®) = (¥, P). Thus, there is a unique solution of
equation (3.6). Now, we must prove that there exists a
constant D; > 0 such that we set

”LPHCZ( OT]Rk) + ||¢||G ((]T]kar) = Dl (9)

W@ + [, W) de + [, |(0)> do = || +
2 [T W0, ¥(),Y(), 2(2), ¥, ¥or Pp)do

+2 [T W(e)F (0, W(0), (0), ¥,, ®,)dB(0) +

2 [[¥(@)®(0), ¥, PodW (o) +

J3 1IE (2, ¥ (0), (@), ¥y, @) [*do.

By taking the expectation, there exist constants
Ny, ks, 1y, 15,73,74, 75 > 0 such that

E|¥@©) + E[f;1¥(0)el*de] + E[ f,|®(e)el?de] =
E[¢ |2t+

2E[f; W(0)T (2, ¥(2), ¥ (2), ®(e), ¥, , ¥ P, ) de]
+E[f, IF(0, W(0), ®(0), ¥,, @,)I?do < E|¢|? +
2N, [ f; W(@)T(@, %o, 0,0,0,0,0,0) do]

2N,E [f} [%(Q)|(E¥(0)[)2de] +
2NE ([ 19(@)1(E |0 (0)[*)2de]| + 2M,E [f; 19(0)I? do]

Falah H. Sarhan

+2NE[[; [¥(0)Ily (0)|de] +

2N, E[f, ¥ ()P (0)|do] +
N:E[[;IT*(0,0,0,0,0)|%de] + N; E[[; |¥()[*do +
N:E[[; |@(0)[2de < |¢|?

+22E | [}19(0) P de] +

2Ny7; E ([ IT(e, 8o, 0,0,0,0,0,0) |de] +
TLE[19(@)1*de] +

2Ny 1o [§1¥(@) | de] + 5 E[f; ¥ (o) *de]
+2N, 13 E[f, | (0)[2de] + 2N, E[f, |¥(0) [*de] +
TRE[f 1917 de] + 2Ny E[ [y (@) de]
TLE[f (@17 de] + 2NyrsE [l () de] +
Ny E [ [ 1F(e,0,0,0,0)[2 do] +

N:E[f ¥ () |?de] +NsE [f,1®(0) 2de] = EI¢|? +
(2N1 2Nq 2Ny 2N1+

+ 42N +2 +2N1 +24

T T4 5
N3)E[f0 |‘P(9)|2dQ]
+(@Ny7s + 275 + No)E [[710(0) [2do] +
2N,14 E [ ly(e)I?de] +
2N,1, E [ INIYCR Y 0,0,0,0,0,0) |2dQ] +

E[f; 16(@.4,0,00,0,0,0) |*de
More simplified
EW(t)|* + R.E[ f |¥(0)|*de] + R,E[ f |®(0)|*do] <
E|Q)* + 21V1T4E[f0 [y(e)|*do] +
2NnE [fot T (e, 50,0,0,0,0,0,0) |do +
N3E [fot |f(g' (0 ’ 0!0'0;0;0;0) |2dQ] S Dl'

where D, depends on
t
R, R, E|(|%LE U |T(o, CO,O,O,O,O,O,O> |?do,
0

[fot |F(Q' (0 ’ O:O;O;O;O) |2dQ],

andE[fOt lv(0)|? dg]. Applying the Burkholder-Davis-

Gund inequality and Young ’s inequality, using the same
technique above, for every t € [0, T], such that

E[Supze[o,t]|tp(z)|2 <
T{EI{|* +

2N, ELf;v(e) [2de] 2Ny E [f; IT(e, 0, 0,0,0,0,0,0) *dg +
N3E [[{1F(e.46,0,00,0,00) [*dg] < Dy.

