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Abstract— In this paper, we introduce a new class of multivalent functions defined by A(p,y, w) where A(p) is a
subclass of analytic and multivalent functions W (p) in the open unit disc U = {z: |z| < 1}. Moreover, we consider
and prove theorems explain Some of the geometric properties for such new class was A(p,y, ), such as, coefficient
estimates, growth and distortion, extreme points, radii of starlikeness, convexity and close-to-convexity as well as the
convolution properties for the class A(p,y, ).
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1.Introducation Let A(p) denotes a subclass of W (p) of functions of the
form:
Let W (p) be denote the class of functions of the form: ©
f(z) =z° + Z ayz® (a, 20,z€ U, p EN,). 2
- k=p+1

f) =20+ Z @z GeUpeN={123.}) (1
k=p+1 The convolution [6] (Hadamard) product of two power series

for the function f(z) given by (1) and g(z) given b
which are analytic and multivalent in the open unit disc @) y@) 99 Y

U={z|z| < 1}. ©
g(z) =2zP + Z byz* , (zeUpeN={123.1
k=p+1
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Can be defined by:

Fep@ =2+ ) aba* (z€U, peN) (3

k=p+1

A function f(z) € A(p)is said to be multivalent starlike of
order

6, multivalent convex of order & and multivalent closed —
to —

convex oforder 6,(0 <8 <p,z€

U) [3], respectively if Re {Z;(S)} > 4§ ,Re {1 +

zf''(2)
'@ } >

zp~1

6 and Re{f’(z } > 6.

In the next definition, we given the condition for the function
f belongs in the class A(p, v, w).

Definition: A function f € A(p) belongs in the class
A(p,v,w), if it's satisfies the following condition:

@l 1 1
wz[W’EZ)(]Z,? <1, (53w<1,0<y35> (4)
IO

where w(z) = zf'(2).

Such type of study was carried out by various authors for
another classes, like, Khairnar and More [5], AL-khafaji et al.
[1], Aouf and Mostafa [2], Raina and Srivastava [7] and Dziok
and Srivastava [4].

In this paper we introduces a new class A(p,y,w), of
multivalent functions in the open unit disc. Coefficient
estimates, growth and distortion theorems, radii of close-to-
convexity, starlikeness and convexity, extreme points and the
Hadamard product for functions in the class A(p,y, w) are
obtained.

2. Geometric properties for A(p,y, w).

In this section, we introduce theorems with their proofs to
discuss some of the geometric properties for such class

A(p,y, w).
2.1. Coefficient estimates.

A sufficient and necessary condition to the function f(z) to
be in the class A(p,y,w) will discuss in the following
theorem.
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Theorem 2.1.1. A function f in (2) belongs to the class
A(p,y,w) ifand only if

> k= DIk —p—wl+ D +Vla < pl - Dlw@+D -yl ()

k=p+1
1 1
where (le,ESw<1,O<ySE).

The result is sharp for the function

p(@ — D[wp@ +1) —v] x

[ = T Dk =p—wk+ D 171>

(6)
Proof: Suppose that f € A(p,y, ), then by (4), we have:

| 2lpe + S kar]” = pe[ + 52y art]”

|wz[pzl’ + kep kazk]" — (v - w)z[z? + Eiper a2

| <1
"l

_ | P02 4By KR (k= Dakzk T -pP(p-1)2P T -ERL , PR(k-Dagz*
[op2 - DZP 145, 1y 0= Darz = (=) P17 1By k(e Darz1]|

Tiper k(k = D(k = p)ayz"~
—Diw@+1D =y + Iy kk = Diwk + D - ylaz"|

_
[p(@

Since |Re(2)| < |z| for all z, we have

Re{ Yiep+1 k(e = Dk — pla 2" }
p(p — Dwp +1) —y]zP" + Xy kk — D]w(k + 1) — y]az*?
<1

Choosing the value of z on the real axis and letting z -
1~ through values, we get:

D k= Dk = play <p( ~ Dlw@ + 1 ~v]
k=p+1

+ Z k(k — D[w(k + 1) — yla].

k=p+1
Hence
Z k(tk—D[k—p—wlk+1)+ylag

k=p+1
<p(@-Dfwp@E+1) -yl

Conversely, assume that (5) holds |z| = r,r < 1, then



Journal of Kufa for Mathematics and Computer Vol.6, No.1, Mar., 2019, pp 13-20

lz[w(2)]" — pzf"(2)| — lwz[w(2)]" — (¥ — w)f"(2)] =
0 9/ — Z k(k _ 1)(k _ p)akrk—l
= |z|pz? + ka,z* k=p+1
k;1 ‘ | —p@ - Dlwp@+1) —ylr"™
. C ok - Z k(k — Dwk + 1) — ylar?
k=p+1 * k=pHt
— |wz [pz? + Z ka,z* < z k(k — 1)k —p)a, —p( — Dlwlp + 1) —v]
k=p+1 k=p+1
)zl t Z 0" - Z k(k — Dlw(k + 1) — ylag .
k=p+1 k=p+1

Since (5) holds. So we have:

pi(p— DzP 1 + Z k%(k — Dagz*?

