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Abstract: The stability of cycloalkanes strain energy, branched alkanes and linear alkanes, can be reasonably

modeled using the harmonic index (H), which is commonly defined as H(G) =

2
Zu—vm where d(u) denotes the

vertex degree of u in graph G. In the current work, public equation is derived to the H index of vertex gluing and

certain graphs.
Keywords: Harmonic index ,Vertex Gluing.

1. INTRODUCTION

Characteristics of molecules can be
physically/chemically modeled using tools called
topological indices, which have the potentials to design
the active pharmacological compounds, recognize the
environmentally dangerous materials, etc. [2]. Therefore,
authors have been attracted to present a variety of
researches on such indices, to name a few. The harmonic
index, which is considered of great importance, is
utilized in modeling the branching of alkanes skeleton
that includes carbon-atom. In the 1980s, a computer
code to model the automatic generation of conjectures
was established by Siemion Fajtlowicz using graph
theory, where the likely relations between countless
graph invariants, including the vertex-degree-based,
were investigated [10-11]. Subsequently, however, no
considerable attention has been paid for the H(G)
predicted, especially by the chemists. So far, this
guantity has not been reintroduced until 2012, when
Zhang introduced it as a “harmonic index”, which has
recently attracted many researchers to readopt this
methodology. For example, the harmonic index was
successfully employed in chemical applications, but,
knowing the present situation in mathematical

chemistry, such authors are very much to be expected
[1], [3-6], [9].

In this theory, the graph is symbolized as G=(V,E),
where V = {vi, . . ., Vo1, Vq} is the vertex set, while
E=E(G) is the edge set of G. Assuming that viv; € E,
hence, G — vjv; can be denote to left graph G after
cancelling the edge vivj. In a molecular graph, the
valence of a molecule, i.e. bonds number on a vertex, is
represented by the degree of each vertex. In case that d(v)
equals to unity, v is said to be a pendent vertex.
Moreover, the edge being incident to a pendent vertex is
known as a pendent edge. Finally, a chemical is that sort
of trees with maximal vertex degree does not exceed 4

[71
2. BAsIC DEFINITIONS AND KNOWN RESULTS

“A K, —homeomorphism graph is the graph obtained
when the six edges of a complete graph with four
vertices (K,) are subdivided into (e, €,, €3, €4, €5, €)
segments, respectively [8] ” see “Fig. 1,”.



Journal of Kufa for Mathematics and Computer

“Fig. 1. (Ks)— homeomorphism graph

“A complete bipartite graph is a simple bipartite
graph with partite sets V; and V,, where every vertex in
V; is adjacent with all vertices in V, If |V4=n and
|V,|=m, then such complete bipartite graph is denoted by
Knmor (K (n,m)). So K, has order (n+m) and size (nm).
Atree Ky is also called a star [8]” see “Fig. 2,”.

Ue [ ]
“Fig. 2. complete bipartite graph”

o= —ely,

“A (r) — bridge graph is a graph consisting of s paths

joining two vertices, which is denoted by Q(a,........,a),
where ay,....... ,a, , are the lengths of r paths [8]” see
“Fig. 3,”.

ay

‘h"'-...__ - — al;l :
\ a,
.-— s
“Fig. 3. (r) — bridge graph”
“A web graph Web(n,m) is the graph obtained from the

Cartesian product of the cycle C,and the path P,,[8]” see
“Fig. 4,”.

“Fig. 4. web graph Web(n,m)”
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Firstly, examples of some simple graphs are solved
for the harmonic index.

Lemma 2.1.
Let K, is a complete graph of order n, then the
. n
harmonic index, H(K,) = —.
Lemma 2.2.
Let C, be a cycle of order n, n >3 and size m (n=m ),

then the harmonic index of C, is, H(C,)) = n

2
Lemma 2.3.
Let S, be a star of order n, then the harmonic index of
2(n-1
s, H(s, )= 20=1.
n
Lemma 2.4.

Let P, be a path of order n, then the harmonic index
of a path P, is as follows:

1- When n=2 then H(R,) =1.

2- When n=3 then H(P;) :%
4 1
3. When n>4 then H(P,) = 3 += 5 (n-3)

3. THE HARMONIC INDEX OF SOME SPECIAL GRAPHS

Theorem 3.1.
Let ey, €;, €3, €4, €5 and eg be positive integers. The
harmonic index of k,-homeomorphim graph is denoted

by K,(e,,e,.€5,€,,€5,€,) as follows:
1- If €1, €2, €3, €4, €5 and es=1, then the H-index of K4 —

homeomorphism s 2 .
2- If €1,62,63,64,65 and es #1 such that €i ,(izl, ,6) have
k wvertices in every e;, then the H-index of K,—

homeomorphism is 2—;' +3(k-1)

Proof:

1- If eq,e5,63,64,65 and e =1, thus each of them has two
vertices of the same third degree besides only one edge.
Thus, the H — index will be:
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H(K ,~homeomorphism)

2-

Zd(u)+d(v)
—6. -2 =2
3+3
If e1, €, €3, €4, €5 and es #1 see “Fig. 1,” then each

one of them has two or more edges having three
degrees for their vertices located at the terminals
and only two degrees for the remaining vertices.

