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Abstract.

We generalized a class of Bazilevic type functions as defined in the open unit disk associated with a
differential operator satisfying some subordination conditions. As well as, we obtained coefficient
bounds and Fekete Szego bounds for functions in this subclass.
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1. Introduction

Let A refer to the usual class of functions of
the form

f@=z+ ) azk, (1.1)

which are analytic in the open unit disk
U= {z € C: |z|] < 1} and normalized
with £ (0) =0and f'(0) = 1.

Let S denote to the subclass of A consisting of
all univalent functions in the open unit disk U .
Also, let P refer to the class of functions h(z)
in which the real part is positive in U as

following  h(z) = 1 + X, cxz®.

We refer w(z) be Schwarz function defined
on the boundary oD of a domain in C is an
analytic function such that w(z) =z on
aD (see [5]).

It is notable that the following correspondence
between the class P and the class of Schwarz
functions w exists (see [6])

hepe heit¥ 1.2
[=—1 = .
1= w (1.2)

Let f and g be two analytic functions in U.
Then a function f is called subordinate to a
functiong, writes as follows
f<gorf(2=< g, (zeU) (1.3)
if there is a Schwarz function w which can be
analytic function in U with w(0) = 0 and
[w(z)| <1 such that f (z) = g(w(2)).
Thus, if a function g(z) be univalent in U ,
then f (z) < g(2) is equivalent to f (0) =
g(0)and f (U) < g(U) (see[5]).

A function f(z) which has the form (1.1)
called univalent starlike, if it satisfies the
condition

zf'(2)
Re{ [10) }> 0,(zeW)

we refer to the former class of functions as S*
(see[5]). From (1.1), we can write

f@)* = (Z+ a z"‘) . (1.4)
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W;tere «a is real number greater than zero, then we D 2,6112 [((f(z))a)
obtain 2
=D (D 1,¢ ((f(z))a) _ 1+((Al +/12)(a— 1)
2 3 ‘ T Akt T+4,(¢-1D
f@)* = (z + a,2* + a32° + a,z 1

+ o) o 1+ (A + A,) (@ + k — 2)\2 S
+Z( T+ 4L, —1) ) @ (@)z 5,
This is equivalent to =

In general, we have

(f(2)* = z*(1 + a,z + asz?

m, ay— m-1,¢ ay _
+ a,z3 +....)% (1.5) D jann e (F(2))=Ds (D Al,/lz,f((f(z)) )=
(1+{(;11+;12)(a—1))m
Using the binomial expansion for (1.5), we get 1421 (£-1)

(f @)* = z% |1+ a(az + azz® + a,z3+....) +i (1 +h + A)(at k— 2)>m ag(a@)z®t*"1, (1.8)

a(a—1) k=2
T(azz + azz?
+ a4Z3 + )2 +] Where ().2 le,fz O,m € NO = NU{O}, f €
N; a >0,z € U).

Since the expansion continues, then We remarked that, the linear operator which is
defined in (1.8) is generalized many operators by

a — a 2
(F @) = 27 +alazz + az” + giving specific values of the parameters which is

0z +...)). studied by several earlier authors, for as instance:
Therefore,
(f (2)* = 2% + aayz®! + aasz%+? i If ,=0,a=1and 4, =¢& =1, then the
+ aa,z%t3 e, operator Dlml’iz_{,(f(z)“) reduces to the
Salagean derivative operator [14].
We denote the class of analytic functions of A4, as i If ,,=0a=1 and A, =0, then the

operator Dlml’iz_{,(f(z)“) reduces to the

F@)*=z"+ Z ax(a)z** 1. (1.6) generalized Salagean derivative operator
which presented by Al-Oboudi [1].

