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Abstract—A differential equation of the form ((1 - xz’")y(")) +dy=0,-1<x<1,0<k<2m;km
integers is called a near-Legendre equation. We show that such an equation has infinitely many polynomial solutions

corresponding to infinitely many A. We list all of these equations for 1 < m < 2. We show, for m = 1, that these
solutions are "partially' orthogonal with respect to some weight functions and show how to expand functions using

these polynomials. We give few applications to partial differential equations.
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I. INTRODUCTION

A Legendre polynomial B,,n = 0,1,2,... is a polynomial
solution of the differential equation

((1- xz)y’)’ +Ay=vy" —x%y" —2xy' + ly
=0,A=n(n+1),-1<x<1

Usually a Legendre polynomial B, is defined as a polynomial
solution of the differential equation

(A =x9y)' +nn+1)y=0,

n nonnegative integer. In the way of generalization some
research was done by replacing n(n + 1) by A(A + 1) where
A is an analytic function. Another generalization was done by
replacing n(n + 1)by A(t)(A(t) + 1), where A(t) isa
probabilistic function as done by [3]. In this article we
generalize (1 — x?) to (1 — x?™) in the original Legendre
differential equation. Some authors studied the Legendre
differential equation from the perspective of operator theory
and eigen values as done in [5]. In this article we use some
aspects of this approach but in a slight manner. Some authors
applied Legendre equation in solving partial differential
equations as in [4]. In this article we have given some
examples of partial differential equations that can be solved by
near-Legendre differential equations.

Let us call a finite sum
@y ™x" + @y y P Vx4 +aly,y € ¢, an
Euler form. Let k be an integer. A k-Euler form E,(y) isa
finite sum E (v) = Y50 a;x'y 9. Thus a 0-Euler form is an
Euler form. When a k-Euler form is multiplied by x* we get a
0-Euler form. When an Euler form is equated to 0 we get an
Euler homogeneous equation. We notice that the right hand
side of a Legendre equation is a sum of a derivative, which is a
2-Euler form, and an Euler form involving some parameter A.
So let us call a differential equation

E.(y) + E;(y) = 0,Ey isinvolving A,—a < x <a,a >0,
a near- Legendre equation. It is proved below, Proposition (4),
that

(1 — x?)y®H)en-i) 4 3y =0,-1<x <1,
is a near-Legendre differential equation that has polynomial
solutions. In such equations sometimes we call the A eigen
values and the corresponding polynomial solutions the eigen
polynomials although this is an abuse of language.

1. EXAMPLES

We give below several examples of near-Legendre equations
with polynomial solutions.
Example (1): Consider the differential equation

((@=x)y) +ly=0,—a<x<a.

This equation can be written as

(@ —x*)y)' + Ay = (@ —x*)y" — 2xy" + Ay

v

=a’y" —x%" -2xy'+ly=0,—a<x<a

So it is a near -Legendre equation. We notice that

g(x) = a? — x? has no zeros in the interval (—a, a) and
gx)=0at —a,a.

This is similar to 1 — x2 in the original Legendre equation on
the interval [—1,1]. If we letu = % then

(@
dy (1) dy d?y (1) au | (a_z) d*y
dx \a/ du'dx? \a/° du = du®

Thus the equation reduces to

1
—)d*y 1\ d
(a? — a*u?) L —Zau(—)—y+/1y
a/ du

du?
1 —u?)d? 2ud
=( duz) y_ duy+/1y=0,—1Su51.

This is the same as the usual equation

A=-x)y"—=2xy'+ Ay =0,-1<x < 1.

To get polynomial solutions we must set
A=k(k+1),k=012,...

Thus the solution to this equation with

1= k(k + Dis g () = pe (2) k=012,

We notice that the polynomial solutions are in powers of

(x — 0), 0 is the center of the interval [—a, a] and

(a? — x%) = 0 at a, —a. Using a change of variable and
orthogonality of p, (x) , it is seen that the polynomials p,, (g)
are orthogonal on the interval [—a, a].

