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Abstract— In this work, we submite and study a new class of meromorphic multivalent functions defined by
fractional differ-integral operator . We gain some geometric properties , such as, coefficient inequality, growth and
distortion bounds, convolution properties, integral representation, radii of starlikeness and convexity, extreme points,
weighted mean and arithmetic mean for functions belonging to the class 2, (v, a, 8, 4, u, v, 17).
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1. Introduction

Let X, be symbolize the class of functions of the shape: we define the convolution (or Hadamard product) of f(z)
and g(z) by
1
f@= - Z a, 7" (a, >0;peN={12..}), (11) Lo
= Fr Q@D === anb 2" =@+ N@. (1)
n=p

which are analytic and multivalent in the punctured unit disk
In this work, we explore and study a new class of
U'={z2z€Cand 0 < |z]| <1} = U \{0}. meromorphic multivalent functions by making use of the
fractional differ-integral operator contained in the following

A function f € X, is meromorphic multivalent starlike definition:

function of order ¢ (0 < ¢ < p) if

Re {_ z]]:é;)} S (0<p<p:zel 1.2) Definition (1.1)[5]: Let f(2) € X, defined in (1.1). Then
Fol"" f (@)
AfurTctlon fEZ,Is meromorphlf: multivalent convex ( F(?(+i+)?(v?rgn) “me I [ ()] (0 < 4 < 1)
function of order ¢ (0 < ¢ < p) if = F(u+ﬁ+z A)F(Z) (1.6)
zf"(2) Tarmrw+n > ML B4 f(2)](—o0 < A < 0),
Re {— 1+m >0,(0<@p<p;zeU’). (13) (k+mI(+n)

where ]0 PN F () is the generalized fractional derivative
For functions f(z) € X, presented in (1.1) and g(z) € X,

operator of order 4 defined by
presented by

Jor""f @) =
g(z)z—p Zb M, >0peN ={1,2..]),(14)
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1 d

z
—— {7 Tz -0 F( -L1-v;1
r(1-2 dZ{Z fo (z—0)"F | v

~ a1 —f)f(t)dt} 1.7)
Z

(OS A <luneRveR and r > (max{O,u}—n)),

where f(z) is an analytic function in a simply—connected
region of the z-plane containing the origin and the multiplicity
of (z— t)~*is removed by requiring log(z — t) to be real
when (z — t) > 0, provided that
f@) =0(zl") (z - 0) (1.8)

and I, L4427 s the generalized fractional integral operator of
order =4 (—oo < A < 0) defined by

-4 [
Mwnf( )= F(A)ﬂ t" 1z — )" L (A +u-v;1;1
0
t
- E) F(O)de (1.9)

(A>0,u,meRVER and r > (max{0,u} — 1)),

where f(z) is constrained, the multiplicity of (z —t)*~* is
removed as above and r is presented by the order estimate
(1.8).

It follows from (1.7) and (1.9) that

SVLE(2) = JoE f(2) (1.10)
and
IFEY () = 131 f (@), (1.11)

where ]’1’“’ and I&'Z‘"" are the Owa-Saigo-Srivastava

generalized fractional derivative and integral operators (see
[8,2,4]).

Also
J3t" f(2) =D (2, (0< 2 <1) (1.12)
and
1354 f(2) = DA f(2) (1> 0), (1.13)

where D} and D;* are the familiar Owa-Srivastava fractional
derivative and integral of order A, respectively (see [9,3]).

Furthermore, in terms of Gamma function, we have

Auvn _n . T+mI(n+n-—pt+v)

— n+n—u—1
0,z r(n+n—-w)r(n+n—-1+v)

(1.14)
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(0 < 12 <1,u,nm€R,veERand n > (max{0,u} — 77))
and

Pl _ Tm+nMln+n—pu+v)

= men-k-1 (115
0.2 I‘(n+r]—y)1‘(n+n+/1+v)z (1.15)

(/1 >0,u,m €R,v € RTand n > (max{0, u} — n)).