I;:p+1 » Z k(k—D[k—p—wlk+1)+ylag
—p“(p—Dz? KSpt1

(oo}

+ Z pk(k — 1) a7+

—plp - Dwp@+1)—y]<0.

Thus, f € A(p,y, w) and the theorem is established m

k=p+1
5 . Note that, the sharpness follows if we choose the function
— |wp*(p — DzP f(2) as
p(p = Diw@+1) —v]
% 1@ =2 Dk —p—oG s D11
+ k2 (k — 1)az51 P i’
w ArZz where(k =p+ 1,p +2,...).

k=p+1
—(y—w)[plp-1zP? Corollary 2.1,1. Let f € A(p,y, w). Then
- Z k(k — Da,z*1] a, < p(p — Dlwp@+1) —v] .

k=p+1 k(k =Dk —p —wlk +1) +v]

where(k=p+1,p+2,..) @)

-1 _ k-1
ke(k Yk = playz 2.2. Growth and Distortion.

k=p+1
» A lower and upper bound of [f(z)|and |f'(z)| will be
=P~ Dlwlp + 1) —ylz? considered by the following theorems respectively, where the
bounds for the function f(z) of the form
+ Z k(k — Diwk + 1) — ylagz* P Gl ] Yk 2 S
k=p+1 B p+D[1-wp+2)+y]
= - Theorem 2.2.1. If the function f € A(p, y, ) that defined in
< D kle= D - plaglal* (2). then
k=p+1

—p(p—D[wp+1) —yliz|P?

= > k= Dl + 1)~ ylaglzlF?

k=p+1 <rpP 4 rpt1

b @—-Do@+1)-v]
N S e e A
(p—Dlwp@+1) —v]

@P+D1-wp@+2)+y]’
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oro<l=rr<t 3 ka <(p—1)[w(p+1)—y]
k —_—
1-— 2
Proof: Since f(2) = zP + Yjp41 axz", then k=pi1 [1-w@+2)+y]
o o Thus
z)| = |zP + Z aZkSZ”+Zp+1Za.
If ()] P |21” + 12| L F < prot 4P (» - Dlwlp +1) —v]
h [1-wl@+2)+y]
From Theorem (2.1.1), we get:
(2.11), weg and
(- Dlwp+1) -] If' @] 2 plz|P™ — |2|P Ziops1 kay
a, < .
k;ﬂ T+ -wp+2)+y] 0
If'(2)| = prP~t —r?P Z ka,
Then k=p+1

(-Diw@+1 —y] , @ = Dw@+1) —y]

If ()] < 1P +rP* If'(2)| =prP~t —r

P+D1-w@+2)+y]’ 1-w@+2)+7v]
and 2.3 Radii of Starlikeness, Convexity and Close-to-
e e Convexity.
@12 2P =12 Y a =12 =174 Y ay.
k=p+1 k=p+1 The following theorems explain the radii of starlikeness,
convexity and close-to-convexity.
Hence
Theorem 2.3.1. If the function f(z) € A(p,y, w) that defined
If(2)] = 7P — rP+L @ - Dlo@+1) —vl in (2). Then it is multivalent starlike of order § (0 < & < p)

P+D1-w@+2)+y] in the disc |z| < 7, where

So the proof is complete m 1
k(p—8)(k— D[k —p—wlk +1) +y][FP

r(py,w,6) = il]’(lf

Theorem 2.2.2. If the function f € A(p,y, w) that defined in ple = - Dlwp +1) —7]
(2), then (k=2p+1).
prP1 o @ - Diw@+1 -yl _ F' ()] The result is sharp for the external function f(z) given by (6).
[l1-w@+2)+y] ~
»—Dwp@+1)—v] Proof: It is sufficient to show that
<prPl 40P ,
[1-wp@+2)+7y] ()
—p|<p—-6, (0<6<p),
for 0<|z|=rTr<1. f(2) p| p ( P)
Proof: since f(z) = zP + X, 41 axz¥, then for |z| <n(p,v, w,6).
oo We have
"(2)| = |pzP~t + Z ka,z*1 ,
If' (@l =1p k 2F'(2) ‘
k=p+1 —
w f(2)
<plzlP~! +|z|? Z kay . ezt + By ka2 ] = pl2P + B4 arZ]
k=p+1 ZP + Y0 g axzk
oo _ k-p
From Theorem (2.1.1), we have < [Zipsa e — Paslzl“?]