This means that inequality (7) is fulfilled. Now, we
consider the backward FDSDDE
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Y(t)
= h(x(T)

T
+ f 9(0,v(0), A(@), vp, Ap)do
t ’

T T
+ f (0. v(@), @), v Ap)dB (@) + f AQ@dw(e)  (10)
0 t

Where 0 <t < T, we first conclude from the proof of the
existence and uniqueness of the solution (¥, ®) for the
forward FDSDDE (3.7). Once we Know (¥,®), the
backward FDSDDE becomes a classical equation.
Therefore, using the same proof technique for FDSDDE,
we can prove that the backward FDSDDE has a unique
solution (y, A). Then there exists D, > 0 such that

lyllez + 1%llez < D (11
Let D = D; + D,, and by combining (6) and (8), we have
1®llez + @l + I¥licz + 1Al z < M

MAXIMAL SOLUTION

The preferred spelling of the word “acknowledgment” in
America is without an “e” after the “g.” Avoid the stilted
expression “one of us (R. B. G.) thanks ...”. Instead, try “R. B.
G. thanks...”. Put sponsor acknowledgments in the unnumbered
footnote on the first page.

Definition 1. [27]

Let X(t) be a solution of a stochastic differential equation.
X(t) is a maximal solution if for every W(t) such that
E(¥?)) < E(X?)).

Definition 2. [27] Let W,y € CZ([0,T]), R¥) such that
PO < Iyl

A function T":

C2([0,T],Q, F,P,R*) — C2([0,T]),Q,F,P,R¥)

is stochastic increasing if |T'(t, ¥(t)||2 < |IT(t, y(®)||%.
Definition 3. [27] Let ¥,y € €2([0,T]), R¥)

such that [[¥ (D112 < lly(®OII*.

A function T: C2([0,T]), Q,F,P,R*) —

C2([0,T]), Q, F,P, R¥) is stochastic decreasing if

ITE YOI > ITE Ol

Lemma 2. Let IV =T/(t,k,¥,y,®),=12 be two
functions satisfying (AL,i). Let (W1, ®1) and (W2, ®?) be
the functions of the forward equation of the FBDSDDEs.
If {* <¢? and T <T?, then W(t) < W2(t) for every
t €[0,T].

Proof.

Without loss of generality, let b =7 =1 and T'? satisfy
Al and A4. We define {=¢'—¢?% then (=

0,(W(), b(1)) = (Wi(t) — W3(0), @1(t) — D2(D)) t €

[0,T]. From Ito’s formula and the inequality 2ab <
%az + rb%,r > 0, there is

IO+ E| [ 01 . [$@1d0| = 5107

+2E[f, ¥ () (T (2, ¥ (0), ¥ (0), @' (0), ¥, V2, ®})
—T2(0, W2(y%(0), P*(0), ¥3. ¥4, Pp)de]

‘ (o, (), '(0), ¥g, ®}) —
+E f 9{‘1’(9)20} 2 2 2 2 2
0 [0, W2(0), ®*(0), W, ®Z)do

<
E[(D)?] +
ELf ¥ () (0, % (@), (2), @' (2), ¥, 73, ®})

—T'(0,¥'(2), ¥*(0), 2 (0), W3, 75, ;) +
(e, ¥(0), v (0), ®'(0), ¥}, 75, ;)

—T(0, ¥2(0),v%(0), ®*(0), W3, v, ®3) +
(o, %2(0), ¥%(0), ®*(0), W2, vZ, PZ)

_FZ(Q' lpz(g)‘ YZ(Q)’ P2 (Q)i lpgzi ]/92! q)g)) dQ]

t Fl ’1{;1 ,ch '\Pl’q)l _
E f O (0, ¥ (), @*(0) 2)
0 (0)20}

I (0, W2(0), ®*(0), W3, ¥Z)|*do
<E [f(f(‘iJ @) ((zzv5 (E|#@12)7) + 28, ¥ (o) +

2N [y ()] + 2N1|<f>(9)|)> d@]

+N3E[fy Oy (P17 + 19(0)|? )do]

< E[J;(2Ns ($(0))* + 2N; (¥ () + 22 (¥(0))* +
2N 17 () + 22 ($(0))?

+21; | D (0)|%)de] + NaE[ [, |9 (0)[2de] +

N3E[f, Opp0ys0| (0)1%de]

< (25 + 2N, + 52+ 24 N, ) B [f; (¥ (0))?do] +
Ny7E [f; 17 (@) *de] + (Nyr +

Ns)E[fot O i(o)20) (| P(0)I*do]

2N

< D (2Ns + 2Ny + 22+ Ny ) E [f; (¥ (0))2do] +
(Na7 + N3)E[f Opgoy=0y (|0 (0) 12 o]

where D > 0. SinceE [foty (Q)|2dg] < oo, From

Gronwall is inequality, we have E[(‘i’(g))z] =0,t€
[0, T, therefore, we have W1(t) < W2(¢),P. as.