Example (2): Consider the differential equation
((c+dx—x%)y'" ) + 2y
=(dx—-2x)y +(c+dx—x%2)y"+ 2y
=0,d+0,c>0.

This is not a near- Legendre equation but it can be reduced to
such equation. Let h(x) = ¢ + dx — x*. The discriminant of
h(x) =0 is d*+ 4c > 0since c,d* > 0. Thus h(x) = 0
has two distinct roots a, b and

= (52) e ()
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b-a\>2 a+b\?
Then h(x) = (22) - (x-22)" ,a<x<b,
which is a generalization of the function
f(x) =1-x%—-1<x < 1since h(a) = h(b) = 0.

The center of the interval [a, b] is azib.

Thus using the chain rule, this equation reduces to the
differential equation

(e -y

which is similar to ((a* — x*)y")" + Ay = 0, a near-Legendre
equation. We suggest a solution of the form

r= (-5
wex-(550)a= (139

then the last differential equation reduces to

(=)

dx

dy

~(5)

If we let

L[ —u) 2+ Ay =0,~A<u<A
Thus we see that for a polynomial solution to exist, A has to be
of the form k(k + 1) and the polynomial solutions sought are

Qr = Pk (x

_(atb
,,(_j )>,anSb,k =0,12,..

(%)

We prove the following remark.

Remark (1): Letc > 0 and let a < b be the distinct roots of
the equation (¢ + dx — x*) = 0. Let p, (x) be the Legendre
polynomials. Any two distinct solutions of differential equation
((c + dx — x?)y")’ + Ay = 0 are orthogonal over the interval
[a, b], Furthermore, f: Qi(x) = (b%a) f_ll pi(x)dx. For, let
m # n be two nonnegative integers and consider

1= [ QnQudx.

Then
b (=) ()
t=dipn (Tazy’) ooy 2>
a+b
Lett:xb(_fl ),anSb
(339
Then

1= (Z2) [ pn®pa(at. —1 <t < 1,
The result follows from orthogonality of the Legendre
polynomials py.
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This way we have found a orthogonal polynomial basis for the
space P[a, b] of all polynomials over the interval [a, b].

Example (3): Consider the interval [0, b] and the equation
((bx —x¥)y") +2y=0,0<x<b ,b >0,

This equation can be written as

((bx — xz)y’)’ + Ay
+by —2xy'+Ay=0,0<x<b,b>0.

_ xzyu
This is a near-Legendre equation and we can expect a
polynomial solutions. We can use the preceding example to
solve it but we prefer to do it directly. We look for a solution
of the form y = Y}y a,x". Expanding we get

b.n(n — Da,x"* — z n(n—1a,x"
0

— bxyll

0

Changing the summation variables we get

bn(n + a1 x" — Z (n — Dna,x" —
-1 0

Z 2na,x" + Z b(n+ Da,1x" + Z Aa,x" = 0.
0 -1 0

Then we get
[-b(0)1ao + b(0)ae]x™

0;
Z [-n(n — Da, — 2na, + Aa, + bn(n + D)a, .,
0

+hb(n+ Da,4]x" =0
Thus a, is free and
[n(n+ 1) — Ala,
b(n + 1) ’
Now to ensure solutions to be polynomials we must have
A=m(m+1). Then
[n(n+ 1) = m(@m + D]a,
b(n+ 1) ’
Let us take m = 0.Then a, is freeand a; = 0,a, = 0,

az = 0,.... The solution is yo = ao. Now let m = 1. Then
A =2.Then a, is free and

2 2-2
a, = (_E)ao,az = (T)az =0,a3=0,a,=0,...

Apir = n=01,...

n=01,....

Apy1 =

The solution is y, = ag — (%) apx. Letm = 2.