For a function (f (z))* given in (1.6), we will
define differential operator on space of analytic
functions H(A,):

By applying of the operator above we will present a
general class of Bazilevic type functions as the

following:
D et H(AQ) — H(A) as follows: Definition 1.1. Assume that 0 < § < 1 and 0 < 8 <
1. Let ?C;'ll'iz_{,(&ﬁ, 1) denotes the class of functions
D 351, (f@)Y) = (@), (f(2))* belonging to in A, if it satisfying the
( ) inequality:
_ (A4 +24y)z 1-0(A + 4, a
1_1+,11(£—1)D+<1+,11(£—1)> Db ef @
(1 +{(A + ) (a— 1))
DL, ((FEND=DD Y, (F(@)%) = Tale- 1)
Dy [z°+ Y, ax(a)z¥ 1] ey 5D}, /11/12 oS @D) 11 zew
(1 + ¢4 + M) (a — 1)) ’ '
o _ (LH 4+ 25)(a — Dy 1+ 4(f-1)
D3 @ = (G (19)

The above condition is equivalent to

o [1+{(A1+22)(a+k-2)\1 _
+ Y, (W) ak(a)z‘”k 1 .7
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DI FEN®

(1+{(/11+22)(a—1))mza
1411 (#-1)

<Y(2), (1.10)

where Y(z) = :f;z be univalent function with
Y(0) =1andy'(z) > 0.

IfAi;, =6d=0andm=¢& =41, =8 =1, weobtain
the subclass of Bazilevic univalent functions [4]
defined as following

|f’(z) (@)‘H| <1

IfA, =0andm = & = 1, = 1, we obtain a different
subclass of Bazilevic function K '3 (8, B, ¥)(f (2))*

(1.11)

7 a-1
Fr@r2) <@ (1.12)
IfA, =0,m=¢& =214, =a =1 and putting
Y(2) = g we have the well-known subclass

’ 1+z
f'(2) < P

The class defined in (1.9) arose from a generalization
of Bazilevic [4]. Which he introduced and studied this
function as the following

1+in
‘ IO T S
1@ ={%nzf (h(e) — iyt T g T
’ (1.13)

where h(t) € P and g(z) € S*, and &, n € R with
&§>0.

To discuss the main results we need the following
Lemmas.

Lemma 1.2. [10] Let h(2) =1+ ¢,z + ¢ 2% + -+,
z € U belongs to the class P and u € C , then

lc, — uef| < 2max{1, |2u — 1}
The result can be sharp for the following functions

2
h(z) = 2Z and h(z) = %z €U

1-z2

Lemma 1.3. [8] Let the function h(z) is analytic in
U, with |h(z)| < 1 and let

h(Z) =C + C1Z + CzZZ + C323 e .
Then
lcol < 1and [¢| <1 —|co|? for k> 0.

Lemma 1.4. [10] If h(z) =1+ ¢z + 2% + -+,
z € U belongs to the class P, then

—4y +2 if y<o,
lc, —yc?| < 2 if 0<y<1i,
4y —2 if y>1.

Where y < 0 or y > 1, the equality holds if and only
if h(z) is equal to g or one of it is rotations. If
0 <y < 1, then equality holds if and only if h(z) is

1+z2
equal to

.z Or one of it is rotations. Inequality

becomes equality when y = 0 if and only if h(z) =
(1)) (1)1 g jc,

2 1-z 2 1+z

rotations. While for y = 1, equality holds if and only
if the function his the reciprocal of one of the
functions such that equality holds in the case of
Yy =0.

Although the above upper bound is sharp, it can be
improved as follows when 0 <y < 1:

or one of its

1
lc, —ye2| +ylel* <2, 0<ys<y

and

le, —ycfl+ A =Ple* <2 <y<1l

N =

The objective of the present paper is to obtain
coefficient Bounds and Fekete- Szego inequalities

for the subclass 7(3”1'32‘{,(6, B,y¥) of Bazilev'c type
functions.

Bazilevic functions has been investigated by many
authors, we refer to ([2], [3].[71, [9], [11], [12], [13],
and [15]).

2. Main Results

Theorem 2.1. Let (f(2))* € A, which is given in (1.6).
If (f(2))* belongs to the class % Z’iz‘[(& B,y). Then
B +6)

14+ &4 + ) (a + D\™
2a (1 e + L) (a — 1))

laz(a)| <

B +96)

1
1+&Q +2,)(a+2) m[
2“(1+eul+£>(a—1)>

_(-8R)P + UL+ 6>P3]

laz ()| <

2P,
and
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las ()|

< B(1+8) [1

- 14+ &4 + ) (a + 3)\™
2e (e D@ 1)

