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Abstract— In this work, we submite and study a newlclass of  meromorphiccmultivalent functions defined by 

fractional differ-integral operator . We gain some geometric properties , such as, coefficient inequality, growth and 

distortion bounds, convolution  properties, integral representation, radii of starlikeness and convexity, extreme points, 

weighted mean and arithmetic mean for functions belonging to the class                  . 
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1. Introduction

    Let    be symbolize the class of functions of the shape:  

       
 

  
 ∑     

              {     }  

 

   

       

which are analytic and multivalent in the puncturedlunit disk 

   {            | |   }       { }  

A function      is meromorphiccmultivalent starlike 

function of order           if 

  {  
      

    
}                                                

A function      is meromorphiccmultivalent convex 

function of order           if 

    { (   
       

     
)}                               

For functions         presented in (1.1) and         

presented by  

     
 

  
 ∑     

              {     } 

 

   

       

we define the convolution  (or Hadamard  product) of      

and      by  

         
 

  
 ∑   

 

   

    
                               

In this work, we explore and study a new class of 

meromorphic multivalent functions by making use of the 

fractionalldiffer-integral operator contained in the following 

definition: 

Definition (1.1)[5]: Let         defined in      . Then  

    
       

     

 

{
 
 

 
               

            
           

       [        ]       

              

            
           

        [        ]         

      

where      
       

     is the generalizedlfractional derivative 

operator oflorder   defined by  
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{    ∫                (         

 

 

     
 

 
)       }                                     

(                                {   }    )  

where       is an analyticcfunction in aasimply–connected 

region of the z-planeccontaining thelorigin and the multiplicity 

of           is removed by requiring            to be real 

when        , provided that  

        | |                                                                        

and     
        

 is the generalizedlfractional integralloperator of 

order               defined by  

    
       

     
       

    
∫             

 

 

    (          

 
 

 
)                                                            

(                           {   }    )  

where      is constrained, the multiplicity of          is 

removedlas above and   is presentedlby the orderlestimate 

(1.8). 

It follows from (1.7) and (1.9) that  

    
       

         
     

                                                                  

and  

    
       

         
     

                                                                  

where     
     

 and     
     

 are the Owa-Saigo-Srivastava 

generalized fractional derivative and integral operators (see 

[8,2,4]). 

Also  

    
              

                                                        

and  

    
               

                                                          

where   
  and   

   are the familiarlOwa-Srivastava fractional 

derivativeland integrallof order  , respectively (see [9,3]). 

Furthermore,iin terms of Gammalfunction, we have   

    
       

   
                

                  
                                       

(                            {   }    ) 

and 

    
       

   
                

                  
                

(                        {   }    )  

Now, usingl(1.1) , (1.14) andl(1.15) in (1.6), we get  

    
       

     
 

  
 ∑     

       
    

                                       

 

   

 

provided that                         

                and 

    
       

 
                

                  

                                      

   lIt may be worthnnoting that, bycchoosing     and 

       the operator     
       

    lreduces to the well-

known Ruscheweyhhderivative        for meromorphic 

univalent functions [7].  

Following our new subclass of meromorphic multivalent 

functions. 

Definition (1.2): Let                   be symbolize the 

newcclass oflfunctions      whichssatisfy the condition:  

|
      

       
             (    

       
    )

 

        
       

         (    
       

    )
 |                   

where                           

                                      

    

Such type of study was carried out by several different authors 

such as,  Aouf et al. [6], Atshan et al. [11], Panigrahi and Jena 

[10] and Juma and Dhayea [1] but for another class.                                                                              

2. Coefficient Inequality 

In the following theorem, we gain the necessary and sufficient 

condition for the function   to be in the class 

                   

Theoreml(2.1): Let     . Then   is in the class 

                  if andlonly if 

∑  [               ]    
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where      
       

 is presented in (1.17),           

                     

The result is sharp for the function 

     
 

  
 

            

 [               ]    
       