Then A = 6. Let a, be free then
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6 2—-6 6
@ = (-5)a e = () = (53) wwas =0

a, =0,... .
The solution is yg = ag — (g) apx + (;—2) agx?.

We notice that all solutions are constant multiple of

(%3
pk< 0;13 ),OSbe.

2

Remark (2): The solutions of the equation

((a®* = x*)y")" + Ay = 0 are orthogonal on the interval [0, b].

As an example

b , 2 6 6
yz-)’szj;ao(l—gx)<1—5x+b—2x>dx
b 8 18 , 12 |
=f0 (1—Ex+ﬁx —Fx)dx

= b—4b+6b—3b=0.

We prove the orthogonality of the solutions directly. Let y, z
be a polynomial solutions related to m and k respectively.
Thus

((x% = bx)y') —m(m + 1)y =0,
((x* = bx)z) —k(k+ 1z=0.
Then
2[((&* = bx)y")’ = m(m + Dy] = y[((* = bx)z')’
—k(k + 1z] = 0.

This reduces to
z[(x* = bx)y" + (x* = bx)'y'] — y[(x* — bx)z"
+(x* = bx)'Z'+ [(k(k +1) —m(m+ 1)]yz=0

This simplifies to

[(x* — bx)(zy' —yz)]' + [(k(k + 1) = m(m + 1)]yz = 0.

Integrating over the interval [0, b] we get
b
f [(k(k +1) —m(m + 1)]yzdx = 0.
0

But
kk+1D)—-mm+1D)=k*-m?+k-m

=k-m)k+m+1)#=0if m#k.
The result follows.

I11. GENERAL RESULTS

Notation (1): letn > k > 0 be positive integers. Let
nPk =n(n —1)...(n — k + 1). Let n, k be positive integers.
LetnLlk =n(n+1)...(n+k—1).

Proposition (1): The differential equation
((1 = x2™)y ™Y + 1y = 0, where m,n are positive integers
is a near-Legendre equation which has a polynomial solution
for some choice for A if 2m =n + 1.
Proof: We have

™ —x*my ™y + 2y

— y(n+1) _ X2my(n+1) _ Zm_XZm—ly(n) + Ay =0.

If y =Y a,x* then we would have

Z akxk—n—l _ Z akxk+2m—n—1
k k
—Z 2m. qxktim-1-n 4 Z Ak =0 (1)
k k

To ensure polynomial solutions we must have three of the
exponents in (1) the same. In fact they are the last three
exponents. Thus
k+2m—-—n—-1=k2m—-n—-1=0,2m=n+ 1.

If m = 1 then we would have the differential equation

((1—=x%y') +Af =0 which is the classical Legendre
equation. Notice that we take the power of x to be 2m to use it
for orthogonality purposes because we need (1 — x2™) to be
zero when x = +1 at least when m = 1. As a special case

Example (4): Let us discuss the differential equation

(@ —x?my@m) 42y =0, -1<x<1 (2)
This equation is the same as
y(Zm) _ XZmy(Zm) _ 2mx2m—1y(2m—1) 4+ Ay =0.
Equation (2) is a near-Legendre equation.

We propose a solution of the form y = }'¢* a,,x" .
After expansion we get

§ a,(n)(n—1)...(n — 2m + Dx""2™
n=0
- E a,(M)(n—1)...(n—2m + )x"
n=0

—Z 2ma,(n)(n—1)...(n — 2m + 2)x"
=0

n

+ Aa,x" = 0.
i i i n=0
Changing summation index we get

2 Apiomm+2m)(n+2m—1)...(n + D)x"
n=-2m

—Z ap(m)(n—1)...(n —2m + 1)x"
0

n=

—Z 2ma,(mM)(n—1)...(n —2m + 2)x"
=0

n
+Z Aa,x" = 0.
n=0

Thus
nn—-1..n-2m+1D+2mn(n—-1)..(n—-2m+2)—2

Gn+zm = An: n+2m)(n+2m—-1)...(n+1)
—n+1DM)n-1..n—-2m+2)+ 1

Gn: n+2m)(n+2m—1)...(n+1)
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A—(m+1P(2m)
RO ®)
To get a polynomial solution, recall Notation (1)
A must be of the form
A=k +1DP2m) =+ Dk(k—1)...(k —2m + 2),