[1 - Z;f:p+1 2% |Z|k_p]
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Thus
zf'(2)
@ -p[sp-o
w  (k=8)aylz|*P
If Ry SV o ®)
Therefore by Corollary (2.1.1), inequality (8) is true if :
(k=&)|zl*? k(e —Dlk—p-wlk+1)+v]
(r—96) p@—Dw@+D -yl
equivalently if :
k(p—8)k - Dk —p—wlk+1)+yllkr
|z] < C))

p(k—86)(®-Diwp+1 —v]
The theorem follows from (9) m

Theorem 2.3.2. If the function f(z) € A(p,y, w) that defined
in (2). Then f(z) is multivalent convex of order § (0 < 4§ <
p) in the disc |z| < r,, where

(=8)(k=1)[k-p-w(k+1)+Y]
p(k=8)(p-D[w(p+1)-y]

1
(v, w,8) = infy, P k=p+

1).
The result is sharp for the external function f(z) given by (6).
Proof: It is sufficient to show that

zf''(2)

for
f1(2)

-p|<p-6, (0<5<p),

|Z| < Tz(p')" w, 6)

We have

|1+zf”(z)_ |<Z]°(°:p+1k(k—l7)ak|l|k_p
@ Pl = Tiosg, L kaglar

Thus |1+ (Z) p| p—6,

k(k — 8)ay|z|“P

) <1.

k=p+1
Therefore by Corollary (2.1.1), last inequality is true if :

k(k — 8)|z]<P
(»p—9)

- k(k—Dk—-p—wlk+1)+y]
p(p — Dlwp@ +1) —v]

’
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equivalently if

(p = 8)(k — Dk —p — w(k + 1) + y]]F7

lz| < pk =8P - D[wp@+1) —v]

(10)

The theorem follows from (10) m

Theorem 2.3.3. Let the function f(z) defined by (2) be in the
class A(p,y, w). Then f(z) is multivalent close-to-convex of
order § (0 < § < p) inthe disc |z| < r3, where

(k=D — Ok —p — w(k + 1) +IJFF
p(p — Dwp+1) —v]
k=zp+1).

r3(p, v, w,6) = ig{lf

The result is sharp for the external function f(z) given by (6).

Proof: We must show that:

Z
’;( )_p <p-6, (0<86<p),
for  |z| <r3(p,y, w,6).
We have: f(z) p| < Yieper @elzl*
Thus
f(Z)
—pnl < 0
P 14 | 2
ka,|z|* P
If Z Kl |5 <
S (»—9)

Hence by Corollary (2.1.1), the last statement will be true if:

k|z|*=P
=8~

k(k—Dk—-—p—wlk+1)+y]
p(p - Dwp+1)—-y]

equivalently if

(- D(p - Ok —p — wlk + 1) + Y17
p(p — Dlwp@ +1) —v] '

|z] <

(11

The theorem follows easily from (11) m
2.4. Extreme Points.

The following theorem discuss the extreme points of the class
Ay, w).
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Theorem 2.4.1. Let f,,(z) = zP and

p(p— Dlwp@+1) —v] X

fe@ zzp+k(k—1)[k—p—w(k+1)+)/]z

1 1
where <k>p+1 p>1§Sw<10<y <2>

Then the function f belongs to the class A(p, y, w) if and only
if it can be written as:

f(2) = L,zP + Z

k=p+1

Ly fr(2), (12)

such that

(£, 20,L,=0k=p+1) and L+ Xppi1 L =1

Proof: Suppose that f(z) that defined in (12). Then

Z Ly [zp
k=p+1
p(p —Dlwlp+1) —v] Jk
ktk—D[k—p—wk+1)+y]

f(z) = L,zP +

p(p — Dlwlp+1) —v] Lo*,
—D[k—p-— wk+1D+y] 7k

=2 Z k(K

Hence
i k(k = D[k —p — w(k +1) +7]
k=p+1 p(@ — Dwp+1) —v]

9 p(p — Dwp+1) —v]
k(k—Dk—-p—wlk+1)+y]

Thus f € A(p, vy, w).
Conversely, suppose that f € A(p,y, w), we may set

k(k—Dk—-p—wlk+1)+y]
p(p— Dwp+1) —v]

k= Ay,

where ay is defined in (5). Then

f@) =2 + X1 2"

Waggas Galib Atshan
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p(p —Dlwlp+1) —v] X
“Dk-p-wk+D+y] ¥

=2 Z RIC

2 ) [ful2) =27

k=p+1

i Life(2) + (1 - i Ly)zP =

k=p+1 k=p+1

[ =Lz + ) L)

k=p+1
This complete the proof of Theorem (7) m
3. Convolution Properties.