        

         

proof: Assumetthat the inequality (2.1) holds and | |  

   Then, we have 

| (    
       

    )
  

      (    
       

    )
 

| 

  |  (    
       

    )
  

  (    
       

    )
 

| 

 |             ∑            
       

    
   

 

   

 

              ∑   

 

   

         
       

   
   | 

  |              ∑        

 

   

    
       

   
    

         ∑       
       

   
   

 

   

| 

 |∑           
       

   
   

 

   

| 

  |                 ∑                
       

   
   

 

   

| 

  ∑  [               ]    
       

  

 

   

  

                 

bylhypothesis. 

Hence, bylmaximum modulus 

principle,                      

Conversely, suppose that                       Thenlfrom 

(1.18) we get 

    |
 (    

       
    )

  

      (    
       

    )
 

  (    
       

    )
  

  (    
       

    )
 | 

 |
∑           

       
   

    
   

                 ∑                
       

   
    

   

|

    

Since       | |                   we get 

   {
∑           

       
   

    
   

                 ∑                
       

       
   

}

    

We choose the value of    on the real axis so  

 (    
       

    )
  

(    
       

    )
  isrreal. 

Letting         throughrreal values, we gain the inequality 

(2.1). 

Finally, sharpness follows if we take  

     
 

  
 

            

 [               ]    
       

   

     

Corollary: Let                         Then  

   
            

 [               ]    
       

                      

3. Growthaand DistortionlBounds 

Next, we gain thelgrowth and distortionlbounds for the linear 

operator     
       

  

Theorem (3.1): If                      then  

 

  
 

            

[               ]
   |    

       
    | 

 
 

  
 

           

[              ]
      

   | |                                                                                

The outcome is sharp for the function 

     
 

  
 

           

[              ]    
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Proof: Let                      Then by Theorem (2.1), 

we get 

 [              ]    
       

∑   

 

   

 

 ∑  [               ]    
       

  

 

   

 

              

or  

∑   

 

   

 
            

[              ]    
       

                               

Hence, 

|    
       

    |  
 

| | 
 ∑     

       
  

 

   

| |  

 
 

| | 
     

       | | ∑   

 

   

 

 
 

  
     

       
  ∑   

 

   

   

 
 

  
 

            

[               ]
                                             

Similarly,  

|    
       

    |  
 

| | 
 ∑     

       

 

   

  | |
   

 
 

| | 
     

       | | ∑   

 

   

 

 
 

  
     

       
  ∑   

 

   

 

 
 

  
 

            

[               ]
                                             

From (3.4) and (3.5), we obtain (3.1) and thelproof  is 

complete. 

Theorem (3.2): If                       then  

 

    
 

            

[              ]
     |     

       
      |  

 
 

    
 

             

[               ]
        

   | |                                                                                

The outcome is sharp for thelfunction   is presented in (3.2). 

Proof: The proof is similar to that of  Theorem (3.1). 

4. Convolution Properties 

Theorem (4.1): Lettthe function            defind by 

      
 

  
 ∑       

   

 

   

                               

which in the class                     

Then                          where 

  
 [               ]     

       

        [        ]
 

 
   [        ][        ]

        [        ]
 

Proof: We must find thellargest   suchtthat  

∑
 [               ]    

       

            

 

   

              

Since                               then  

∑
 [               ]    

       

            

 

   

         

                                                                                                  

By Cauchy- Schwarziinequality, we have 

∑
 [               ]    

       

            

 

   

√                 

So, we only show that 

 [               ]    
       

            
         

 
 [               ]    

       

            
√            

This equivalently to 
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√         
 [               ]

 [               ]
    

From (4.3), we have  

√         
            ]

 [               ]    
       

    

Which is sufficient to prove that  

            ]

 [               ]    
       

 

 
 [               ]

 [               ]
      

that implies to 

  
 [               ]     

       

        [         ]
 

 
   [          ][         ]