k+1>=2m.
Nowwewrite k +1=5.2m+r,0 <r < 2m using
Euclidean algorithm. Since ay, a,..., ;1 are arbitrary we
seta; = 0,i # rand a,, = 1. To get the polynomial solution in
this case we have

A—Mm+1DP(2m)
Heram = TG  DLEm) K

(k+1DP(2m) — (k+ 1)P(2m)

- (n+ DL2m) He=

andso all ag,pi =0,t =0,1,2,.... Thus we get a
polynomial solution
y = x" + ar+2mxr+2m + ar+4mxr+4m + .-
+ak+1—2mxk+1_2m .
Here the coefficients are gotten using (3). If we try to set some
a; # 0for i # 0 we get a divergent series solution using the
ratio test. So essentially we have a unique polynomial solution
for every

A=((k+1DP2m)=(k+ Dk(k—-1)...(k—2m+2)
Jk+1>=2m

Remark (3): Let u, v be C* — functions and n a positive
integer. Leibniz Formula states that

n
) =Y (1) utpe-b
k=0

Proposition (2): Let y be a C* function and let
0 <m<n=s+t,mn,s,t be nonnegative integers.

Let L(y) = ((x™ — x“)ys)(t). Then
L(y) = E(s+t—m) - E(s+t—n)-
Proof: We have, using Remark (3)

t

L U e

k=0
- t
S (oo
k=0
- t - t
- Z (k) (xm)(k) (y(s+t—k)) _ Z <k> (xn)(k) (y(s+t—k)).
k=0 k=0
= Ls4t—k—(m-k) — Ls+t-k-(n-k) = Esrtom = Esyeon
as required.

Corollary (1): We have

Vol.5, No.3, Dec., 2018, pp 17-26

(@ =x9y9)” = Eepe = Eoven
(- x“)y(s))(t) = Egve1~ Estion-
Proof: Straightforward.
Remark (4): Let
L) = E;(¥) = agy + a;xy" + - + a,x™y™

m

- z a4, xy®

k=0

be a 0-Euler form. We are interested in finding all real A that
ensure the existence of a polynomial solution for the
equationE,(y) — Ay = 0. We notice that Eo(y) — Ay = 0 isan
E, form and so we try a solution y = x".Then we have

apx" +a;.n.x"+...+ap.n(n—1)...(n —m+ 1)x™
—Ax™ =0,

(@ +an+...tapnn—-1...n—-m+1)—D)x™ =0,
A=ag+ap.n+...+a,n(n—-1)...(n—m+1).

Thus for each n and for each
A=ay+a.n+...+ap.n.(n—1)...(n —m+ 1) we have
a monomial solution y = x™. In general lety = ¥ b;x' be a
polynomial eigen function for E,(y) — Ay = 0 for some A.
Then we have

m n (k) n

Z agx® (Z bl-x"> - Z Ab;xt =0,
k=0 i=0 i=0

m

n n
Z akxk(z iLk. byx'™) — z Abyxl =0,
k=0 i=0 i=0
n m
Zb,- <ZakiLk>—/1 xi=0

i=0 k=0

Thus we have

m
Z(akiLk b =0
k=0

,i=0,...,m.
Thus we look for all such solutions b;, A that satisfy the system
and then if there are such solutions the corresponding
polynomial solution would be

n
y = Z b;xt.
i=0

Proposition (3): Let k, m be a positive integers and
L(y) = Ex(»)

= agy® + ayxy** V4. +a,, xMy k™

21



Adel A. Abdelkarim

be a k — Euler form. Then the only polynomial solution of the
equation

Ex(y) =4y =0
are polynomials of degree less than k correspondingto 4 = 0.