Therefore, every g; (i=1

,...,0) will have(k —1) edge; and

hence, all remaining (k —3) edges will be of the same

two degree. So, we have 6(k — B)L edges.
2+2

That is,
2 12
H(K,(e e, e.e,e.,e 12—+ k-3
(Ka(r8;,08,,05.80)) =12- -~ + - (k=3)
24
=—+3k-3
c (k-3)
Theorem 3.2.

If n, m are positive integers, then the harmonic index

of a web graph is denoted by web (n, m) as follows:

1-

3-

If m=2 then, H(web(n,2)) =n.
125n
84
n[42m -1]
84

- 1f m=3 then, H(web(n,3)) =

If m >4, then H(web(n,m)) =

Proof:

1-

H(web(n,2)) = 2n 2 +n

2-

When m=2 and n>3, then the web (n,2) is obtained
from the Cartesian product of the C, and P, see “Fig.
5 (a),”. Thus, we have 2n edges, where each one of
them have two vertices. Then, d(v;)=3; (i=1,2). Since
every path in the web graph is incident with the
vertex of C, of n>3, then we have n paths with one
edge for each of them, So, we have n edges with two
vertices for each one of them, where every vertex
d(u) =3; (i=1,2). Hence, by the definition of
harmonic index:

2 4n+ 2n

3+3 3+3 6
When m=3 and n>3 then web (n,3) is obtained from
(Cn) and (P3) see “Fig. 5.(b),”.
So, we have 2n edges obtained from the edges of
first cycle and third cycle, where each one of them
have two vertices. Thus, d(v;)=3; (i=1,2). If we have

H(web(n,2)) = 2n +n

(n) edges (the number of edges for the second cycle),
where each one of them have two vertices d(v;) = 4
(i=1,2). Also, we have n paths, each path have 2
edges with two vertices for each edge, then, d(u,) =
3 and d(u,) = 4. Hence, by definition of harmonic
index:

125n

2 2 2
2n =
3+4 84

+
4+4

3+3

3- When m > 4 and n > 3, then the web (n,m) is the

web graph calculated from C, and P,, see “Fig. 5
(c),”. Thus, we have (2n) edges obtained from the
edge of first cycle and final cycle, where each one of
them have two vertices as d(v; )= 3; ( i=1,2). Then,
(m-2)n edges of the total number of cycle edges
“excluding the first and final cycles” will have two
vertices with d(v; ) =4; (i=1,2). Also, we have n
paths with (m-1) edges for each of them, where two
edges in every path are incident with two vertices of
degree 3 and 4. Thus, d(u)=3 and d(uy)=4.
Moreover, m-3 edges in every path are incident with
two vertices of degree 3; that is d(u;)=3 and ( i=1,2).
subsequently, the harmonic index definition is,

H(web(n,m)) = 20 —2— + (m —2)n—2— + 202
3+3 4+4 3+4
2
+(Mm-3)h—
( ) 4+4
H(web(n, m)) = 21 4 21(M=2)  4n  n(m-3)
2n nm n 4n nm 3n

"3 8 27774 1

56n -42n-63n+18 1
= +>=nm

84

—n_nm_42nm-n _ n[42m 1]

"84 2 84 84

\u/\

w\\ //, \\\ /)

-—09
.o—o—o a---e—a \.

“Fig. 5. Web graph web(n,m)”

Theorem 3.3.
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Suppose that n, m are positive integers, then the Assuming that this theory is valid for k = r (r > 3),
complete bipartite graph, which is denoted by (k,m), will ~ then the H-index for Q(al,az, .a;) is given by:
2nm
have a harmonic index of H(K = H ,a,nd ) =——+—(N-3
( n,m) n+m (Q(al 2 )) ( 2) 2 ( )
Proof: Constructing the graph (Q.1) as follows,
Q(ay,a,....,a;) has the sample:
If we have a number of edges nm, where every one of Where the location of the edges represents a; included

these edges has couple of vertices having equal degree  within graph Q(a;,a;,.....a;) at the i position see “Fig.
see “Fig. 6,”. i.e. m and n are respectively the degree of g8

first and second vertex. Hence, by definition of harmonic

a
index, we get —
d(u)+d(v) n+m n+m vuk._%l E/-"_‘?n-“
; / a.
T s
“Fig. 8. (r) — Bridge graph”
The graph U is the path that contains terminals u; and
u,, where n is the number of vertices in U as follows see
“Fig. 9,”.
de+]
“Fig. 6. complete bipartite graph” ap e« . S o Un
Theorem 3.4. “Fig. 9. Path”
) ) Connecting the graph Q(a,as,....,a;) with the graph
Let Q(ay.ay,........ ,a) be a k — Bridge graph, (k) isa  (U) such that v, = u; and v, = u,, then, the vertices v;=u,

positive integer, and n is the number of vertices for any  and v, = u, are of degree (r+1) see “Fig. 10,”.
path. Then, the harmonic index of the k — Bridge is: a

