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Abstract— In this research concerns the asymptotic behavior properties for resolve second order of linear Neutral
Difference equations with Positive and Negative Coefficients. Some necessary and Sufficient obtained for all solution
non oscillatory tend to zero or infinity n—oo . Example are given to illustrated the ordinary results.
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I. INTRODUCTION

The study of neutral difference equations with Positive and
Negative Coefficients has been recently considered the
attention of many authors all over the world for last several
years, see [1 - 6] Non oscillation solution of first and second
order for difference and differential equation. formula. In this
study, researchers developed new adequate conditions for
oscillation and the equation's asymptotic behavior solution[7].

The neutral difference equation has received attention of
many authors in the last several years. Berezansky
(2014)[9], studied the oscillatory behavior of the solution of the
difference equation and obtained some sufficient conditions for
the oscillatory of above equation.

8x() + ) by)x(i(m) = 0

i=1

and obtained some sufficient conditions for the oscillatory of
above equation.

Bohner.M, El-Morshedy. H.A, Grace. S. R, Sager. I. (2019)
established some new criteria for oscillation with a sublinear
neutral tem of the second-order linear difference equation .

In this work, Necessary while sufficient are obtained in
order for each equation solution to

Az(gn —bpgn-w) + a(Gn-e) — CnGn-t = Zn (1a)

Az(gn + bpgn-u) + @n(Gn-e) + CnGn-t =Z, ... (1b)
As we go, we assume that the following assumption
are content:

(B1)0 < b, <b<oo, bisconstsnt

(Bz)i gj ¢ < ®

j=n,i=g+e-t
(B3) There exists an equation {Z,,} such that:

A%Z, = Z,and lim,_,, Z, =0

Through an equation's solution (1la-1b) We refer to a
series of g,, This makes the equation work for each Large n. a
solution It is stated that y is nonoscillatory if it's positive or
negative, eventually in any other case, it is known as
oscillatory [1] .

1. MAIN RESULT

The next result provides sufficient conditions for the
oscillation of all solution equation (la-1b) for simplicity
set:
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Zn =gn — bngn-u .- (2a)

Zn =Gn + bngn—u e (Zb)
let the sequence ¥}, be defined as :

oo j-1

V= Z Z a;9i—t — Zn,

i=ni=j—e+t

e>t

(3

And AZTn:'(an(gn) + an—e+t(gn—e))v e>t

and the sequence B, holds be defined as

Vn =0n— bngn—u )
oo Jj-1

- z Z aiGi—t — Zn

i=ni=j—e+t

e>t ..(4a)

Vo =Gn + bngn-u
o Jj-1

+ Z Z aiGi—t — Zn

i=ni=j—e+t
e>t .(4b)
based on theorem

The following theorem

([14],pp, 182)

Theorem 2.1 ([7], pp, 182)

Suppose that {g,} be a nonnegative let t be a positive
integer and a sequence of real numbers.

Assume non oscillatory characteristics of second- order
nonlinear neutral difference equations with positive and
negative coefficients during solution

n-1

lim bi >

n—-oo

tt+1

(t + D+t

i=n—-t

Then

(i). The difference inequality g,+1 — gn + bpGn-: <
0,n=0,1,2,3....

Negative solutions are not possible in the long
run.

(ii). The difference inequality gns1 — gn + bpgn_t =
0,n=0,1,2,3......

10

Possible solutions are not negative in the long
run.

Theorem 2.2
([7],Lemma 2,1 — Lemma 2.2, pp.477 — 478)

(i). Assume that 0 < b, <x< 1, for a positive constant,
n=n, Let’s go g, been a solution to a functional
inequality that is nonoscillatory g,[g, — bpgn_u] <
0. In a neighborhood of infinity, where u > 0 , thus

lim, e gn = 0.

(ii). Assume that the 1 <x< b,, for positive constant
gn >n, Let g, be a solution to a functional
inequality that is nonoscillatory g,,[g. — bpgniul >
0. In a neighborhood of infinity, where u > 0, thus

lim, o gn = 0.