Proof: For if there is such a polynomial of degree s greater
than or equal to k then from

aoy® + a;xy® D+, +a,xmy*krm = 2y,

we get, upon comparing coefficients of highest terms of both
sides, that the degree of left hand side is s — k while the
degree of the right hand side is s which is absurd.

Proposition (4): Let k, m, n, t be nonnegative integers
,k>0,t <k.Then

keya my) . .
1. ((1 —x9)y ) + Ay = 0 is a near-Legendre equation
and has polynomial solutions if and only if m +n = k.
t_ ky,m) ™ ;

2. ((x —x)y ) + Ay = 0,t < k is a near-Legendre
equation and has a polynomial solution if and only if
m+n=k.
Proof: We have

((1 - Xk)y(m))(n) - ly = E(m+n) - E(m+n—k) - EO-

Since m, n, k are nonnegative we see that m +n — k = 0. The
proof of the other part is similar.

Proposition (5): When m =1 we have only three near-
Legendre equations

L(1=-xHy)"+2y=0.

2. ((1 = x®y") + Ay = 0, the usual Legendre equation.

3. (1-x)y'"+y=0.

While when m=2 we have only five near-Legendre equations.
1L.(1-xH)®+ 21y =0.
2.(1—=xHyH® +ay =0.
3.((1=xHy")'"+ 1y =0.
4. (1 —xHy®)' + 1y =o0.
5.(1—xH)y™® + Ay = 0.
In general when m = k we have 2k + 1 cases

\ (k=10)
((1 - xzk)y@) +ly=00<i<2k
Proof: We just apply Proposition (4) with different m and k.

IV. THE EQUATION (1 — x?)y"" + Ay = 0.

Consider the differential equation (1 — x*)y"’ + Ay = 0. This
is a near-Legendre differential equation and has polynomial
solutions. Let y be a solution corresponding to A and u a

22

solution corresponding to u. Thus (1 — x®)u’’ + pu = 0.
Lety = a,x"

Then

Z nn—Da,x"? — Z n(n—1a,x"

+ Z An(n — Da,x" = 0.
This is equivalent to

Z m+2)(n+ Da,x°

n=-2

— Z nn —1Da,x" + Z n(n — Da,x" = 0.
n=0

n=0
It follows that

A-n(n-1)

— >
DD a,,n =0, aya free.

Any2 =
It follows that for a polynomial solution to exist
A =k(k —1), k isanonnegative integer.

Thuswhen k=1 or 0,4 =0 and
0-0
@ =003 == (F)a =0,
and so all a,, = 0,n = 2. The solution is yo = a¢ + a;x. Thus
we have two solutions: 1, x.
If k=2, A=2and

_ (20 _ _ (20
a=—-\- ag=-—a0,a; =— — ) @

B ﬁ) - =_
= 3 , A4 = ( 2 as 0,as caq
for some constant c. If we set a; = 0 the polynomial solution is
Y2 = Qo — Aox>.

If k=3,A=6,a5s =0,a;, =0,ay = 0,... and the polynomial
solution is

6—0

— 3 — —
Ve = Q1X — A3X°, A3 = _(T) a, = —as.

Thus ye = a;x — a.x>.

If k=4,1=12,a6=0=ag=a;o =... and so the eigen
polynomial is odd and of degree 5 ,

Y12 = Qo + a2x2 + a4x4.

Here
12-0 12-2

a, = — (T) ay = —6ay, a4 = — (7) a, = 5a,.

Thus the polynomial solution is

Y1z = Qo — 6aex* + Saex™.

