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ABSTRACT. For a given nonnegative integer number n, we can find a monotone function f depending on n,
defined on the interval I=[-1,1], and an absolute constant c>0, satisfying the following relationship:

2En(f),,

(n+1)3 - E?%+1(f)p < cE (f)
where E,11+1(f)p is the degree of the best L, monotone approxmation of the function f by algebraic
polynomial of degree not exceeding n+1. En(f)p is the degree of the best L, approximation of the function f

by algebraic polynomial of degree not exceeding n.
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1. INTRODUCTION
For a non negative integer n, we denote by IT, , be the
space of all algebraic polynomials of degree not
exceeding n.
For O<p<l we denoted by L(I), the space of all
functions f:1 — R, satisfying that |f|[P is Lebesgue
integrable.
Define the following quasi norm on the space L(l), as
follows:

1
IfllLpay = (f; 161P) if 0<p<i
= supyelfl = |Ifll; if p = oo.
We define the degree of best unconstrained
approximation of a function in Ly(I), space as,
En(f)p = infp el‘ln”f_ p”Lp(l)'
It is well known that the following inequality is true
Ens1(® < c/(+DE(F) , ()
for a continuously differentiable function.
While the degree of of best constrained monotone
approximation is defined by:
Erll(f)p = infp gp1||f — p"Lp(l)x
where Al is the set of all monotone polynomials of
Lp(D).
[1] contains a proof of the result
Ex(f)p < c(p)n™'E,_ 1(f) (2)

in the case O<p<1.

In this article we strength inequality (1) for f in Lp(l),
and for Eg, (f),. This result is an answer to a question
asked by Koniagin and Shvedov during a conference for
functional approximation theory in 1998. It mean we
introduce a negative theorem to strength (1) for
functions in Lp(I), and for the degree Ej.,(f),, for
O<p<1.

2.  AUXILIARY RESULTS
Throughout our work we need the following lemmas:

Lemma 2.1. [1]
For any polynomial of degree not exceeding v and any f
in Lp(1), we have for p>0, that

1

lpylly < clp e ”pv”Lp(I)v ||f||Lp(I) < 2/p (1115,
where C is an absolute constant depending on v only.

Let us define the Chebyshev polynomials as follows:
pn(x) = cosncos — 1x, for |x| < 1,
1 2 1\ 2 1\
=2((x+ & -12) +(x-0-1)2)), for |x| >
1.
By
X} = COS (—11 + ) k=12, ..,n,
Denotes the Chebyshev Zeros.
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Let c be an absolute constant in (0,1), and let y = X+z_c’

and A,(x) = B,(y). Also let J =[-1+c+cxy,—1+
¢ + cxy,1]. Define the function f on [-1,1] as follows

f(x) = {f_)(1+C+CXkAn(u)du' —1+c+exy<x<1

(3)

Define

0, 0. W.

X

Daa(0 = [ An(wdu
-1
it is clear that

1
SUPxe[-1,1]Dns1 (| < I

Define

3. THE MAIN RESULTS
In this section we shall prove our main result. We show
that we can find a function g in Lp[-1,1], satisfying
En(f)p ~ En+1(f)p-
Theorem 3.1.
For a given nonnegative integer number n, we can find
a monotone function f in Lp(l), depending on n, defined
on the interval 1=[-1,1], and an absolute constant C>0,
satisfying the following relationship:
2En('f)p 1 .
s S Ein(®p < CEn(f)p.
Proof.
Using (3) we have for —1 + ¢ + cxi < x < 1, that
fx) = A,(x) —Ap(=1+c+cx) =0,
which implies f is monotone nondecreasing on [-1,1].
Now turn the light to the equivalence result,
~\P % p
En(f), < [IF=Aull
—1+c+cxk| p 1 < p
=/ F— AL +f_1+C+CXk|f—An|
— f:11+C+CXk|f—An|p +f_—11+C+CXk|An|p
—1+42
< [, AP
—1+2 +1—
— f_l C Pn(x - C

= [71P,(x)Pdx
<2

P
dx

)

Thus

1
Eq(f), =2v.
Let 0,41 be a polynomial of degree not exceeding
n+1, with first derivative greater than or equal to zero
on [-1,1].

First let us prove the inequality
1
2P

I = 0nsalle 2 5500

(4)

Define

X

Cra®) = a0 + [ Al
-1
Assume m is the roots of the polynomial C,,,, with the
property that these roots containing their multiplicities,
that are also belong to the interval < —1+4+c+
cx1,—1 + ¢ + cxy), < used for the even n and ( used for
the odd n. Clearly m<n.
For the proof of (4) we have two cases, m<n/2 and
m=n/2.
For the first case we have from the assumption that
0,41 be a polynomial of degree not exceeding n+1, with
first derivative greater than or equal to zero on Jk. We
obtain
6pp1(x) > Ap(x) =20, forxin ]y
We shall assume Kk is in w if n-k is an even number, and
k is in w® if the polynomial C,,, has even numbers of
roots on Jy.
1
1= Ol > (e () — Oy ()IPdx)°
1
= (S ™0y () IPdX )P,
Using Markov inequality to obtain
2»
IIf — 0-n+1||Lp(I) > ) ||Gn+1“Lp[—1+c+cx1,—1+c+cxk]
1

2c2P . m . ™
> ———sIn—-Ssin —
T n+11 8 10
2P
200(n+1)°
Using the same lines as in [2] and [3] we can get,

IIf — Dn+1”Lp[0,1] =|If- Dn+1”Lp[—1,—1+c+cxn]

= ”Dn+1”Lp[—1,—1+c+cxn]-
Lemma 2.1 implies
”f_ Dn+1”Lp[0,1] < (C + CXn)l/p”Dn+1”[—1,—1+c+cxn]
< c2(1+x,) /P
- n-1
21/p

S—
Using Lemma 2.1 again to obtain
1

2p
IChsalliyf-1,17 = T ICh+1ll=1,1
1

p ,
= (ni—l)3 ICosall_y

1 n
> 2 (Z)E
— (n+1)3\e6/
Then

”f_ 0-n+1”Ep[_1'1] = ”Cn+1”Ep[_1_1] - ”f_

p
Dn+1 ”Lp[—l,l]

1h n\P
2pb 7\2 2
= ((n+1)3 (E) ) TS
2 (o).
— \(n+1)3/)
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