_(a=DP; +2(1 - 8p)P,

2P
3(a -1 —Z(Sﬁ)PlP4 +3B(a — 1)(1 + 8)P;P,
12P1P2
B(a—2)(1+ )PP,
B 12P, P, B E(l B 255)]’
where

p 9o (LG + )@+ 1) am
1 “<1+§(/11+/12)(a—1)> '

b= T+EA + )@+ D\ (1 +EQR, + ) (a+2)\"
2= (1+€(/11+/12)(a—1)> (1+§(/11+/12)(a—1)>

B 1+ & + ) (@ +2)\"
Py =(a=1) (1 e + ) (@ — 1))

P = B(146) (1 +&(A + ) (a + 3))’"
1+&EA +2)(a—-1)

Proof: If (f(2))* € chliz{,(& £,1), then from

(1.10) there is Schwarz function w(z) which is

analytic in open unit disk U with w(0) = 0 and

[w(z)| < 1 such that

DI (F(@)"

1420y + @Dy, < YW@
( T+4L( -1 ) z
Q2.1
where
_ 1+ pz _
1/)(2)_1——5‘82_1-'_'8(14_6)2

+8B%(1 + 6)z?
+ 6231+ 8)z3 + - .(2.2)
Define the function h(z) by
_1+w(2)
h(z) = 1-w(z)
+ ..,
It follows from (1.2), h € P and
h(z) -1
w(z) = ———

=1+ Clh + C2h2 + C3h3

1 1 1
= §c12+—(c2 ——cl)z + = (c3 — €10y

+1/4c3)z3 + - (2.3)
In view from of (2.1), (2.2) and (2.3), we obtain

Mushtaq S. Abdulhussain

Saba N. Al-khafaji

D (F(2)*

<1 + (A + Ap)(a = ))’" 28
I+, -1

B h(z) —1
= v@ (h(z) ¥ 1)
1 1 1, , 1
_¢(EC1Z+E(C2 _§C1)Z +E(C3 — (016
+1/4c)z3 +-),

<p(w(2)

=141+ 8z + [3 fA+8)(c; -
c2)+2862(1 + 8)ct| 2 + [1p(1+8) (s -
ccp + icf) +% §B2(1 + 8)(c, — —C12) o+
15231+ 8)cP] 2 . (24)
Using the series expansion of

L2 () @ we
have
DI (F@)*
(1 + (A + A)(a — 1))
T+ 4L -1
B 143 + ) (a+ I\
- 1 ta <1 (A + ) (a— 1)) a(@)z
+ |aasz(a)
N a(a -1) (@) 1 + (A + ) (a + 2)>m 5
T 1+((/'11+AZ)(0(—1)

+ -aa4(a) + a(a — Day(a)az(a)

ala—1)(a—-2) , 1+73(4; + ) (a+ 3\
(D ) | e
3! 1+ +A)(a—-1)
+ o (2.5)
Comparing the coefficients of z, z2 and z3 in
(2.1) based on (2.4) and (2.5), we get

oy () = B+ 6)c, 2.6)
’ ) (1 + & + ) (a + 1))’"’ '
\T+e +1)(@—1D

az(a)

- B(1+6) [C
" (1 +EQA + A)(a + 2))’" 2
T+E + A)(a—1)

(1 -68)PL+B(1+6)P;

1, 2.7
2P, 51] @.7)

and
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ay(a)
B+ 6)

T A+ + )@+
2“(1 FE0h + A (a — 1))
(@ —1P; +2(1 - 5p)P,

2P, €162
N (3(a —1)(1 - 8B)P,P, + 3B(a — 1)(1 + 5)P;P,
12P,P,
Bla —2)(1 + 8)PsP,
B 12P,P,

3 3
- A-280) )<l . (2.8)

Since h(z) has an analytic function and is bounded in
U, we have

lcol < 1and |c,| <1 —|col? for k>0. (2.9)

By using (2.9), we obtain
B+ 8)

14+ & + ) (a+ DY
2a (1 e + ) (@ — 1))

laz ()] <

B(1+96)

1

14+ &4 + ) (a + 2) m[

2o (Tt =)
(1= 8B)P, + B(1+8)P,

h 2P, ]

laz(2)| <

and
las(a)l
= 1+ 551(1:/16;( +3))\™ [1
1 2) &
2a (1 + & + ) - 1))
(a—1)P;+2(1 —5B)P,
B 2P,
3(a —1)(1 = 8B)P, P, + 3B(a — 1)(1 + 8)P;P,

12P1P2
fla—2)(1+ 5)P:P,
B 12P,P, B E(l B 253)]'

The proof is complete.