We notice any polynomial solution y; is either even and the
numerical coefficients are multiple of a, or it is odd and the
numerical coefficients are multiple of a;. When we substitute
in these solutions a, = 1 and a; = 1 we call the resulting
solutions normalized polynomial solutions.
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Remark (5): Consider the differential equation
(1 —x?)y"" + Ay = 0. We notice that when A#0 and from

(@ —x*y" +4y)(1) = 0we gety(1) = y(-1) = 0.
Proposition (6): The polynomial solutions y; of the equation
1=-x)y®P+2ay=0
are orthogonal over the interval [—1,1] with weight (1 — x*)™".
Proof: Assume that we have
A -x¥y + 1y, =0,(1 —xz)uu + puy, = 0,1 # p.

and
subtract to get
f (y,lu —u y,l)dx+(ﬂ u)J- (1 d x=0..04)
1
Now

1 1
f yiuudx = yu, ]t — f Vily

-1 -1

1 1 1
=0- f yiupdx = —J. y,{u[ldx,f u, y,dx
-1 -1 -1

1
—J- yau,dx.
-1
Thus (4) reduces to
a-w/ (y’lu” )dx = 0. Since 1 # y, we get

I (“u”) dx = 0. Thus y;, u, are orthogonal with weight
1

1-—

1-x2°

We notice that f (y’1 ”) dx exists since y;, u, are

polynomials that vanish on 1, —1 and hence ( Ax‘z‘) isa
polynomial.

For example if we take the polynomial solutions
f =y =ao— apx® g = by — 6box* + 5box*
for the differential equation (1 — x?)y"" + Ay = 0 we see that

1
f ( 19 )dx_f aobo(1 — 622 + 5x")dx
1—x? 1
= 2aobo[x — 2x* + x°]5 =0

as expected.
Conjecture: It is an open question that the solutions of

(1 — x*™)y" + Ay = 0 are orthogonal with weight
- over the interval [—1,1].

Proposition (7): Any continuous function f on the interval
[—1,1] can be expanded in terms of the normalized eigen
polynomials of the differential equation

1-x¥)y"+2y=0,-1<x<1.

Vol.5, No.3, Dec., 2018, pp 17-26

Proof: Write f = Y.a;y;, v, the normalized eigen polynomials
of the given differential equation. To find a; we multiply both

sides with (132) and integrate from —1 to 1 and use
orthogonality to get
a, = f f (1 xz)
1
f 1(1 —x? )dx

V. THE EQUATION
((1—x2)y) +dy=0,-1<x<1

The differential equation ((1 — x*)y)"” + Ay = 0 can be
written as

((1 - xz)y)” +Aly=(-2xy+y —x*) + 1y
==2xy' —2y+vy" —x*y" — 2xy’

=1 -x)y"—4xy'+ (1 —2)y
=y" —xy" —4xy' + (1= 2)y
=0.

It follows that the equation is near-Legendre one and so we
expect polynomial eigen solutions. Let y = }: a,,x" be a power
series solution. Then we have

0= Z n(n —Da,x" 2 - Z n(n — 1Da,x"
- z dn.a,x"+ (A —2) z a,x"

=) 1+ D0+ Dagor”
—Z[n(n — 1) +4n— 21+ 2]a,x"

It follows that a,,, = — (%) a,,n = 0,a,a, free.

To have a polynomial solution A has to have value
A=(k+1D(k+2),k=0.

Fork = O,A = 2,(12 =0= ag = g =. ..
solution is y, = ay.
Fork=1,1=6,a3=0=as=a; =
solution is y¢ = a;x.

Fork = 2,). = 12,a4 =0= aeg = Ag =...

Thus a polynomial

.. Thus the polynomial

Thus a polynomial

solution is
12-2
Y12 = Qo + ax% a; = — ([ ]) Ao, Y12 = ao(1 — 5x2)
Fork =3,1=20,as = 0 = a;, = ag =... Thus a polynomial
solution is
5 [20 — 6]
Y20 = a1 X + azx>,az = — T aq,

Y20 = as1(x — (g) ).
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Fork=4,1=30,a®=0=a® =a'°=--Thusa
polynomial solution is
Va0 = Qo + azx* + asx*, a; = — ([302_2]) ao = —14a,,

ay = — <M> a, = — (;) a? = 21a,,

12

Y30 = ao(1 — 14x* + 21x*). We can continue to find
infinitely many polynomial eigen solutions.