        [        ]
 

Theorem (4.2): Let the function            that defined in 

(4.1) be in thecclass                    Thenlthe function   

defined by  

     
 

  
 ∑(    

      
 )                                                 

 

   

 

belong to the class        ϵ           where 

ϵ  
 [               ]     

       

                   
 

 
                        

                   
 

Proof: We must find the largest   such that 

∑
 [               ]    

       

           
 

 

   

(    
      

 )       

Since                              we get  

∑ (
 [               ]    

       

            
)

 

    
  

 

   

 

  ∑
 [               ]    

       

            
    

 

   

             

and 

∑ (
 [               ]    

       

            
)

 

    
 

 

   

 

  ∑
 [               ]    

       

            
    

 

   

             

Combining the inequalities (4.5) and (4.6), gives 

∑
 

 
(
 [               ]    

       

            
)

  

   

(    
      

 ) 

                                                                                                        

But,                     if anddonly if  

∑
 [               ]    

       

            

 

   

 (    
      

 ) 

                                                                                                       

The inequality (4.8) will be satisfied if   

 [               ]    
       

             

 
  [               ] [    

       
] 

                
       

So that 

ϵ  
 [               ]     

       

                   
 

 
                        

                   
 

Theorem (4.3): If      
 

   ∑     
  

    and      
 

   

∑    
  

    with |  |    are in the class                    

then                              

Proof: FromlTheorem (2.1) we get  

∑  

 

   

[               ]    
       

   

                

Since  

∑
 [               ]    

       

             
|    |
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 ∑
 [                ]    

       

            
  |  |

 

   

  

 ∑
 [               ]    

       

            
     

 

   

 

Thus                               

Hence theeproof is complete. 

Corollary (4.1): If      
 

   ∑     
  

    and      
 

   

∑    
  

    with        are in the class 

                   then                              

5. Integral Representation  

Theorem (5.1): Let                        Then 

    
       

     ∫     [∫
  𝜓         

 (  𝜓     )
  ]   

 

 

 

 

 

where |𝜓   |           

Proof: By letting  
 (    

       
    )

  

(    
       

    )
          in (1.18), we get 

|
          

        
|      

or equivalently   

          

        
  𝜓     |𝜓   |            

So  

(    
       

    )
  

(    
       

    )
 

 
 

  𝜓         

 (  𝜓     )
   

after integration, we obtain 

   ((    
       

    )
 

)  ∫
  𝜓         

 (  𝜓     )
   

 

 

 

Therefore  

(    
       

    )
 

     [∫
  𝜓         

 (  𝜓     )
  ] 

 

 

 

Again by  integration, we have 

    
       

     ∫     [∫
  𝜓         

 (  𝜓     )
  ]  

 

 

 

 

 

and this is the required result. 

6. Radii of Starlikeness and Convexity 

In the following theorems, we introduce the radii of 

starlikeness and convexity. 

Theorem (6.1): If                         then   is 

multivalent meromorphic starlike of order            in 

the disk | |       where  

       
 

{
      [               ]    

       

                    
}

 
   

 

      

The outcome is sharp for the function   that presented in (2.2). 

Proof: It isssufficient to show that  

|
      

    
  |          | |                                                  

But  

|
              

    
|  

∑        | |
    

   

  ∑   | |
    

   

   

Thus, (6.1) will be satisfied if  

∑         | |
    

   

  ∑    | |
    

   

       

or  if  

∑
        

   
  | |

   

 

   

                                                    

Since                         we have 

∑
 [                ]    

       

             
     

 

   

 

Hence, (6.2) willlbe true if  

      

   
 | |     

 [               ]    
       

            
    

orrequivalently  

| |  {
      [               ]    

       

                    
}

 
   

 

    

whichffollows the result. 



