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Abstract-this paper dedicated to the construction of solution of a three time scale periodic singular perturbed non-
linear quadratic optimal control problem by using the direct method. The algorithm of the method is the direct
substitution of the postulated asymptotic expansion of the solution of the problem and then by the conditions of the
problem we constructed of a series of problem and find terms of the asymptotic. We find the solution by using the

Hamilton's function and maximum principle.
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l. Introduction:

Period optimal problem have a large applications and
theoretical interest. One of common methods is determining
periodic which associated with use a small parameter.
Therefore, it is interest to study periodic problems of optimal
control by asymptotic methods. The direct method was applied
by V.A. Plotnikov and his student [4]. In this paper we study a
problem periodic singularly perturbed of three scales-time and
use maximum principle for finding the solution of this
problem.

A singular perturbation problem is one for which the
perturbed problem is qualitatively different from the
unperturbed problem. One typically obtains an asymptotic, but
possibly divergent, expansion of the solution, which depends
singularly on the parameter €. A singular perturbation problem
can be described by system of two differential equations such
that one equation has small parameter in high derivative and
other equation has not small parameter.

A singular perturbation problem of three scales
contains three equations such has one of them has small

parameter in high its derivative and other has quadratic the
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same small parameter in its derivative and the third equation
has not small parameter.

Each of these equations work in interval such as [0,T]
and has condition, if the conditions periodic (x(0)=x(T),

y(0)=y(T), z(0)=z(T)) we say the problem is periodic problem.

I1.View a problem:
Consider the following problem:
P.

T

Je(w) = fF(W, u, t)dt - min
0

Such that

x=f(xyzut), x(0,¢) =x(T,e),x ER™........(1)
ey =9g,y,zut), y(0,¢) =y(T,e) ,y ER™ ... (2)
€2z =h(x,y,z,ut), z(0,€) = z(T,e) ,z€ R* ........(3)

X
w= (y),u € M -set of all T-periodic vector functions. T-is
zZ

fixed positive number.
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I11. Construct asymptotic expansion of problem P,
We can be problem of smaller dimension which we

call the degenerate problem P,. We mean by the dimension of

optimal control problem is dimension of the phase space. We

write formula of optimal control by using principle of

maximum:
. , 9.0, h.0
@, = —Hy, =—f{0, — 62_ 623 x
0,(T,€) = 0,(0,¢)
L . 90 WG
@, =—-H, =—f,0, - e ez tE .. (4)
D,(T,€) = 0,(0,€)
. 16 hl 6
0y = —H, = —£0, -T2 -2 g,
@3(T,€) = 03(0,€)
Such that
HuZ0 o cee e e e e v e eve e o (5)
H=g, +22450
®,,8,, @5 —are conjugate.
Variables, which mean transposition .The condition of
periodic for @,, @,, @5
derived from periodic condition of transposition.
From (5) we have :
3, @
u=9(xyz0,=,3.t)
By substitution u in 2,3,,4 and put @, = €¢,, s = €2¢,
we obtain the formula :
- _ X _ hy \
X =hh(X,Y,Z,t) = [,H, X = (¢1),hh - (hz)
; y q
Y =q(X,Y,Z,t) = I,H, Y = (¢2) q= (qz) N ()
. z piy |
7=pX,Y,Zt)=LH,Z= (¢)3) p = (p;))
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X(O, 6) = X(T, E), ¢1 (0, E) = ¢1 (T' E)

y(0,€) = y(T,€),¢,(0,€) = ¢,(T,€)

2(0,€) = z(T,€), $3(0,€) = ¢5(T, €)
0 E,

E, 0 )

Asymptotic expansion of periodic problem (6),(7) will find by

(7

Suchthat I, = (_

using direct method . i.e. series in powers of e with
coefficients depend on t.
X
PutW=W0+EM_/0+"' ) W:<y) [ .....(8)
A

Here we confine our construction on the first two terms in (8)
and then substitution (8) in (6),(7) .

We have :

%o = f (%o, Yo, Zo, Y (X0, Fo» Zo» P10 P20s P30, 1), 8) = fo} 9)
P10 = _Hx ’

0 = g(Xo, Yo, Zo, Y (X0, For Zo» P10 P20» P30, 0, 1) = o (10)
0=-H, ,

0 = h(Xg, ¥, Zo, Y (X0, Fo» Zo» P10» P20» P30 £), 1) = Eo} (11)
0=-f

fO (0) = )ZO (T' x(())' (l)i)O)' d_)lo(o) = (l_’10 (T! x(())' (l)f()) (12)
Solution of 10,11,and 12 defines as a functions of xJ, ¢?,.
@Y = ¢1(0,€) = P9y + €pPy +€7PD, + -,

x%=x(0,€) = x0 + ex{ + €%x) + -

Form (7) we have :
Q1 = %,(0) — %o (T, x5, $3) = 0,
Q; = (510(0) - 4_’10(T' X0, $30) = 0,....(13)
We note that the equations :
q(X,Y,Z,t) =0
p(X: Y;Z; t) = 0
Y =L;(X,t)
Z =L,(X,t)

must have a solutions

The equation:
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d
y=Yo
zZ=2Zy
¢1:<z710
$2=¢20
P3=¢30
has not trivial solution with period T. Thus we have the
determine :
901 90s
aQd, 9x
20, 00y % O
@9, 9x