Remark(6): Let y be even differentiable function on R. Then

(@ =ty Ne=o = 0, (A = t)Y(t))]e=x
= (A -x)y())"

For, (1 — tHy() = y'(t) — 2ty(t) — t*y'(t). If y is even
then y’ is odd and we have

(A =ty Te=0 = (/') = 2ty(t) — t*¥'(¢))] =0
=0-0-0=0
and
(@ =ty Te=x = ') = 2ty() = Y () ]e=x
='(x) — 2xy(x) — x*y'(x)
= ((1=x*)y ()’
as expected.

Proposition (8): Let y;,u,, 4 # u be two even polynomial
solutions of the differential equation

(A=xH)"+2y=0,-1<x<1.

The antiderivatives [ y;dt, [ u,dt are orthogonal over the
intervals [0,1], [—1,1].

Proof: Let y;,u, be two even polynomial solutions of the
given differential equations corresponding to A # u eigen
values. Thus

(1= xPy)" + Ay, = 0,((1 — xPuy)" + uy; = 0.
Let
0, = | w Ot v = | e
Then we have
f (1 =tDy,(t)"dt +f Ay, (H)dt = 0.
From Remark (6) we have
(=20 + [ An@de =0,

Now multiply both sides by U,,(x) and integrate from 0 to 1 to
get
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1
f Uy (). (1 = x?)y,(x)) dx

1
+Af Uy ()Y (x)dx =0

By integration by parts we have

U, (0. (1 = x2)y, ()15
1
- f (1 = %)y (0)) U, (x)"dx

1
+Af Uy ()Y (x)dx =0

This is the same as

1

- f (1 = 22y, (D, () dx
0

+/1f U, ()Y (x)dx = 0....(5)
0

In a similar manner we get

[ (@ = w00) hoas

+uf U, ()Y (x)dx =0
0

which is the same as

- j (1 — x2)y, (D, (1) dx
0

+MJ U, (x)dx = 0....(6)
0

By subtracting Equations (5), (6) we get

- [ U@medx =0
0

J- Uy ()Y (x)dx = 0.
0

Since u, y are even U, Y are odd and U, Y; is even. Thus

1

J’ U, ()Y (x)dx

1

= Zfo U, ()Y (x)dx = 0,

as required.
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For example consider the polynomial solutions
f =ag(1—5x%),9 = bo(1 — 14x* + 21x*).
Then f, g have antiderivatives

3 3 5
F = ap(x —29),G = bo(x — o+ 2.
Now
45f1 5x3 14x3 N 21x5 p
T3 )\ 5 )%

1
= J- (3x — 5x3)(15x — 70x3 + 63x°)dx
0

1
= J- (45x* — 285x* + 539x° — 315x®)dx
0

=15-574+77-35=0.
Thus f_11 FGdx = 0 as expected.

As before we normalize the solutions by putting a, = 1,
a, = 1.

Corollary (2): Any continuous function f on [—1,1] can be
expanded in polynomials derived from the normalized eigen
polynomials of the differential equation
((A=xy)"+y=0-1<x<1

Proof: If f iseventhen f = Y a,y,,y; are even.
Let F(x) = [; f(t)dt. Then F = Ya,Y;. To get a; we
multiply both sides by Y;, integrate and use orthogonality of the
Y, to get
[, FY
=2
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If fis odd we expand f 'and then integrate the result to get

back f. In general we write f = f, + f, as a sum of even and
odd functions and expand each and sum up the result is

f&) +2f (—X)>’ £ = (f () _zf (—x)>_

a

fe(x) =<

One may ask if there are similar-to Rodriguez's Formulas and
Recursive Rules for these newly developed eigen polynomials.
This is still an open problem.