Putting Y (2) = — |n Theorem 2.1, we have the next.

Corollary 2.1. Let (f(2))* € A, which is given in (1.6). If

(f (z))® belonging to the cIass?C/1 i (L 1L,9).

Then
1

(1 + & + ) (a + 1))’”’
T+ + 1)@ -1

laz ()| <

Proof: From (2.6) and (2.7), we have

1
a <1 + & + ) (a + 2))’”
1+ +)(a—1)
Py

14+ & + )@+ 2\,
“<1+f(al+zz)(a—1)) P

laz(a)| <

and
las(a)l
[
1 |1
1+ & + ) (a +3)\™
“ (1 +E( + A)(a — 1)) l

14+ & + ) (a + 2)\™
(emD) (GdsDesD)
2P,
14+ & + ) (a + 2)\™
4@2a - (5 €00, + 19)(a = 1)) P ]I
12P, P,

+

Putting « = 1 and m = 0 in Corollary 2.1, we get the
result.

Corollary 2.2. Letf(z) € A Which is given in (1.6).
If £(z) belongs to the class 7(,1 1,,0(1,1,). Then
laz(@)| < 1
las(@)| <1,
and
lag(a)] < 1.

Theorem 2.2. Lety(z) =1+ 81+ 8)z +

5B%(1 4+ 8)z? + -, where p(2) € Aand y'(z) > 0.
If (f(z))“ which is given in (1.6) belongs to the
class ?C,l “,,0(6, B, ) and € N, then

las(a) — pa3 ()]

(
FA+9) max1 1, |88
(1 + & + ) (a+ 2))’" '
“T+e + )@ —-1) L

+ 801
1 +E +/12)(0(+2) ™\
/[2“ 1+§(/11+12)(a—1) ) $

+6
)k 2a<1 + &y + A5)(a + 1)

1+& + ) (a — 1)

)
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az(a) — paj(a)
B+ 6)c,

- 14 &y + ) (a+2)\"
2“<1+€(/11+/1§)(a—1))

1+ & + ) (a + DY 14 + )@+ 2)\"
s 00w (CHETEET) @ vraror (FHEEEED) |

8g? (1 +EAy + Ap)(a + 1))2’" <1 +EAy + Ap)(a + 2))’”
T+ + )@-1D) T+ +)@-1D

cf

B*(1 + &6)%ct

“ 2m
14+ + )@+ 1)
1 (T @)

Therefore
5 B B(1+6)
lasz (@) — pasz(a)| = - (1 Tt )@t 2)) e — et
1+&A +2)(@—-1)
where

1+ & + ) (a + 2)\™
Cuta-1) (1 e + A — 1))

2 (1 +E(y + Ay)(a + 1))2’”
T+Eh + L) (@—-1D)

v=% 1-388+B(1+6)

Applying Lemma 1.2, we get

las(a) — paz(a)| < FA+9) male 5B
: 2N (1+§(/11+/12)(a+2)>’“ |
“T+e + )@ —1) L

A

|

/[2M+a_1](1+5(/11+/12)(a+2) m

+ (L +6) 1+f(/11+/12)(a—1)
5 <1+f(/11+/12)(a+1)
¢ 1+ful+xz)(a—1)

The result be sharp for (f(z))* which is given as the follows
DI (f(@)®

(1 +J(A + ) (a— 1))’” i
I+4L(E -1

N

<Y(z?),

or
/11 /12 ,{i(f(z))a

(1 + (L + L) (a = ))’”Za
I+ L -1

<Y (2).