Now, using (1.1) , (1.14) and (1.15) in (1.6), we get

“””f(z)_——Zr“"” (1.16)

providedthat —co < 4 <1, u+v+n>Au>-nv>
-n,n>0,pEN,f € X,and

I-./l,u,v,n — (.u + 77)p+n(v + 77)17+n
pn (.u +v+ n-— A)p+n(’7)p+n

(1.17)
It may be worth noting that, by choosing u =4 and
n=p=1, the operator F;,*""f(z) reduces to the well-

known Ruscheweyh derivative D*f(z) for meromorphic
univalent functions [7].

Following our new subclass of meromorphic multivalent
functions.

Definition (1.2): Let X, (v, a, B, A, u, v, 1) be symbolize the
new class of functions f € X, which satisfy the condition:

2FHP @)+ 0+ 1) (FH (@)
Y 2FL @)~ a ()
where 0<y <1, 0<a<1 0<pB<1 —0<1<],

ut+tv+n>Au>-nv>-nandn >0, peENand z€
u-.

<B,  (1.18)

Such type of study was carried out by several different authors
such as, Aouf et al. [6], Atshan et al. [11], Panigrahi and Jena
[10] and Juma and Dhayea [1] but for another class.

2. Coefficient Inequality

In the following theorem, we gain the necessary and sufficient
condition for the function f to be in the class

2,y a, B, A, u,v,m).

Theorem (2.1): Let f € X,. Then f is in the class
Zp()/, a, B, A, u,v,1n) if and only if

Z nln+p+ B (=1 = OIpa""a,

n=p
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<pryp+1)+a) (2.1)

where Fzﬁ’”’" is presented in (1.17),0 <y <1,0< a <
1,0<p <1land ze U".

The result is sharp for the function
1 Bo(y(p+1) + a)
f@)=—- i 22 p.
2% nn+p+py(n—1) — )l

. (2.2)

proof: Assume that the inequality (2.1) holds and |z| =
1. Then, we have

|2(F25 @) + @ + 1 (B2 £ ) |

~Blyz(F @) - a(F @) |

[oe]

=lp(p+1DzP - Z n(n — 1)1”“””7 a,z" !
n=p

[oe]

_p(p + 1) Z-p-l _ Z n (p + 1)["/1/“777 Zn—1
n=p

—Blyp(p+1) z7P71 Zyn(n—l)F“”" Lz
n=p

+apz~Pt +Z anFMv” Wzt
n=p

[oe]

= Zn(n%—p)[‘l’w” a,z" 1
n=p

o)

PO +D +@z7 = ) n(y(n— 1) — Tph"ayz" !
n=p

B

< Zn[n+p +BO (-1 - T a,

n=p
—Bpyp+1D+a)<0,
by hypothesis.

Hence, by maximum modulus
principle, f € X,(y,a, 5,4, 1, v, 7).

Conversely, suppose that f € X,(y, a, B, A, 1, v,n). Then from
(1.18) we get

2(F @) + @+ D (F @)
vz(FE5@) - a (FH @)

h pn(n+p)I‘A‘w" azt 1 |
p(r(p +1) + )z~ — 32, n(y(n — 1) — )T q, z2n-1|
<p.

Since Re(z) < |z| for all z (z € U™), we get

Yo pn(n+p)Fl”W’a zn1
PG +1) + @)z Pt =T, n(y(n— 1) — )Tph" g, zn1
< B.

Re

We choose the value of z on the real axis so

(#3425

- — is real.
(7o)

Letting z — 17, through real values, we gain the inequality
(2.2).

Finally, sharpness follows if we take

) = 1 Bry(p +1) +a) -
2l p+ Bl =1 - IR
n=p.