Lemma 3. Let g/ = g/(t,k,¥,y,A) = 1,2 two functions
satisfying (AL,ii). Let (y1,Al) and (y%A?) be the
solution of backward of FBDSDDES system. If $1(T) <
W2(T), g* < g? theny'(t) < y?(t) forevery t € [0, T].
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Proof. Without loss of generalized, let d =7 =1 and g*
satisfy Al and A5. We define ()?(t),[\(t)) =
(Y1 (®) = v2(@), AL () — A%(t)), t€[O0,T].From Ito’s
formula and the inequality 2ab < %az + 7rb%,1 > 0, there
is

E[(7())] + E[J; Oycorz0)lA (@) 1*de] <

2E[[] ¥(0) (91(9.‘Pl(e).yl(e),/\l(e),‘l”,Vg.Aé) -
9%(0,%%(0),v*(0), A*(0), ¥Z, VQZ,AZ)) do +

E[S; 020119 (0, % (0), A*(0), W2, AL) —

g0, W2(0), A*(0), W2, A2)do <

E[S ¥(@)(g" (2, W (), ¥*(e), A'(0), W&, v L) —
g' (0, %1(0), v (@), AL (@), ¥, 74, AL) +

g' (0, (), v (0), A'(0), W5, vg, Ay) —

9" (0, 92(0),v%(0), A2 (0), W2, ¥2, A2) +
gl((g’ lpz(Q)' YZ(Q)' Az (Q)' lpgzl ygz' Ag) -
9%(0,¥2(0),¥%(0), A*(0), W2, v2, \%)do +
E[f, Oo20l9” (0,7 (0), A (0), ¥2, A}) —
9" (0,720, A*(0),¥¢, A2)de <

2E [ff(y’ @ ((N6 (E[r@2) + M9 +
No ¥ (o)l + NZIA(9)|)> d@]

+NLE[[¥(0)1? + NiE[S, Oppor20)lA(0)]?de] <

E[f] 2 Ne(7(@)? + 27 ()2 + Nr|¥(e)[* +

2N, [7(@)17 + 2| 7(@)1? + NorlA@))? +

NE [ 17 (@)12de] + NiELS, Oyc0r= | (@) de] <
(2N + 22+ 2N, + 22+ N, ) E [ 17(0) 12do] +
NorE[[] ¥ (0)[do]

+(Ny + NE [J] 0gypr20)lA (@)17de] < N (2N +
% 2N, + 224 2N, + N, ) E [f] 17012 do] +

(2N, + NyE [ftT O (0203l (Q)lde],

where N > 0. Since E[ftT |¥(0)|? do] < o.From

Gronwall is inequality, we have E[(y(t))?]=0,t€
[0, T]. Therefore, we have y*(t) < y2(t), p.as.

Theorem 1. Suppose that T, T, g, and ¢ are stochastically
increasing function. Under assumptions (A1l-A5), the
general system of FBDSDDEs has a maximal
solution(¥, @, y, A).

Proof. Let m > 0. We consider the forward equation of the
FBDSDDEs system as follows:

lpn(t) =
w(0) +

Falah H. Sarhan

Jy T, Wi (0), ¥ (0), P2 (o), Wiy Yoy P )de +
Jy T (0, W1 (0), D (0), Wi , Wi )dB (o) +

Jy @ (0) AW (o).

Let is put

I (Q, 7' (0), vr' (@), @7 (), W', Y o <I>1’T“Q) =

M (0 W), 1 (0), @ (0), Wi, Vi , @5 ) + 7

e (0, W (0), @1 (0), Wi, Wi ) =
(0, W2 (0), @3 (0), Wi, Wit ) + .

Therefore, if myand m, are chosen such that 0 < m, <
m, < 1, we deduce

‘Pnl @® =
(o) +

[5 (T (0 Wi (@, v (@), T, (@0, Wi L YR, , P, ) +
m,)de

1 (0¥ (), 91 (0, Wi, o8, )dB(o) +
[y P1@aw (@).