4k g — 1us

H(Q(Ey 8, n) = s+ K (n-3) /_ \
k+2 2 e e

__r"'"__. ‘?""‘--...

Proof:

. a - .

Let k=3, then the graph G=Q(a;,az,83) is as shown in t-— 7

“Fig. 7,” : Thus, il
12 3 “Fig. 10. (r+1) — Bridge graph”
H(Q(@,,a,,3;5)) =—=+— (n 3) Thus,
Hence, it is true W|th, HQ,,,) = —4r _( -3)+ —4 +(n-3) 1
4k Kk (r+1)+2 2 (r 1) +2
HQ(@y 8,8 )) =1+ (1-3)
H(@,a,,....a,,) = (I’+1)+—(I‘+1)
_ 43 3hog) = E+3(n 3): when k=3. (r+ )
3+2 2 5 Since (k=r+1)
a 4k

H@180008,) = o+ 5 (1)
\ iy / :m+2(n )

“Fig. 7. (3) - Bridge graph Q(a,,a,,8;)"”
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4. THE HARMONIC INDEX OF CERTAIN VERTEX “Let K — homeomorphism be a graph obtained from

GLUING GRAPHS two deferent K, — homeomorphism graphs Ka(ey, €5, e,
“Let vi—gluing of Complete bipartite graph be a e, es, e5) and Ky(ey, €g, €, €10, €11, €12), With common one
graph obtained from two different Complete bipartite vertex v, (vertex gluing of graph) [8]”, see “Fig. 12,”
graphs K, and Ky with common one vertex v;denoted v

Kht Vv, ) (vertex gluing of graph ) [8]”, see “Fig. 11,” H
n (V1) ( gluing of graph ) [8] g. e:/l\:.ﬂ s | S

m e -

“Fig. 11. (v1) — gluing of Complete bipartite graph” P

Theorem 4.1. “Fig. 12. Ki —homeomorphism graph”

Suppose that n, m, h and t are positive integers, then, |, 42
the vi— gluing of a complete bipartite graph H —index eorem 4.2.

Kht m(Vy) is: Let e; be a positive integer such that 1< i <12 and

every g; has k vertices and an edge length of (k-1), then

HEK™ (v,)) = 2m(n-1) N 2t(h-1) L_2m 2t the harmonic index of the k2~ homeomorphism graph is:
nn (n+m)  (h+t) (+m+t) (h+m+t) 1- If length of e =1 then,

Proof: .

H(K? — homeomorphism) = —
We have two complete bipartite graphs connected

with a common vertex, where every one of them has H —  2- If length of ;=2 see “Fig. 13,” then,

index

. 87
2nm by using Theorem 3.3. Thus, H(K? — homeomorphism) = T
m
3- If length of e;=k-1 , k>4 then,

deleting the H — index of the m edges connected with 87
H(K? — homeomorphism) = — 0" 6(k — 3).

v;— gluing equals to (mi). On the other hand,
n+m
adding the H-index of the m edges equals to (
m; ). Thus, every edge have degrees of n and /'\ /I\
n+(m+t)
(m+t), when (m+t) is the degree of vertex v; —gluing. So,

h,t — 2 2
H(Kqm (V1) = (n+m) (n+m)+mn+(m+t)

“Fig. 13. Kj homeomorphlsm graph (e. =2)”

2ht 2 2
+ ! +1
(h+t) (h+t) h+(m+t) Proof-
2 2 ot 1- By using the definition, Z# 10
= (m-m) +(ht-1) il du+dv) 3
(n-+m) (h+ t) n+{m+ t) h+(m+1) 2- By using the definition then,
2m(n —1) N 2t(h—1) .\ 2m . 2t H(K3 —homeomorphism) = —
= [ |
(n+m) h+t n+m+t h+m+t 3- We prove that by mathematical indication:

10
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If k =4, then the length of e;=3. Using the definition, we
get H(K3 —homeomorphism) = %

It is true that,

H(K3 — homeomorphism) = f—g +6(k—3)
87, gy 147
10 10

Assuming that this is true for r > 4 see “Fig. 12,” so,

H(K? — homeomorphism) = f—g +6(r—3).

