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Abstract-this paper dedicated to the construction of solution of a three time scale periodic singular perturbed non-

linear quadratic optimal control problem by using the direct method. The algorithm of the method is the direct 

substitution of the postulated asymptotic expansion of the solution of the problem and then by the conditions of the 

problem we constructed of a series of problem and find terms of the asymptotic. We find the solution by using the 

Hamilton's function and maximum principle.   
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I. Introduction: 

Period optimal problem have a large applications and 

theoretical interest. One of common methods is determining 

periodic which associated with use a small parameter. 

Therefore, it is interest to study periodic problems of optimal 

control by asymptotic methods. The direct method was applied 

by V.A. Plotnikov and his student [4]. In this paper we study a 

problem periodic singularly perturbed of three scales-time and 

use maximum principle for finding the solution of this 

problem. 

 A singular perturbation problem is one for which the 

perturbed problem is qualitatively different from the 

unperturbed problem. One typically obtains an asymptotic, but 

possibly divergent, expansion of the solution, which depends 

singularly on the parameter ε. A singular perturbation problem 

can be described by system of two differential equations such 

that one equation has small parameter in high derivative and 

other equation has not small parameter. 

 A singular perturbation problem of three scales 

contains three equations such has one of them has small 

parameter in high its derivative and other has quadratic the 

same small parameter in its derivative and the third equation 

has not small parameter. 

 Each of these equations work in interval such as [0,T] 

and has condition, if the conditions periodic (x(0)=x(T), 

y(0)=y(T), z(0)=z(T)) we say the problem is periodic problem. 

 

II.View a problem: 

Consider the following problem: 

  : 
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)      -set of all T-periodic vector functions. T-is 

fixed positive number. 
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III. Construct asymptotic expansion of problem     

We can be problem of smaller dimension which we 

call the degenerate problem P0. We mean by the dimension of 

optimal control problem is dimension of the phase space. We 

write formula of optimal control by using principle of 

maximum: 
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    ̃   ̃  are conjugate. 

Variables, which mean transposition .The condition of 

periodic for     ̃   ̃  

derived from periodic condition of transposition. 

 

From (5) we have : 
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By substitution u in 2,3,,4 and put   ̃       ̃        

we obtain the formula : 
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Such that      (
   

    
). 

Asymptotic expansion of periodic problem (6),(7) will find by 

using direct method . i.e. series in powers of   with 

coefficients depend on  t . 

          Put    ̅    ̅            (
 
 
 
)      ( ) 

Here we confine our construction on the first two terms in (8) 

and then substitution (8) in (6),(7) . 

We have : 
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Solution of 10,11,and 12 defines as a functions of    
     

 . 
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Form (7) we have : 
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We note that the equations : 
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  must have a solutions                        
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      The equation: 
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has not trivial solution with period T. Thus we have the 

determine : 
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And therefore eq(13) have a unique solution (  
     

 ) 

Now we consider the problem: 
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Such that controls are   ̂  ̂  ̂ . 

By maximum principle we have: 
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Must put the condition: 

The system of equations 15-17 has the unique solution ( ̂  ̂  ̂) 

. 

Since 
  ̂

  ̂
    then    ̂   ̂( ̂  ̂  ̂  ̂   ̂   ̂   ), by 

substitution   ̂  in equations 15-17 we obtain type of equations 

as the equations 9-10. 

Thus by uniqueness of solutions of equations 14,15 we have : 
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IV. Construction of first expansion: 

 ̇      ̅( ) ̅    ̅( ) ̅    ̅( )  ̅    ̅( ) ̅      

 ̇     ̅  ( ) ̅   ̅   
( ) ̅    ̅  ( ) ̅   ̅   

( ) ̅    

 ̅  ( )  ̅   ̅   
( ) ̅    ̅  ( ) ̅        

}  (  ) 

 ̇   ̅ ( ) ̅   ̅ ( ) ̅   ̅ ( )  ̅   ̅ ( ) ̅       

 ̇     ̅  ( ) ̅   ̅   
( ) ̅    ̅  ( ) ̅   ̅   

( ) ̅   

 ̅  ( )  ̅   ̅   
( ) ̅    ̅  ( ) ̅ 

}  (  ) 

 ̇   ̅ ( ) ̅   ̅ ( ) ̅   ̅ ( )  ̅   ̅ ( ) ̅ 

 ̇     ̅  ( ) ̅   ̅   
( ) ̅    ̅  ( ) ̅   ̅   

( ) ̅   

 ̅  ( )  ̅   ̅   
( ) ̅    ̅  ( ) ̅ 

}  (  ) 

    ̅  ( ) ̅   ̅   
( ) ̅    ̅  ( ) ̅   ̅   

( ) ̅   

 ̅  ( )  ̅   ̅   
( ) ̅    ̅  ( ) ̅ 

} (  ) 

Such that: 

 ̅ 

 
  ̅

  
 ̅  

  ̅

   

 ̅  

 
  ̅

  
 ̅  

  ̅

   

 ̅  

 
  ̅

  
  ̅  

  ̅

   

 ̅   

From (7) we have : 
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Solution of equation(18) is function of two parameters 
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Put  ̅     ̅       ̅     ̅      in equations 25,26,27 

and 28 then solve these equations , we have: 
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By substitution (29) in equations 23,24 we have: 
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Solve the system (30) we obtain a solution ( ̅   ̅  ) , that 

means we have a solution ( ̅   ̅    ̅)  
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