Theorem 2.3 Suppose that a, < cu_e4r, if (Hy) —
(H3) hold, in addition to

j+b j+b

la; — ci—esel
bi—e+u

(e — b — u)e—b—u+1

>
(e —b—u+1)e-b-utt

lim inf
n—oo
i=n(e—b—-u) i=j

5)

e > b+ u. Next, each nonoscillatory equation
solution (1a), goes to

infinity like n - oo,

Proof. Let's g, bean ultimately Positive Solution of
the (1a), For n = n,, we can

presume that a positive integer exists. ny. And

Inu>0, gt >0,9,.>0, for
un > N set

n >

S R, W
become

as in (2), (3) and (4) then (1) it

AZVn —(an — Ccneest)(Gn-1) =0 - (6)
Hence A%V, <0,
thus there exist n, > n, such that

AV, <0or AV, >0 forn =n,; =2n,
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Now let AV, < 0 for n = n,.
Thus implies that AV, < 0 forn>=n, =2 n
and AV, > —oasn — oo .
We claim that
gn D ®asn - o
Otherwise there exist n, = n,and «> 0

that g, <o ,s0 (Hs) is hold then (3) is become

o j-1
Rn = Z a; (7)
j=ni=j—e+t
Substitution (6) in (4a) we obtained
© j-1
Vo 2 _bngn—u —X Z qi — Zy
j=ni=j—e+t
Vo > _bngn—u +e
Implies that
/A _bngn—u (8)

This is contradiction.
Then g, » wasn — .
Now

AV, >0 forn=n,,thenV, > 0orV, <0 for
nzn, =2n,

First , suppose that V,, > 0 from(4a) we can conclude
V, <S,—Z, thenV, < S, +¢ fore>0
hence g,S, > 0,

through Theorem 2.2 —ii we obtain

lim, e gn =0, then

lim, e Sy, =1lim,_, V, =0,
it is contradiction because V;, is the positive number rising
The next step if V, < 0. By using the summation

fornton+ b, b > e for both sides of (4a) yield .

11

n+b

MV = BV = ) (6= Gr_e10)(Gice)

i=n

n+b
AV, < ) (6= Qi—e+t)(Gie ) 9
i=n
So by (Hy) is hold then (8) become
n+b
..(10)

AV, < Z(C‘i — Qi) (Gi-e)

Now (7) can be written in the -bl Vi< Gn_e

Hence

-1

b Vn—e+u < In-1
n—e+u

Substituting the last inequality in (9) we obtain

n+b

Ci—Q;_
—AV, < - Z (‘b—‘e”) Vieeru
i—n n—e+u

n+b | |
z : Ci — Qi_eyt
_AVn < - Vn+b—e+u

- i—etu
i=n

n+b | |

z : Ci — Qi_eyt

AVn + ( b— Vn+b—e+u =0
icn i—et+u

The last inequality cannot eventually have a negative
solution, which is contradicted by theorem 2.1-ii and by
virtue of (4a).

Theorem 2.4 Let that ¢, = a,_p4¢, and (Hy) — (Hs)
are placed on hold, then every

equation with a nonoscillatory bounded solution (1.a)
converge with zero asn — oo.

Proof: Allow g, is eventually positive, solution of
the (1a) Forn = n,,

We can presume that a positive integer nyexists, and

In-u>0,9n->0,9p->0,
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forn=ny =N,
since from (5) we have

A%V, <0 forn = n,,
thus there exist n, = n, such that
AV, >0 orAV < 0 forn =n, =n,
Next suppose AV, > 0.forn=n,
Thus impliesthatVj, < 0orV, >0for n > n, > n,
and V,, — oo asn — oo So for (4a) we get
Vi < 9n — Zn,
itimpliesthat g, » ©asn - o,

which is a contradiction , hence AV, > 0is not
possible . Now If

AV, > 0for n=n,,
Then
,>00r, <0for n=n, > n,
First, let's say that I, < 0.
Next, there exists ng; = n,, p>0
likethatV, < —p <0, for

n>=n,  Because of g, has boundaries, then

lim,,_,, Sup g, = y<o,

and a subsequence is present.
{k]-}]_=1 like that
Juj = @ as k; > o ,and
grj = max{gk: ky<e< k]-},
lim sup 9uj SV
n—oo

Since g, Then, it is enclosed by (6) And (4a) We are
given

12
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o j-1

9kj S =P + bsjGsj—u + VZ Z a; + Zs;

jeni=j—e+t
<—p+bsigsi+e,e>0
SO
gsj < —p +%i_}rgsupg“j asj— o
We are given form Lastly, the inequality « < —p +
which contradicts itself, finally
if V, >0, from (4a) WearegivenVj, <S, —Z,,
suggests that 0 <V, < S,
for large enough n Thus, g,S, > 0,
as well as by Theorem 2.2-ii , Thus, it follows that

lim, e, gn = 0,

Theorem 2.5 Suppose that ¢ i — Qe < 0 if
(H1) — (H3)

If this is true, then all of the nonoscillatory bounded
solutions to (1a) converge to zero as n approaches zero.