To prove this is true for k =r+1, a one vertex is added
for all, i.e. e, i =1, 2, ..., 12. So, the number of edges is
increased (1) in every e;, that is we have a new edge a; in
every e; see “Fig. 14.”). Two vertices for a; have 2
degrees, and we have 12 edges for K4, —homeomorphism.

Hence, we add 12.L for % +6(r—3), that is,

2+2

2

] 87
H(K? — homeomorphism) = — + 6(r —3) +12———
(K p ) 10 (r-3) )

8—7+6(k 3)+6
10

87 +6[r —3+1]since k=r+1,
10

87
—+6[k-3
10 [k -3]

“Fig. 14: Kif homeomorphism graph (ei=1,2,...,r+1)”

“Let vi—gluing of kit — Bridge graph be a graph
obtained from two different k — Bridge graph Q; and t-
Bridge graph Q,with common vertex v; denoted by Q,

| D |

(vy)(vertex gluing of graph) [8]”, see “Fig. 15 ?
. \ S \
: L e
A
[ Bl ==
aic by

| /._.
\._.

al_l

11
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“Fig. 15. (v1) — gluing of (k,t) — Bridge graph”
Theorem 4.3.
Let k, t, s and h be positive integers. Then, the v; —
gluing of k ,t — Bridge graph of H —index Q, (vy) is:
2k 2t 2(k+t) k(n-3) t(h-3)

H(Q, (v,)) = + + + +

Q)= e T ket 2 2
Proof:

We have two k- Bridge graph connected with
common vertex v; see “Fig. 15, and every vertex of
4k N k(n—3)

k+2 2
deleting the H-index for k edges connected with v;—

them have H-index

. By Theorem 3.4,

gluing deleting kﬁ, and adding the H-index of k
+

edges k that is every edge have degree 2 and

2+ (k+1)
(k+t), where (k+t) is the degree of the vertex v, —
Similarly to what followed with t — Bridge,
H(QL (v,) = 4k2 k(n2 3) N titz N t(h2 3)
o2k a2k &

t+2 t+2 (k+t)+2 (k+t)+2

2k 2k k(n-3) 2t

= + + +

k+2 k+t+2 2
_ 2k 2t 2(k+)

k+2 t+2 k+t+2

gluing.

2t
+
t+2 k+t+2
N k(n—3)+t(h—3)
2 2

JRIGEE)
2

“Let v — gluing of web graph be a graph obtained
from two different web graphs web (n,m) and web(s,t)

with one common vertex v; denoted by W:tm (v,) (vertex

W\
/

gluing of graph) [8]” see “Fig. 16,”

V=, \\//,-—“-’
N/

ul/
/

Lo 1/

“Fig. 16. vi- gluing of web graph”

Theorem 4.4.

Let (n, m, s and t) be positive integers. Then, the v,—
. . t .
gluing of web graph of H-index Wf‘n,m (v)is:
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1. If m, s =2 and n, t > 3 then,

t,2 2
H(anz(vl)) =n +t—§
2. If m, s=3 and n, t > 3 then,

125 194
— t o
H(w ( D)= ( ) 315
3. Ifm, sZ4andn,tZ3 then,
s 3n[42m —1] + 3t[425—-1] -168
Proof:

We have two web graphs connected with a common
vertex vy, where every vertex of them has an H-index as:
1- H(web(n,2)) =nby Theorem 3.2 (1), we delete

3.——, which are the edges connected with vy, and
3+3
we add 3.% , Which are the edges connected with
+
vi—gluing see “Fig. 17 (a),”. Similarly, work to
H(web(t,2)) so,
2 2 3
Hy " (v nN+t—-—=n-3.——+3.——
(Wi, (1) = 3 343 346
+t—3.i+3.i: n +t—g
3+3 3+6 3

This proof is similar to proof (1), but one of the
deleted edges has 3 degrees on one vertex and 4 on the
other vertex, while one of the added edges has (4)
degrees on one vertex and 6 on the other vertex see “Fig.
17 (b),”. We use Theorem 3.2 (2).

2 125n 125t . 2
H V,))=n+t——= + —
(W) 3”84 84 3+4
42,2 2 125(n+t) 194
3:3 "6+4 6+3 84 315
/> ‘”’\/ =
/ ”‘\ A / " ”\
\um/
.--.

12

// . \// e \
._. ._.
/ /
\\4‘«1/ \4 1/
.--. .'-‘

\\

o\

4

Fig. 17. vi- gluing of web graph weh(t,2), and weh(t,3)

3- This proof is similar to proof (2) and by Theorem 3.2
(3) then,

ts n[42m-1] t[42s-1] 194
o) =" 84 bl 84 ]_315
_(h+9)[42m-1+42s-1] 194
84 315

_ (h+9[42(m+s)—2] 194

84 315
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