The following theorems shows the convolution properties for
the functions in the class A(p, y, ).

Theorem 3.1 Let the functions f,. (z) € A(p,y, w) such that

[oe]

fi(2) =27 +

(ar=0, r=12). (13)

k
AxrZ™,

Then (f; = f3) € A(p,v,d), where

d
plp—D[(wp+ 1) —yPP(k—p+vy) +vk(k — D[k —p — (wk + 1) +y]*
Tkp+ DKk -Dk-p—(wk+1D) +y]2+pl+ D@ - D(wp+1) —y]*’

The result is sharp for the functions f, (r = 1,2) given by
(6).

Proof: We will find the smallest d such that

k(tk—D[k—-—p—dk+1)+vy]

Ap10k2 < 1
k= p(p—D[dlp+1) —vy] k,10k,2
=p+1
Since f. € A(p,y,w), (r = 1,2), then
k(k — D[k —p — (wk +1) +
k-Dlk—p-@k+Dtyl o

L p(p — D[(wp + 1) —v]
=p+1

By Cauchy-Schwarz inequality, we get

>

k=p+1

k(k— D[k —p— (wk+1)+7y]
p(p — D[(wp +1) —vy]

Jag1ag, < 1. (14)
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Now, we need only to show that:

k(k—D[k—-—p—dk+1)+y]

p(p—Ddlp+ 1) —v]
- k(tk— D[k —p— (wk+ 1) +v]

Ak,10k,2

p(p—Dl(wp + D) —y] VMt
and this equivalently to:
[dip +1) —y]lk —p— (wk + 1) +v]
V182 =

[k—p—dk+ 1) +yl[(wp+1)—y]

From (14), we have

p(@ — D[(wp +1) —y]
—D[k—p—(wk+1) +y]

VA1 Q2 < (i
Thus, it is sufficient to show that

p(p — D[(wp + 1) —v]
k(tk— D[k —p— (wk+ 1) +y]
<[d(p+1)—y][k—p—(wk+1)+)/]
Tlk-p—dk+1D)+y][(wp+1)—y]’

which implies to
Thus, the theorem is established m

Theorem 3.2. Let the functions f.(z) in Theorem 3.1
belongs to the class A(p,y,w). Then the function h(z) =
2P + 37 ,1(ak, +ak,)z*, belongs also to the class
Ay, w)

where

plp+ D1 - (w@+D+1D)+y]-2p(—-D[(wp +1)
-y] =0.

Proof: Since f;(z) € A(p,y, w), we get

[k(k — Dk —p— (wk +1) +y]]2 ,
pp—Dwp+D—y] | ™

k=p+1

O [k(k = Dk —p — (wk +1) +7]
- <k;1[ p(p — D[(wp +1) —v] ]ak.1>

(15)

<1,

and
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K=p+1 p(p — D[(wp +1) —v] k.2

Z [k(k—l) [k — p—(wk+1)+y]]a
Sl pe-Dilep +1) -] o2

(16)

Combining the inequalities (15) and (16), gives

o 1[k(k=Dlk—p—(k+D+yI*
Z 2[ p(p — Dl(wp +1) -] ](ak,1+ak,z)

<1. (17)

k=p+1
According to Theorem (2.1), it is sufficient to show that:

Z [k(k—l)[k p— (wk+1)+v]
p(p — D[(wp +1) —v]

k=p+1

] (ag+ag,) <1

Thus the last inequality, will be satisfies if, for k = p +
Lp+2,p+3,..

k(k—1D[k —p— (wk +1)+y]
[ p(@ — D[(wp +1) —v] ]
<1[k(k—1)[k—p—(wk+l)+y] 2
2 p(p — Dl(wp +1) —v]

Orif

k(k— D[k —p — (wk + 1) +y]

—2p(p —D[(wp+1)—y] =0. (18)

For (k=p+1,p+2,p+3,..) the left hand side of (18) is
increasing function of k, hence it is satisfied for all k if:

p(p+ D1 - (wp+1+1)+7y]

—2p(p—D[(wp+1)—y] =0.

which is true by our assumption. Therefor the prove is
complete m
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