Corollary: Let f(z) € Z,(v,a, B, 4, u,v,m). Then

Priy(p+ 1)+ )
nn+p+Byn—1)—)ryesm’

nz=p. (2.3)

3. Growth and Distortion Bounds

Next, we gain the growth and distortion bounds for the linear
operator F ",

Theorem (3.1): If f € X, (v, a, 5,4, 1, v,7m), then

1 B+ D+a)
™ Rp+By(p- 1) —a)l

By(p+1)+a) .
p+Byp—-D-a)] °

< |7 @)

O<lzl=r<). 3.1
The outcome is sharp for the function

1 Brp+1)+a)
f(2) =—- N ¥))

4 Mwnz
25 2p+ply(p—1) —a)lly,
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Proof: Let f € X, (v, a, B, 4, u, v,1). Then by Theorem (2.1),
we get

[ee]

pl2p + B0~ D) - I > ay

n=p

nn+p+py(n—1) - Irpe""a,

M8

3
1l

p

<ppyp+1)+a)

or
< By(p+1) +a) 33
ay o (3.3)
= 2p+Br(p—1) = Il
Hence,
T/Lu.vn F/luvn n
7 @] < |p+ a, |z|
1 AW, C
SW+I’ g 7’IzI"Zan
n=p
1 Auvn C
=r—p+l"p'p rpZan
n=p
By(p+1) +a) . (3.4)
2p+By(p—1) —a)l '
Similarly,
|FL N (2)] = W - Z rAev g ||
1 <
>—-T ‘“”7|z|pza
|z|P T
n=p
Auvn pz
1 By(p+1) +a) (3.5)

S Rp+pO-D —a)l

From (3.4) and (3.5), we obtain (3.1) and the proof is
complete.

Theorem (3.2): If f € X,(y,a, 5,4, 14, v,1), then

P Bryp+D+a)
T 2p+ B - D -]

P71 < (TR0 (2))]
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P prop+1) +a)
Tt 2p+ e -1 )]

oO<lzl=r<1). (3.6)
The outcome is sharp for the function f is presented in (3.2).
Proof: The proof is similar to that of Theorem (3.1).

4. Convolution Properties

Theorem (4.1): Let the function f; (j = 1,2) defind by

[ee]

n=p

f](Z) = (an] 0,j=1 2) (41)

which in the class 2, (y, a, 8, 4, u, v, m).

Then f,  f, € 2y, a,6,A,u,v,1m), where

nln+p + By (n—1) — )Pries"
Br(n+p)ly(p + 1) + ]

_Brlyep+ D +ally(n—1) —a]
Brr(n +p)ly(e +1) +al

Proof: We must find the largest & such that

>

n=p

nn+p+8ymn—-1 -, ““”’
Spy(p+ 1)+ )

Ap10p, < 1.

Since f; € Z,(v, a, B, A, u,v,m), (j = 1,2), then

>

n=p

G=12).

nn+p+By(n—1) — a)rph™”
Ppy(p+1) +a)

anj <1,

(4.2)

By Cauchy- Schwarz inequality, we have

>

n=p

nn+p+By(n—1) — a)rph™"
Ppy(p+1) +a)

Jan18n2 < 1.(4.3)

So, we only show that

Auwvn

nn+p+sy(n—1) — )l

Sp(y(p+1) +a)

an,l an,z

nln+p+ By — 1) — )IHA"
Py + 1) +a)

\/ an,l an,z .

This equivalently to
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6[n+p+ﬁ(y(n—1)—a)]
fln+p+s(y(n—-1) -]’

\ an 1an 2 -
From (4.3), we have

Pry(p +1) + a)]
nn+p+Bym—1) - )Iph"

\/ an,lan,z <

Which is sufficient to prove that

Pfr(y(p +1) + a)]
nln+p+ By — 1) — a)ryh”

S[n+p+By(n—1) —a)]
T Bn+p+Ay(n—-1)-a)]’

that implies to

nln+p + By (n—1) — Q)PTas™"
Br(n+p)ly (p+1) +al

_Bply(p+ D) +)]ly(n—-1) —a)]
B*p(n+p)ly(p + 1) + a]

