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Abstract---

In this paper, we introduce the notions of A - ideal of a Z#-algebra in ordinary

and fuzzy senses. Also, we give some properties of them and link these notions with some
types of ideals of B%~ algebra in ordinary and fuzzy senses .The image and preimage of fuzzy
A- ideal under a Z# homomorphism are investigated.
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I. INTRODUCTION

The concept of BFH-algebra and the
notion of ideal of a BH -algebra have been
introduced by Y. B. Jun, E. H. Roh and H.
*S. Kim in 1998, [10]. In 2001, Q@.Zhang,Y.
B. Jun and E. H. Roh introduced a normal
BH-algebra [9]. Then, Y. B. Jun, E. H. Roh,
H. S. Kim and @Q.Zhang discussed more
properties on BH -algebras [9]. In 2012 , H.
H. Abbass and H. A. Dahham introduced the
notion of completely closed ideal of a BH -
algebra[5].

And the fuzzy set concept has been
introduced by L. A. Zadeh In 1965, [6]. In
2001, Q.Zhang, E. H. Roh and Y. B. Jun
studied the fuzzy theory in BH -algebras [8]

Il. Preliminaries

Some essential notations and definitions
of BH -algebras and ideals of BH — algebra
in fuzzy and ordinary senses that we need in
our work has been introduced in this section.
Definition (2.1) [2]:

A nonempty set K with a binary
operation"x" and a constant 0 satisfying the
following conditions:
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Dux u=0,VrneX.
2) xxy=0andy * x=0 infer » =y,
Vu,y e XK.
) ux0=u, VYueX
is called A BH -algebra.
Definition (2.2) [5]:
An associative BH -algebra is
BH -algebra XK satisfying the following:

a

(uxy)xz2=ux(y*2),Vuy, 2 eX.

Definition (2.3) [2]:
A nonempty subset | of a BH-algebra K
is known as an ideal of X if it fulfills:

1)0 el

2)ux yelandy e linferx e I.

Definition (2.4) [5]:

A completely closed ideal | of a BH-
algebra ¥ is an ideal of ¥ satisfying
xxy€ELVixye€el
Definition (2.5) [1]:

A normal ideal | of a BH-algebra K is an
ideal of X satisfying the following :
ux(xx y)el infersy x (y % x) e |, for all
n,y eX.
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Definition (2.6) [5]:

Let X a BH -algebra and | be a subset of
¥, then | is known as a BH -ideal of X if
satisfying the following conditions:

1) 0€el

2) uxy€land y el = x €,

3) xelandye X = uxy €l
IxK C .

Remark (2.7)[11]:

Let (%,%,0)and (Y,x',0" )are BH -algebras.
A mapping F:X—Y is known as a
homomorphism if F(x xy)=F()%'F(y)
VvV x, ye K. A homomorphism F is known
as epimorphism if it is surjective. For any
homomorphism F: X —Y, the set
{x e K:F (»x)=0%is called the kernel of F,
meant by ker(F),if S is a subset of & then
the set { F (s):se X } is known as the image
of S indicated by F(S) and if H is a subset
of Y then the set {»x €K :F (%) e H }is
known as the preimage of the set H. Notice
that F(0) 0.
Proposition(2.8) [5]:

In a BH -algebra, every BF-ideal is a
completely closed ideal.

Proposition (2.9) [5]:

Let X and Y are a BH -algebra and | is an
ideal of X and F:X —> Y be a BH-
epimorphism. Then F(l) is an ideal of Y.

Proposition (2.10) [5]: Let
¥ and Y are a BH -algebra and | is an ideal
of Y and F: K — Y be a BH-epimorphism.
Then F (1) is an ideal of X .
Proposition (2.11) [5]:

If X is a BH-algebraand { 1;, jeA} be an
ideals family of %.Then N ez /; is an ideal
of K.

Proposition (2.12) [5]:
The associative BH-algebra X
satisfying the following properties:

DOxx=x VuelkX.

is

Duxy=yx xn Vu, eX.

Now, we give a survey about the fuzzy
concepts of a BH -algebra that we need
later
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Definition (2.13) [6]:
A fuzzy set (fuzzy subset) A in a nonempty
set K is a function from K as the domain
into the unit closed interval of real numbers
[0,1] as the range of A.
Definition (2.14) [3]:

For any two fuzzy set A and®B in K we
have:
(ANB) (x)=min{A(x%), B (%)}, Vx € K.
(AUB) (e)=max{A(x)B(x)}VreX.
ANB and A U B are fuzzy sets in K .
generally speaking, if {A,,a€A} is a family
of fuzzy sets in XK , then
(NjerA) ()=inf {A j (), je I} Vr €K
(UjerA;) (o)=sup{A; (») , jel},Vx € K.
Which are also fuzzy sets in X.
Definition (2.15) [7]:
Let «# be a fuzzy subset of X, for all
ae [0,1]. Theset A, ={» e KX , A(x) >a '}

is known as a level subset of A4
Note that: A, is a subset of K in the
ordinary sense.