By lemma 3, we have

||‘P7T2(t)||2 =

Iw(0) +

t

Jy (e, ¥ (@), v (@), @R, (@), Wi VR, <1>:%;Q> +
m,)do

Jy (P (o Wi (@, 12 (@), Wi , &I, ) +m,)dB(e) +
Iy @ @AW @17 < |%, () +

t

Jy (T (@ ¥z} (@), v (@), @R (0), Wil Vi, PRy ) +
my)de

+ 0 (0,90, O (00, W , 08, +m1)dB(o) +
t

Jy P (@)aw (0)

~[1we) +

t
Jy (U0, W12(0), Y (@), P (@), I 2, Ol ) +
m,)do +

t, -
fy (e, ¥ (), @1 (o), Wi, ¥, ) dB (o) +

[Lom (@)aw (]I <
| W, ()17 +

t
Jo 11T (097200, 0), OF (), Wi V2, , @R, )

(0. W7 (@), (@), 3, (), W VA, , R, )l [*do
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t.. =
fo ||F(quj1¥1(g)l q);"fll(g)’lp]lgig’ CD;?IQ -
[(e, ¥ (0), @7, (@), Wiy , R, I +

t t
[T (@) — DT (0)2de +2 [ I, — m,|de.

Because m, and m, are chosen, it follows that|m, — m,| —
0. Also, because T' and I' are stochastically increasing
functions, we have

1T (o, W (00, 12 (@), O (@), Wi Vi, , @B, ) =
(0,92 (0, v2(0), @, (), Wi v, @ )I2 =0,

IF (e, ¥ (@), P (@, Wi, o1, ) -
(oW (@), @ (0),, Wi, @, )17 = 0.
Following the same technique above, we have
Jy 1w (0) — Wi ()| [2de —» 0 asm — oo

Hence, ”l'pnl(t)”z < ||l'prr2(t)”2- For Tm < Tm-1 <
- < m, < my <7, We have

1¥r,, (D11 < ¥, , OI1? < < ||, O] <
[P, D11 < [P (O]

Now, let = > 0. We consider the backward equation of
FBDSDDEs system as follows:

yy(t) =
y(T) +
T
17 9y (097 @93 (@, 45 (), W, vi2 /15 ) do +

1 gy (e @. 1), vy, A ) dB () +
JI ap@aw (o).

For every chosen small real number y; and y, such that
0 <y, <y; <y, wededuce

yy(t) =
y(T) +
T m m m m m m
1 (9 (0 9@, vy (@, 7 (00,932 L vih LA, ) +
T,,
v1) de + [T (g3 (), A (@, Y3, A, ) +
T
y1)dB(o) + [, AV (0)dW (o).
By lemma 3, we have
[95.11% =
[y +
T
1 9o w32 (@0, Vi (@, (), Wy Vi 1A%, ) +
T, ,
v2)de + I} (GC vy (@) AL (@), Vi A%, ) +
v2)dB(@) + [} AT (@)W (@117 < 1, (6) +
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T
17 (9 (0 w72, v (o), A (00, 32 L vih L A3, ) +
T, .
v1)de + [T (v (@, A (@), V3 L AT, ) +¥1)dB(o) +
T
Ji A (@)dW (0)]1* -

T
(I} (9, %3 (@, vy (@, 15 (00, W32 vih L AT, ) +
T,,
v2)de + J, (902 vy, (0, A%, (@, vy o A, ) +
¥2)dB () + [ A7 (Q)dW ()11 < 1y, () +

1 g Ce, ¥ @), i (@), AT, (@0, W52 L Y3 L A%, )
9 (09720 vy (@), 1 (00, W32, vih L AT, ) I12de +
1 19 e vy (@) A (@, Vi AT, ) =

9" (@ vy (@AY, (@), vy, , Ay, )lI*de +

S AR (@)=, A (@112 do + 2 [ [y1 — 72 Ide.