Theorem (4.2): Let the function f; (j = 1,2) that defined in
(4.1) be inthe class X, (y, a, B, 4, u, v, n). Then the function k
defined by

(4.4)

1 [oe]
k(z) = i Z (a?, +a2,)z",
n=p

belong to the class X, (v, a, €, 4, u, v, 1), where

nln+p+ By (n—1) — a)Prym""
2pp? (n+p)(y(p+1)+a)

2Py -D-a)yp+ 1D +a)
2ppfn+p)y(p+1) +a)

Proof: We must find the largest e such that

>

n=p

nn+p+elyn-—1 —a)l, '1’“”7
ep(yp+ 1 +a

2 2
ap1+ an‘z) <1

Since f; € 2, (v, a, B, A, u,v,m)(j = 1,2), we get

>

( [n+p+Bpy(n—1)—a)] ““’”) )

n=p Briy(p+1) + @) n,1
nnt+p+pG -1 -l

= (nz:,:, Briy(p +1) + a) a,1)* <1 (4.5)

and

16

[n+p+B(n—1)—a)] ““’") ,

2(

n=p Bply(p + 1)+ a) n,2
n[n+p+ﬁ()’(n—1)—a)]r"1ﬂvn i
) (nz:,:, Bp(y(p + 1) + @) an2)? < 1. (4.6)

Combining the inequalities (4.5) and (4.6), gives

nln+p+pyn—1)—aITph™\
Bp(y(p+ 1) + a) (a"l + iz

n=p

<1 (4.7)

But, k € 2,(y,a,€,4,4,v,1) ifand only if
nn+p+elyn-1) —a)ll, M“”’

Z az, +a? 2)

ep(v@+1) +a) e
n=p
<1 (4.8)

The inequality (4.8) will be satisfied if

nn+p+e(y(n—1) — a)]F““”’
ep(y p+ 1D +a)
n’[n+p+ By (n—1) — al?[T,a""?
2p2p?(y(p+ 1) + @)? ’

n=np.

So that

n[n+p+By(m—1) - )Prn""
2pBi(n+p)y(p+ 1) +a)

2By -D-a)yp+ 1D +a)

2pp*(n+p)(y(p + 1) +a)
Theorem (4.3): If f(z) == — Y7, a,z" and g(z) = — —
Ynep bnz™ with |b,| < 1 are in the class 2, (v, a, 5,4, 1, v,n),
then f(2) » g(z) € Z,(v, @, B, A, w, v, 7).

Proof: From Theorem (2.1) we get

[ee]

D nln+p+Eo— 1 - Iy a,

n=p
<Pp(y(p +1) +a).

Since

>

n=p

nn+p+ By —1) - Q)rys"
Py (p+1)+a)

@y bn|
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-y

n=p

nn+p+ By (n—1) — a)|Tya"
Pr(y(p +1) + a)

| by

nn+p+ Bl —1) — a)Tya"
Pry(p+1) +a)

a, < 1.

Thus f(2) * g(2z) € Z,(v,a, B, A, 1, v,1).

Hence the proof is complete.

Corollary (4.1): If f(z) = = — ¥3-pap z" and g(z) = — —
Ynep bpz™ With 0 < b, < 1 are in the class

2, B, uv,m), then f(2) * g(2) € Z,(v, a, B, 41, v, 7).

5. Integral Representation

Theorem (5.1): Let f € X,(y,a, B, 4, 1, v, 7). Then

FHATE(2) —f: [foz

where [(t)| <1, z € U".

app®)+ @+ 1)
t(yBy(t) — 1)

dt]dt,

A @) _

Proof: By letting ———— = Q(z) in(1.18), we get
(Fprms ))

Q) +(@+1)

Yoo -a |°F

or equivalently

Q)+ (+1) B *

A e =B (W@l <izev)

So

(FF) " app(@ + @ +1)

( ,wvnf(z)) B z(vBy(z) — 1)

after integration, we obtain

. Zapyp(t) + (p + 1)
os (i1 0) ) = | 5 o=y

Therefore
FAbLT Zaﬂlp(t)-l—(p-l—l)d
(Fmi@) = ewl| T RS
Again by integration, we have
Auvn _ ? aﬁ#’(ﬂ + (P + 1) d
F@) = [ ewt| v e
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and this is the required result.
6. Radii of Starlikeness and Convexity

In the following theorems, we introduce the radii of
starlikeness and convexity.