Definition (2.16) [2]:

A fuzzy ideal is a fuzzy subset A of a
BH-algebra XK satisfying the following:
1) A 0) 2 A (%) V xeX.
2) A(x) > min{A (% % y),Ay)} Vx,y € K.
Definition (2.17): [5]

A fuzzy completely closed ideal 4 of a
‘BH-algebra XK is a fuzzy ideal satisfying the
following

Al % y) = min{Alx), Ay)} Vuy € XK
Definition (2.18): [4]

Let K and Y be any two sets, A be any
fuzzy setin KX and F: X — Y be a
function. The set
F'(y)={ne X |F()=y }, Vy€eY.
The fuzzy set B in Y defined by

— (SUp{A®|xef 1 (};if 1 (1)=0
B (V) - {0 ; otherwise
vy € Y, is called the image of -4 under F
and is denoted by F (4.

Definition (2.19) [4]:

Let X and Y are any two sets, F: X — Y be
any function and B be a fuzzy subset of
F(cA). The fuzzy subset A of K defined by:
A (1) = B(F (%)), e e XK is called the
preimage of B under F and is denoted by
F~1(B).
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Theorem (2.20) [5]:

Let A be a fuzzy ideal of a BH -algebra K.
Then the set K ;={# e K:A (x)=A (0)} is
an ideal of K.

I11. The Main Results:

We define in this section, the notions of a
A - ideal of a BH-algebra ordinary and
fuzzy senses. Some properties of them are
investigated. Also, relations among them
and other structure of a BH — algebra is
given.

Definition (3.1) :

Let K be a BH -algebra. The ideal | of X is
said to be A - ideal if it is satisfying:
# N y=yx{yxun)el Viuyce€l
Example (3.2) [6]:

Let K = {0,8,6,6} be a BH- algebra with
binary operation defined by :

Q | |o| *
Q |y |o| o
q |o|of| =
Q|ola o >
ola |o|>| a

The ideal 1={0,8} of K is A -ideal since
0A0=0x%(0x%0)=0%0=0
OAB=F*(B%0)=f* =0
BAO=0x0xpB)=0% B=P

B AB=p*(Bx*p)=px0=p

Then lisa A - ideal of K .

Proposition (3.3):

Let K be a BH-algebra, Then every
completely closed ideal of K is a A- ideal of
x.

Proof :

Let I be a completely closed ideal and
x, 4 S |
Then yx »x € | [since | is a completely

closed ideal of K]
Now y, y % x € | implies that
yx (y* x) = uA y € L
Then | is a A - ideal of K

Proposition (3.4):
Let K be associative BH- algebra. Then
every ideal in K is a A - ideal of X .

Proof:
Let K'be an associative BH - algebra and I is
an ideal of K with x , y € I
Now,
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Yy x(xn)=@Fxy)xx=0%xx=xn €l
[By proposition 2.12]

ThenlisaA -ideal of ¥ .
Corollary (3.5):

Every BH — ideal is a A- ideal.
Proof:

Is directly from propositions (2.8) and (3.3).
Proposition (3.6):

Every normal ideal of associative
B -algebra K is a A - ideal.
Proof:

If 1isanormal ideal of 7€ and let », y € 1.
Now,
uxmxy)=mxn)xy=0xy=ye€l
[By proposition 2.12]

Thusx x(xxy)El=y % (y * x)E |
[If 1'is a normal ideal]

= lisaA -ideal of X .

Proposition (3.7):

IflisaA-idealof X and F: KX —Y bea
BH — epimorphism. Then F(I) is a A- ideal
of Y.
Proof:

I is an A - ideal of .

= | is an ideal = F (I) is an ideal of Y
[Using proposition (2.9)]
Now, letx,y € F (1)
Then 3 a, B € I such that

Fa)=xF(B)=v

=>L%(f % a)el [sincelisA -ideal]
=F (B *(*a)€F ()
S>FB)xF(Bxa)eF(l)
=>F(B)x(F (B)* F(a))€F(I)
=>yx(yx x)eF()

Then F (I)isa A - ideal of Y.

Proposition (3.8):

Let : X —Y be a BH — epimorphism
and | be A - ideal of Y .Then F~1 (l) is
a A -ideal of XK.

Proof :

wlisa A-ideal of Y

= F~1(l)isanideal in X
[Proposition 2.10]
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Now, let ¢,y € F1(l)

= F(x),F(y) €l

= F(y) %' (F(y)*'F () €l
[Since I is an A - ideal of Y]
SFY)¥F(yxx)el
SFy*(yx*n)el

Syx(yx #)EF ()
Then F~1 (1) is a A - ideal of K.
Proposition (3.9):

Let F: KX —Y is a BH — homomorphism.
Then ker (F) is a A - ideal of .

Proof:

It is clear that ker (F) is an ideal of ¥C.
Now, let », y € ker (F)
=>F(x)=0,F({)=0
SFyx@xn)=F ()% (F(y*x))

=F (y) %' (F (y) *' F (%))
=('x' (0' x' 0')

Theny % (y % x) € ker (F)
Then ker (F) is a A - ideal of X.
Proposition (3.10):

Let{l; , j € A} be a family of A - ideals of
a B} - algebra K. ThenN e, I is a A - ideal
of K.