And therefore eq(13) have a unique solution (x93, $9,)

Now we consider the problem:

. (14)

£=f(&7921,0),20) =2

x=f(x7921,t),x00) =x(T)

0=g(%79 211 ..(15)
0=nh(E&7921,1)
Such that controls are 7,2, .
By maximum principle we have:
of )z )
5 -05= 0,52 =0 (16)
Such that :
H=¢if(29,20,0 +¢9(%3,28,1) +
+¢3h(x y'Z u t) F(f j/\,ZA,‘I:\l, t) (17)

1 = A.¢>1(T) = $:(0)

Must put the condition:

The system of equations 15-17 has the unique solution (7, Z, i)
Since 22 = 0 then @ = &(2,9,2, by, Gz b3, 1), by
substitution @ in equations 15-17 we obtain type of equations

as the equations 9-10.

Thus by uniqueness of solutions of equations 14,15 we have :
X= %X, ¥=DJo 2 =2z
ﬁ = ﬁo
(5 $10 (5 = ¢20'¢33 = ¢30
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IV. Construction of first expansion:
0 = Of + OO0+ L0z + LW

P11 = —Hex ()% — Hyg () P11 — Hyy ()71 — Hyg, (D)1 — ¢.(18)
sz(t)z_l - Hx¢3 (t)¢31 - xu(t)ﬁl
yO = g_x(t)fl + g_y(t)}_ll + g_z(t)z_l + g_u(t)ﬁl
$21 = —Hyx ()1 — Hyg, () P11 — Hyy (71 — Hyg, ()21 — 7. (19)
Hy,,()z; — Hyy, ()31 — Hyp, (D14
zp = hy ()%, + f_ly(f)fh + h,(t)z; + hy, (D1,
$31 = —H ()%, — _z¢1 ()11 — sz(t))_’l - qubz ()21 — - (20)
H,,(6)Z; — Hyg, ()31 — Hyy (D)1
0_= _Hux(t)_fl - Hu_q)1 (t)(éll - _uy(t)yl - Huq&oz (t)(l_)21 _} (21)
Huz(t)z_l - Hu¢3 (t)¢31 - uu(t)ﬁl
Such that:
Uy
ada _ aia -
=o-X% t E 11
667 _ da —
0 =yt 96, P21
oa _ Ja —
+ 57 A + E¢31

From (7) we have :

%1(0) = %, (T, x7, $11), $11(0)

=1 (T, x0, %) e cer e e . (22)
Solution of equation(18) is function of two parameters
x99, .From equation (21) we have:

Hyo = fuHup, = Guw Hyp. = h
1
Hud) fw ugp, uw ups u

X = A%y + ApJy + AsZy + S1¢11 + Saar + S3dap . (23)
b1 = QuFy + QuF + QaZy + Tydyy + Todoy + Tadsy. (24)
Ay = f; - f;ﬁzzziﬁufoz = fy - f;ﬁ&}ﬁuy'As

= f, — fuHii

= _fu fu » S
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T, = _ﬁc + quﬁgéﬁu T,=—-gx+ qugttt%gw T;
= _le + ﬁxuﬁ;}ﬁu

Yo = AyEy + Asyy + AgZy + S4bry + Ssbay + Sebas-- (25)
b0 = QuTy + QsFy + QeZy + Tydry + TsPoy + Toay ... (26)
Ay = Gy — GuHuiHyx As = Gy — GuHuHyy, As

=g, — GuHui Hy,

Se = =Gullgi i 55 = —Gulluigut 56 = —GuHii b
Q4 = _ny + Hyu __‘I}H‘U.X' QS = _Hyy + HyuHJI}Huy’ Q6
= _Hyz + Hyuﬁlzliﬁuz

T, = _f; + Hyuﬁat}ﬁu Ts = _g_y + Hyuﬁzzzig_w T

Zg = A7 %y + AgVy + AoZy + SyPa1 + Sga
b SoBag oo (27)

d_)SO = Q7f1 + QS)_]l + Q9Z_1 + T7¢_)11 + T8¢_)21 + T9¢_)31' (28)

A; = Ex - Euﬁat%ﬁux'AB = Ey - EuHIII}Huy:A‘B

= }_lz - }_lu _Julﬁuz
s7 = —hyHpifi',ss = —hyHii Gi'y so = —hy Hug bt
Q; =

_Hzx + qu __&Hux' Qs = _sz + quﬁiﬁﬁuyt Qs
2+ Hp Mo Hy
Ty = —f; + Holui fu Ts = =G + HuHipi Gu, To
= _Ez + quﬁ&}ﬁu
Put y, = 0,¢,0 = 0,2, = 0,¢h30 = 0 in equations 25,26,27
and 28 then solve these equations , we have:
y1i= E1(f1'¢__’11) )
_Z_1 = Ez(qu»"_n)
4_’21 =E; (fl’ﬁi_)n)
31 = Eqf(%y, ¢11))
By substitution (29) in equations 23,24 we have:

—H,

N L))
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?'51 = Gl(fliqsll) }
(;511 G, (%, 511)

Solve the system (30) we obtain a solution (¥;,¢,,) , that

RN ¢:11)

means we have a solution (%, ¥, Z;).
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