Theorem (6.1): If f € X, (v, a, B, 4,1 v,1m), then f is
multivalent meromorphic starlike of order (0 < ¢ < p)in
the disk |z| < ry, where

’

7 = inf np—@)n+p+Lyn-1) —a)][‘)"“’" n+p
Lo Bp(n— ¢ +2p)y(p +1) + @)
nzp.

The outcome is sharp for the function f that presented in (2.2).
Proof: Itis sufficient to show that

zf'(2)
f(@)

But

6.1)

+p|§p—<pfor|z|<r1.

zf'(z2) +pf(2)
f(2)

Thus, (6.1) will be satisfied if

_ Tiepn + a2
1 _Z;?:panlzln*-p .

Yn=p(M +p) anlz|™*P
1- Z‘?lo=p an|z|"*P

=p—o
or if

(n—@+2p)

aylz|™? < 1.
p—9

(6.2)
n=p

Since f € X,(y,a,B,4 1 v,1), We have

Zn[n+p+ﬁ(y(n—1)—a)] "
Pp(y (p+ 1) +a) e

n=p

Hence, (6.2) will be true if

nn+p+ Y —1 -y
Bpy(p +1) + a)

n-e+p 2|+ <
p—¢

’

or equivalently

1

n(p —@)n+p+ B —1) - a)ryh>""

pr(n—9@ +2p)y(p+ 1) +a)
n=zp

)

lz] <

which follows the result.
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Theorem (6.2): If f € X,(y,a,B, 4,1 v,1), then fis
multivalent meromorphic convex of order (0 < ¢ <p)in
the disk |z| < r,, where

1
(@0t B =D - oI
C Bn—e+2p)y(p+1 +a)
nz=p.

1]

The outcome is sharp for the function f presented by (2.2).

Proof: It is sufficient to show that

zf"(z)

|f() +1+p|_p @ for |z| < r,.(6.3)
But

Zf"(Z) 1+p| | @+ @+ D @)
f'(2) f'(2)

_Zipn (+ pagle™?
= TP -Tipnald

Thus, (6.3) will be satisfied if

Lnepn (n + playz|™*?

< p—
p—Sapnaglze P
orif
- nn—e+2
Z %anlzl’”p <1 (64)

n=p

Since f € X,(v,a,B,4 1 v,m), we have

<1l

Z nn+p+By(n—1) — )Tk
4 G+ D+ o

Hence, (6.4) will be true if

nn =@ t20) o, MR EG(- D) -Ol o

p(p—¢) Bry(p +1) + a)
or equivalent

(- @)n+p+By(n—1) — Qiarmnme
fn—@+2p)y(@+1 +a)
n=zp

|| <

)

which follows the result.

7. Extreme Points

We gain here extreme points of the class 2, (v, a, 8, 4, 4, v,1).
Theorem (7.1): Let f,,_;(z) =z7? and

Poiy(p +1) + )
nn+p+Byn—1) — a)Iph””

faz) =277 — z", (7.1)

where all parameters are constrained as in Theorem (2.1).

Then the function f is in the class X, (v, a, 8,4, u, v, 1) if and
only if

) = 0,02+ ) 0,fu(2), (7.2)

where (6,1 =0, 6, 20, n=p)and 6,_; +¥;-,6, = 1.