The proof is complete.
In virtue of Lemma 1.4, we get the following results:

Theorem 2.3. Let ¥(z) =1+ ,8(1 +8)z+6B*(1+6)z2+ -, 0<8<1land 0<pB <1If(f(2)*given
by (1.6) belongs to the cIasstA "1,,¢(6,B,¥), then o € C



Journal of Kufa for Mathematics and Computer

las(a) — gai (@)l
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1+ & + ) (a + 2)\™
B(1+6) 56— B(1+8) [20+a_1](1+§(/11+/12)(06—1)> if o <0,
a(l + &4 +,12)(a+2))’” 2a(1+§(/11 +2,)(a + 1))2’" ’ B
1+&A +A)@—-1) 1+&A+2)(a—-1)
B(1+6) .
< 1+ &R + ) (a+2)\" fososo
a<1+f(l1 +12)(0{—1))
14+ &4 + ) (a+ 2)\™
B(1+6) B(1+6) [20+a_1](1+§E/11+/123Ea—13> _ 6B ifo>o
a<1+f(/11+/12)(a+2))’” 2a(1+§(/11+/12)(a+1)>2m ’ -
1+&A +2)(a@—-1) 1+&A +)@@—-1)
where

1+ +A4)(a+1)

1+ & + A)(a + 2))’"

260 - D (TEG G =)~ PO+ @D (s 56D

)

0-1 = m
1+E&EA + ) (a+2)
2601+ 6) (75 £, + 2@ — 5)
1+ & + A)(a + D™ 1+ &R + ) (a+2)\"
2+ D (D) PO+ 9E - D (D)
-

1+ + ) (a+2)

Proof. Since (f(2))* € KZ’iZ‘[(&ﬁﬂP) and 1 (z)
given by (2.4), then a,(a) and a;(a) are given in
Theorem 2.1. Furthermore,

laz(a) — gas(a)|
_ B(1+6) e, — te?]
) (1 + & + ) (a+ 2))’” Lo
\T+e +2)@-1D
where
t =

1+E(A1+22) (a+2)\™

(2o+a- 1)(1+§(/11+/12)(u—1))

(1+§(/11+/12)(a+1))2m
1+&(A1+12)(a-1)

%[1—5ﬁ+ﬁ(1+5)<
Thus, the inequality (1.10) can be established as
following by using Lemma 1.4.

If t < 0,then ¢ < g; and by applying Lemma 1.4.
yields

L(1+6)
(1+§(A1 +Az)(a+2))m [6ﬁ -

1+&(A1+12)(a—1)
1+ +A2) (a+2)\™
+“‘1](1+g(al+az)(a—1))
1+§(/11+/12)(a+1))2m )
(1+€(/11+/12)(a—1)

las(a) — gaj(a)| <

B(1+6) (m

2B(1+6) (1 ey + ) (@ — 1))

For 0 <t < 1, then g, < o < g, and by applying
Lemma 1.4, gives

B(1+8)
(1+§(/11+Az)(a+z))m'
N TF e +22)(@-1)

Fort = 1, then o, < 0. Also by an applying Lemma
1.4, we obtain

las(a) — oaj(a)| <

las(a) — ga3 ()|

[

B +85) |m
<1 + & + ) (a+ 2))m|
T+ 2106@-D) |

148 + )@+ 2D)\"
5 [20 + a —1] (1 +E, + /12)(05 - 1))
, (1+5(Al+zz>(a+1))2’"
\T+e + 1) (@-1)
-8B

Putting Y(z) = g in Theorem 2.3, we get the following
result:
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Corollary 2.3. Lety(z) =1+ 2z+2z% +-

las(a) — ga ()]

2

Mushtaq S. Abdulhussain

/20’+a—1]

Saba N. Al-khafaji

- If (f (2))*which is given in (1.6) belongs to the class
7(/11/1 (1, 1,4), then for any real complex number o

14+ & + ) (a + 2)\™
1 +E&A +A)(@-1)

[
.
a<1 + (A +45) (e + 2) "‘|
1+& + 1) (a— 1) |
2
<X (1 + &4y + ) (a + 2))’"
“T+¥e, +,)@=-1D

\ o

2

1 + & + ) (a + 1))2’”
1 e, +4,)(a—1)

1 + &4, +/12)(a+2) m

\|]| ifo<o
)

if ,<0<o0,

[20 +a - 1] TH e, + ) (a = 1)

if 0 =0,

I ——

(1 + &N + ) (a + 2) m
T+et + )@ - 1)
where

—(a—1)

T2 +06)

| 1+§(/11+/12)(a+1) am
\ 1+f(11 +Az)(a’_1)

\__/
|__:__1

A (1 + & + A)(a + 1))2"‘ _2a-1) (1 + &+ A)(a + 2))’"

\T+e + )@ - D)

14+&EA +A)(a—1)

2:

4 (1 + &y + ) (a + 2))’”

1+&A +2)(@—-1)

Note that for « = 1 and m = 0 in Corollary 2.3, we
get the following Corollary:

Corollary 2.4. If Y(z) =1+2z+2z%+ - If
(f(z))® given by (1.6) belongs to the class

X 232,{,(1, 1,3), then for any complex number o

2— 40 if c<o,
la, — ga?| < 2 if o<0<o0y,,
40 — 2 if =0,

where g; = 0, and g, = 1 reduces to the result [4,
Lemma 1] of W. Ma. D. Minda.