Waggas Galib Atshan Najah Ali Jiben Al-Ziadi 

 

21 
 

Theorem (6.2): If                         then   is 

multivalent meromorphiccconvex of order            in 

the disk | |       where 

       
 

{
     [               ]    

       

                   
}

 
   

 

     

The outcome is sharp for theffunction   presented by (2.2). 

Proof: It is sufficient to show that  

|
       

     
    |            | |           

But  

|
       

     
    |  |

                  

     
|  

 
∑          | |

    
    

  ∑     | |
    

   

   

Thus, (6.3) will be satisfied if  

∑          | |
    

    

  ∑    | |
    

   

       

or if 

∑
          

       
  | |

   

 

   

                                                

Since                         we have 

∑
 [               ]    

       

            
     

 

   

 

Hence, (6.4) will be true if  

         

      
| |    

 [               ]    
       

            
  

or equivalent  

| |  {
     [               ]    

       

                   
}

 
   

 

     

which follows the result. 

7. Extreme Points 

We gain here extreme points of the class                  . 

Theorem (7.1): Let              and  

          
            

 [               ]    
       

         

where alllparameters arelconstrained as inlTheorem (2.1). 

Then the function   is in the class                   if and 

only if  

          
   ∑        

 

   

                                                  

where                    and       ∑       
    

Proof: Supposetthat   is expressed in (7.2). Then  

          
   

 ∑   [

 

   

    
            

 [               ]    
       

  ] 

     ∑
            

 [               ]    
       

   
   

 

   

 

Hence,  

∑
 [               ]    

       

            

 

   

  

              

 [               ]    
       

 

 ∑      

 

   

        

Then                       

Conversely, suppose that                       We may 

set  

   
 [               ]    

       

            
      

where    is presented in (2.3). Then  

         ∑    
   

 

   

 



Journal of Kufa for Mathematics and Computer                    Vol.5, No.1, Mar., 2018, pp 12-22 

 

21 
 

     ∑
            

 [               ]    
       

   
  

 

   

 

     ∑[         ]

 

   

   

     ∑    

 

   

    ∑        

 

   

 

      
   ∑        

 

   

  

This completes the proof . 

8. WeightedlMean and Arithmetic Mean 

Definitionl(8.1):lLet   and   belong to    . Then the 

weightedlmean       of      and      is presented by  

      
 

 
[                   ]          

The following  theorem shows  the weighted mean for this 

class. 

Theorem (8.1): Let   and   be in the class 

                   Then the weighted mean of   and   is 

also in the class                    

Proof: By Definition (8.1), we have 

      
 

 
 [                    ] 

 
 

 
[           ∑   

   

 

   

            ∑   
    

 

   

] 

     ∑
 

 
[               ] 

     
 

   

 

Since   land   are in the class                   so by 

Theorem (2.1), we get  

∑  [               ]    
       

  

 

   

 

               

and 

∑  [               ]    
       

  

 

   

 

                

Hence, 

∑  [                ]    
       

 

   

(
 

 
        

 

 
       ) 

 
 

 
     ∑  [               ]    

       
   

 

   

 

 
 

 
      ∑  [                ]    

       
  

 

   

 

 
 

 
                   

 

 
                   

                

This shows that                       

  

In the following theorem, we shall demonstrate that the class 

                  is closed under arithmetic mean. 

Theorem (8.2): Let                      that defined by 

          ∑      
  

 

   

 

(                    )                                                 

are in the class                    Thentthe 

arithmeticcmean of                     that defined by 

     
 

 
∑                                                                       

 

   

       

issalso in thecclass                    

Proof: By (8.1) and (8.2), we can write  

     
 

 
∑ 

 

   

    ∑      
    

 

   

 

     ∑ 

 

   

 

 
∑     

 

   

    

Since                         forrevery             so 

by Theorem (2.1), we have 
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∑  [               ]    
       

  
 

 
∑     

 

   

 

   

 

 
 

 
∑ 

 

   

∑  [               ]    
       

       

 

   

 

 
 

 
∑                          

 

   

 

Thissends theeproof . 
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