Proof: Suppose that f is expressed in (7.2). Then

f(2)=0,,277
N Bp(y(p+1) +a)

[ 277 — n
+Zp o n[n+p+pym—1) - I, ““’"Z]
N Bpy(p +1) + a) n
=z p—z Mwn Lz

“n[n+p+By(n—1) -l

Hence,

Zn[n+p +By(n—1) — )R y
= Bry(+1) +a)

Priy(p +1) + )b,
nn+p+BFyn—1) — a)Iph"”

=Y 0=1-06,, =1
n=p

Thenf € X,(y,a,B, A u,v,n).

Conversely, suppose that f € X, (v, a, 5,4, u,v,1). We may
set

_nln+p+ By -1 - a)lryn””
n BrG(p+1) +a) s

where a,, is presented in (2.3). Then

f(z)=2z"P - i a,z"

n=p

18
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Bp(y(p+1) + a) "
/1 0,z
WM

= 5P _
z ;n[n+p+ﬁ(y(n—1)—a)]rpn

[ee]

=27 = Y P - (26,

n=p
=- i 6) 277 + i 6ufa(?)
n=p n=p

=6, 27 + Z 0,f.(2).

n=p
This completes the proof .
8. Weighted Mean and Arithmetic Mean

Definition (8.1): Let f and g belong to X,,. Then the
weighted mean E, (z) of f(z) and g(z) is presented by

N =

Eq@) =5[0-f @D+ A+ q9g)],(0<qg<D.

The following theorem shows the weighted mean for this
class.

Theorem (8.1): Let f and g be in the class
Z,(v,a, B, A, u,v,n). Then the weighted mean of f and g is
also in the class 2, (v, &, B, A, i, v, 1).

Proof: By Definition (8.1), we have

1
E,(2) =5 [A-af(®) + 1 +q9)g2)]

[ee]

- %[(1 —Q @ =Y @)+ QEP - ) bnz")]

n=p n=p
o 1
=7 Z 10— Dy + 1L+ Dbyle"

Since f and g are in the class X, (v, a, 8, 4, u, v, 1) so by
Theorem (2.1), we get

[oe]

Y nln+p+ By =1 - IyE"a,

n=p
<pryp+1+a)

and

[oe]

Zn[n+p +By(n—-1) —a)]l"’l”’”’b

n=p

19
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<pry@@ +1) +a).

Hence,

o

> i+ p+ By (0= 1)~ I (50— ay + 51+ by

n=p

=—(1—q)z [n+p+BG1n—1) —)IyE""a,

n=p

+= (1+q) Z mM+p+Byn-1) —a)]F’l’“”’b

=

5(1 -fpy(@ +D+a)+5 (1 +)ppiy(p+ 1 +a)

=pp(y(p+1) +a).

This shows that E, € X, (v, a, 8, 4, 1, v, ).

In the following theorem, we shall demonstrate that the class
2, (v, a, B, 4, u,v,m) is closed under arithmetic mean.

Theorem (8.2): Let f;(2), f> (2), ..., fs(2) that defined by

[oe)

i@ =27 =) an”,

n=p

(anx = 0,k=12,..,5,n=p)

(8.1)

are in the class X, (y, a, 8, 4, u, v, n). Then the
arithmetic mean of f,(z) (k = 1,2, ..., s) that defined by

1 N
h@ =) fild) (82)
k=1

is also in the class X, (v, a, B, 4, 1, v,1).

Proof: By (8.1) and (8.2), we can write

h(z) == Z(zp—z k2™

n=p

oo N
1
=2 = Y (D @)
n=p s k=1

Since f.(z) € 2, (v, a, B, A4, p,v,m) for every k = 1,2, ...
by Theorem (2.1), we have



[oe]

2.

n=p

1 [oe]
N Ez( Z Tl[n tp+ [’)(V(Tl - 1) — a)]rﬁjﬁﬂm
n=p

Waggas Galib Atshan

N

1
nfn+p +BO = 1) - DI € @)

k=1

S

an,k )
k=1

<1 N 1 — 1
_;;ﬁp<y(p+ )+ @) = fp(r(p+ 1) + ).

This ends the proof .
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