Because y,and y, are chosen, it follows that ||y, — y,| =
0. Also, because g,and g, are stochastically increasing
functions, we have

llg (e, ¥y; (@), vy, (), Ay, (@), Wy ), Yy v Ay )~
9(0, %73 (0), vy, (@), Ay, (@), Wy vy, o A DII* = 0,

”g’(@ilp}zl(g)ly;/r;(g)lAT]Z(Q)JW;?Q'Y]I/I}Q;Aylg -
(0, ¥y, (0), vy, (0), AV, (0), Wy, vy, o Ay, JI7 = 0. we
have ftT IAY, (@)=, AT (@)||> de — 0, as m — co. Hence

Iy O < YOI For ¥ Symog <<y, <
y1 <V, we deduce

17 ON* < 11y, DI < - < Iy, O <
17, (OI7 < llyy, O11%.

Therefore, there exists a decreasing sequence 7, such that
T — 0asm — oo with lim,,_,,, W, (t) € MSC.

Also, there exists a decreasing sequence y,, such that
y > 0 as m - oo, with 0lim,_.Y,,,(t) € MSC. Since
I,I,g and g are continuous functions, by applying the
Lebesgue convergence theorem, we have a(t) =
limy W, (t) and b(t) = limy,_oY,,, (t). Suppose that
Y(t) is any solution of the forward part of the FBDDSDESs
system. Therefore, || W, (t) — Y(®)||? = =, then
N OPI2 = [PON? =7, we have [P ()=
Y(t)||* as m — 0. Since the maximal solution is unique,
we have W, (t) tends to a(t) as = — 0. Suppose that y(t)
is any solution of the backward part of the FBDDSDESs
system.

Therefore, [[v, (¢) — y()|I> = v, then,, ||y, (&) —y(O||* =
y, we have, |y, (®) = y(O||*,

As y = 0, and the maximal solution is unique, we have
¥y (t) tends to b(t) asy — 0.
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Theorem 2. Under the hypotheses (Hypl — Hyp6), the
FBDSDDEs system (3.1) has a unique solution
. AW, F)

Proof: Let (y%, AL, W, F'Y) and (y2% A% W2 F?) be two
solutions of FBDSDDES system (3.1).

We  set (YA WLF) = (P —yE AN - ALY -
YEF1—FH)0<t<T,j=1,..m

Applying 1td's formula to y* and W*and
inequality xy < ixz + gyz, b > 0, we have:

Ely*™(Mly*™(M)]

<E[f; %™ (@) (Mo, v*™ (@), 8™ (), 3™, A2™) —
I(o.v™(@), A (0), 7™ A5™)) de]

+E [ I F™ () (9(9,)’2"”(9)'1’@2 ™) -
9(e.v"™(@).7,™)) o]

+E [fOT y*m ©0) (f(Q, qu,m(Q)’ Fz,m(g)' LPQZ,m’ F;'m) _
o, w'™(0), F*™(0), ¥, ™, Fl‘m)) dgg]

+E [fOTA*m () (Q(Q'Lpz'm(g)'lpez'm) -
40,9 (@), v2™)) do

= iE [foTN’*m(Q)I2 dQ]
+3E [y I0(e, ™™ (@), 4™ (@), 75 ™ 05™) -
Mo, ™(0), AY™(0), 7™, A5™) [ de]
+iE [foT|F*m(0)|2 dQ]
+2E [} l9(e ™ @.75™) — 9(e.v*™(@).7g ™| de
—E [y (@)1 de]

2B [[] I (o, wPm (o), P2 (0), W2, F2™)
[0, W™ (o), F*™ (o), W™, I2™)| dt

1 T
el
+3E (719 (0,92 (@, %g™) = 9'(0, %™ (@), %5 ™) do

2
< (L4 2y 2 BT 1Y p[ Ty )| d]

2 2 2 2_5

using the

A )| de]

(e )5
() ] - ()

E[f;IF™ @[ do]

By Cauchy sequence, we have

E [fi ™ (@1 do + f3 1% (o) do +
[ 1A™ ()12 do + [ 1IF ™ (o)1 d@] -0 asm - oo,

That means

E[f}1(r (@), A'(0), W' (2). F*(0)) -
(r2(2), A%(e), ¥2(2), F2(@))|” do| = 0
Hence

(r'(e), AL (), W1 (0), F1(0))
= (¥2(e), A*(0), ¥2(0),F2(0))
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