Corollary 2.5. Lety(z) =1+ (1 + 8z +
§B*(1+68)z?++-,0<6<land 0<B <1 If
(f (2))* given by (1.6) belongs to the class
‘%/11/12!’(6 B,¥),and o, < 05 < g,. Let

1

1+ & + 4@+ 2)\"
2p(1+9) (1 TE, + Aj)(a - 1)>

14+ & + ) (a+ D"
(2a6[9 <1+€(/11 T 1)> —B(1 +6)(a

4 (1 + & + ) (a + 2))’")

03 =

If 0, < 0 < g3, then

B +6)

- 14 & + ) (a+2\™
2 (T @)

(2.10)

If 053 < 0 < g,,then

14+ &, + A,)(a + D)™
2 (Tt G =)

las(a) — oaj(a)| + 1+E + ) (a+ 2))m

B+ ) (THE T

x|1-6p
|
+p8(01
1+ & + ) (a+ 2)\"
2o+a-1)
+6) (1 + & +A)(a— 1)) |a2(a)|2

o (1 +E( +A)(a + 1))2"‘
T+ + ) (@— 1D
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1+ &, + ) (a+ 1D)™
2 (T @)
1+ & + )@+ 2)\"
p0+0) (TG =D)

lag(a) — gai(a)| +

z(a)|2,

14+ &4 +,)(a+ 2)\"
/(2”+“_1)(1+§(/11+A)(Z—1) ]I
I
)

+9) 2 (L EG +25)(a + 1) zm
(1 +E + ) (a - 1)

B(1+96)

- 14+ &, + ) (a+2)\™
2“<1+€(/11+/12)(a—1))

(2.11)

Proof. For

laz(@) — oa ()| + (0 — o) lay(@)|? =

/ ! 2a(6p

.
14 & + ) (a+2)\™
\ 260+0) (TG @ =1)

NG +EQ + )@+ D™
B )<1 +E + ) (a— 1))

14+ & +2)(a+ 2)>m]\

+pA+8)(a-1) <1 +E +1)@-1) /

B*(1 + 6)?
% 1+&Q + ) (@+1) 7 1l
4a (1 T + A (a = 1))
B(1+6)

14+ & +2,)(a+2)
2o (T G =D)

7 [c2 tc1]

B +96)

T At + )@+ 2N
2 (T s+ @ =T)
+ tley %)

{lcz = tef (@)

It follows from applying Lemma 1.4, yields

laz(a) — oa3 (@) + (o — o1)lay(@)|?
p(1+6)

(1 + & + 1) (a + 2))’"’
\T+e + 1)@ -1

which is the inequality of (2.10). For

las(@) — oa3 ()] + (o — o)lay(@)|* =

B(1+8)(a—1
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L+ E(y + ) (@ + D)™™

2a(6B +1) (1 T g(,ﬁ ¥ Az)(a - 1))
L+E0y +5)(a +2))"

2601+ ) (T D)

) (1 + &+ ) (a+ 2))’”
1+&A +2)(a—-1)

14+ & + ) (a+ 2)\™
260+ 9) (T 1@ =)

p*(1 + 6)*
X Zmlcllz
a2 (L £y + ) (a + 1))

B +6)

1+ & + ) (a + 2\
2“(1 e + A (a - 1))

[c,

— tcf]

B B(1+6)

T (14 EQ + ) (a+2)\"
2“(1+€(ﬂl+ﬂz)(a—1))

—tc?| + tleg |3

{lc,

It follows from applying Lemma 1.4, we obtain

laz(a) — oaz ()| + (0, — 0)laz(a)|?
B +6)

a (1 + (A + ) (a + 2))’”'
1+&A+ ) (a—1)
which is the inequality of (2.11).
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