Remark(7):The eigen polynomials of the equation
((1 = x®)y)" + Ay = 0 are the same as those of the the
equation y'' — x?y"" — 4xy’ + (1 — 2)y = 0 which are the

— X%y —
same as those of the equation y"' — x*y"" — 4xy’ + Ay = 0.

V1. APPLICATIONS

1. Suppose we have a steady state partial differential

equation
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(1= xHDup +uyy, = 0,-1<x <1,y >0,u(x,0)
= f(x):u(_LY) =0= u(l,)’),
f(x) continuous on [—1,1].
We use separation of variables technique and assume
u = X(x)Y(y). Then we get (1 — x*)X"'Y + XY" = 0.
Thus upon dividing by XY we get
1—x)Xx" v
—+—=0.
X + Y
It follows that

rn

-A—=41>0.
Y

1 —x)Xx"
< =
Thus

(1—xDX"+1X=0,Y" =Y =0,1> 0.

The first equation is a near-Legendre equation and the second
has general solutionY = a eV 4 petVW To get a bounded

solution we choose ¥ = e~V27. Now we take the values of A
that give polynomial solutions to the equation

(1-x)X"+AX =0

and take the corresponding polynomial solutions y,. The
candidate solution for our partial differential equation is

u= Z a,ly,l(x)e‘m.

Then we have

u(,0) = f(¥) = ) @),

We find a,, using orthogonality in Proposition (6). If the series

Z a/l)’l(x)e_m

Converges then

u= Z @92 (x)e VP
is the required solution.

2. Suppose we have a steady state partial differential

equation
(1 = xHuyy, — 4xu, +uy, =0,-1<x <1,
u(x,0) = g(x),u(-1,y) = u(1,y),
g(x) continuous on [—1,1].
We use separation of variables technique and assume
u=XXY).
Then we get
(1—x)X"Y — 4xX'Y + XY" = 0.
Thus upon dividing by XY we get
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1 —x)X" 4xx' Y"

0.
X X Y

It follows that

1 —=x)X" 4xX' 3 Y 10
X X - ) - » .

Y
This reduces to
(1—-x)X"—4xX+ 21X =0,Y" =AY =0,1> 0.

To have a bounded solution we choose Y (y) = eV The
equation

(1-—x)X"—4xX+AX=0,-1<x<1

is a near-Legendre equation which has an infinitely many eigen
polynomials y;, corresponding to infinitely many “eigen values
A7as referred to in Remark (7). Since we have X(—1) = X(1)
we choose the even y;. Thus we try a solution

U@ = Y ™

¥y even

Thenu(x,0) =Y a;y;(x) = g(x). We find a; using
orthogonality and Corollary (2). If the series

Z GLAJ’A(JC)E_‘/H

yaeven

converges then

u= aAYA(x)e_m

yj even
is a solution to our problem.
Remark(8): We can solve
(1= XUy —uyy =0,-1<x <1,y 20,
u(x,0) = f(x),
u(-Ly) =0=u(ly)
and we can solve
(1 = xP)uyy — 4xu, —uy, =0,-1<x < 1,
u(x,0) = g(x),
u(=1,y) =u(l,y)
using the same techniques but with proper replacement of

e VW,

In a future work, we may discuss the other five cases,
when m = 2, of near-Legendre equations mentioned in
Proposition (5)

VII. CONCLUSION
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We generalized the Legendre equation

(A=-xy) +n(n+1)y=0-1<x<1nisa
nonnegative integer, to near-Legendre equations

(1= xF)ymHy™ + 3y =0,
((ef = x)y™)™ + 2y =0,
-1<x<1lt<km+n=k,

n,m, k,t nonnegative integers. We discussed several cases to
ensure the existence of polynomial solutions. We then gave
applications to solve some partial differential equations.
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