Proof. Let g, be positive solution eventually of the
(1a) Forn = n, ,
We can presume that a positive integer exists.
nyg,And gn,_, >0,9,_+>0,9,_., >0, For
n = ny, = N, because (5)
We've A%V, < 0, For n > n,
Therefore, there are n; > n, like that
AV, >00rAV< Oforn =n,; = n,
Next suppose that
AV, <0, forn=n,.

Thus implies that
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V,>00rV,>0forn= n, > n,
and
V;, - —ooas n —» —oo So for (4) we get
Vi 2 gn—2n
which s

It implies that

contradiction,

gn = 0@ asn — o,

hence AV, < 0 is not possible .
Now If AV, < 0 forn = n,,
Then

V,<0orV, >0 forn=n, > ny
First , suppose that 1, > 0.
then there exist ny; > n, p < 0 so that
,=2—-p>0,For n>n,

Given that g, has a bound, then lim,_, infg, =y,
y < oo, and

there exist a subsequence

{k]-};il such that g, ; » o as k; —» oo,

and gy = max{gk:ko <e< kj},

lim infgy; <y
n—-oco

Since g, is then bounded by (6) And (4a) We are given

o j-1
9kj = =P — bs;gs; —YZ Z a; + Zg;

j=ni=j—e+t

> —p+bsjgsj — & e>0
S0 gsj = —p — lim,_ inf g, ; as j — oo,

The final inequality is obtained.
a=z—-p—a

It is a contradiction ,finally if 1, < 0 from (4a) We are
given

13
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V, =S, —Z,,suggests that

S, <V, <0 for large enough n, So
InSn <0

and by Theorem 2.3-is, it follows that

limg, =0

n—oo
Examples: 3. 3

3. 3. 1 Examine the difference equation:

(0= (14 () 90a) +3(6)) 3w~
()'ss)-

1 n+3 1
2" (1 +(3) )5
b,=1+ G)n Where u =1, t=2, e=3, an:% ((E)n) Ch =

The following conditions of theorem 2.3 can be found
to be true:

j—-1

L Lo S L\2\2 2. \2 g
j=nqi=j—e+t j=nq j=nq
= 00Cy — Ap_eip=0

ot ()2 10
n-1 Jj+b

Z 2|Ci — Ayt >l
bi—e+u 3

j=n—(e—-b-u) i=j

lim inf
n—-oo

Therefore, any solution to (11) leads to infinity in
accordance with theorem 2.3.n — oo, for example
gn = 2™ 1 is a solution of that kind.

111. CONSIDER THE DIFFERENCE EQUATION:
A% (3™) — 1+<l> 3n1)+5 <1>
3 3

n

-G

n
3n—2

n
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granite every solution second order linear difference
equations with positive and negative coefficients.

11’1+1
— N+l | _ _
3 <1+(3) )
1

Where u=1, t=2,e=3,b=3,a, =5 G)n’cn = (E)n

The following are all of the requirements of theorem
2.3 hold:

n
bn=(1+(§) )=1, asn — o
© Jj-1 © 1 j
> Y w<Y (s3))<-
j=nqi=j—e+t j=n,q
1 n n
((5) )‘5(5) =-<On-oe
n-1 j+b
.. lc; — Qe _ =5
lim inf _ > —
n-o bi—e+u 12

j=n—-(e-b-u) i=j

Theorem 2.4 states that every solution to (11) goes to
infinity as n—oo. For example,

gn = 3™ is one such solution.

IV. CONCLUSION

In this paper, we study the asymptotic behavior to
ensure the converge for all solution to zero or diverge for
n — oo our obtained some necessary and sufficient of
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