Proof:

w1 isan-ideal of X,V j €A
= ljisanidealof K,V j€ A

= Njealj is an ideal
[using proposition (2.11)]

Now, letx, y € Njeal

=>u,y €] , foreachj €A
S>yx(yxn)eEl; ,VjeA

[since I; is A - ideal]

= yx(y* %) €ENjerl;

Therefore, N eyl isa A - ideal of XK.

Proposition (3.11):

In a BH- algebra K if {I. , je A} is a chain
of A -ideals. Then Uje,l; is a A - ideal of
XK.
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Proof :
Sincel; isA-ideal of X ,V j€ A

= I;isanideal of X,V je 4
Therefore, Uje,1; is an ideal of K.
Now, letx, y € Ujerl;

=TI €{li}; ;. 9% €L V€,
Then either I © [ or[; € I

If ; € I

>u,Y€EI

>yx(yx xn) €l

Similarly,

IfI, c I

>yx{*x)€EUjerl
Therefore, Ujea1; isa A - ideal of K.

Definition (3.12):

Let I be a BH -algebra. A fuzzy ideal A
of K'is known as a fuzzy A - ideal of K if it
is satisfies
Ay %(y * x)) >min{A(x»),A(y)},Vx,yeX.
Theorem (3.13):

In a BH - algebra XK if

yx(yxun)=z,2€ {0,%,y}Vxuyekx.
Then every fuzzy ideal is a fuzzy A - ideal of
K

Proof:

Let A be a fuzzy ideal and » ,y €1

If yx(yxx»)=0

>A (v #(y * 3))=40)= min {A4),-Ay)}
If yx(yxx) =xn

Ay * (v * x))=A»)= min{cAx),4Ay)}
If yx(yxx) =y

= Ay % (y % %)) = Ay)

= min {Ax) , Ay)}

Then A is a fuzzy A - ideal of K.

Proposition (3.14):

In associative BH -algebra K. Every fuzzy
ideal is a fuzzy A - ideal.
Proof:

Let A be afuzzy ideal,and »,y € K

Ay * (v % n)) =A((y xy )xx)
=cA (0% ) =A (%)
[0 % 3 = 3 by proposition (2.12)]

= Ay % (v % n)) 2min{A () , Ay)}
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Then A is a fuzzy A- ideal of .

Theorem (3.15):

In a BH - algebra K, A is a fuzzy A - ideal
if and only if A, is a A - Ideal of X,
forall a € [0, 1],.4(0) = sup,ec x A (x).
Proof:

It is clear that A is an ideal of K.

Now, Let x,y € A, .Then Ax) = a and
Ay)= a implies that min{c4(x),Ay)} = «a.
But, A (y * (v * x)) = min{A(x), A(y)}
[ since A is a fuzzy A - ideal ]

> A *({y* x)=>a
S>yx((y* nEA,

Then A, isaA -ideal of K.
Conversely,

It is clear that A is a fuzzy ideal of K.

Lets,y € KX = Ax), Ay) € [0,40)]
Now, let a = min { A (%), A ()}

Then A4 (%) = a and A4 (y)= a implies that
n,y € Ay, Thusy % (y * x) € A,

[since A, is A -ideal of K ]

Hence

Ay * (v % n)) 2 a=min{A (x), A(y)}
Therefore, A is a fuzzy A - ideal of K.
Theorem (3.16):

Let A be a fuzzy A - ideal of a B - algebra
K .Then the set

Ka={rneXK: A ()= AQO) }isaAn - ideal
of K.

Proof:

If A is afuzzy A - ideal of K.

= A is a fuzzy ideal of K.

= K., isanideal [ By Theorem (2.20)]
Now let», y € K 4

= A (1) =A(y) = A(0)

= min{eA),oAy)}= 40)

But,

Ay * (v * #))= min {4 () A(y)}=
A0)

[Since A is a fuzzy A - ideal]
A (v * (v % x)) = A(0)

Then,y % (y % %) € K.
Therefore, K.z is a A - ideal of K.

Theorem (3.17):

Let K be a BH-algebra and A be a fuzzy
set of K. Then A is a fuzzy A - ideal of K if
and only if cA(x) =Ax) + 1-A40) is a
fuzzy A-ideal of XK.

Proof:
If Aisafuzzy A -ideal of K
= A is a fuzzy ideal of &C. It is clear that A
is a fuzzy ideal of XK.
Now, let %,y € KX

A (v % (v % %)) =A (y * (v % 1)) +1- A (0)
= Ay * (y % x))

= min {A4x),Ay)} + 1-A40)
= A (y * (v * %))
= min {Ax) + (1-40)),A4y) + (1-40))}
= A (y* (v * x) = min{AGx) A (v)}
Then A is afuzzy A - ideal of K.
Conversely,

Let A be a fuzzy A - ideal of K
It is clear that A is a fuzzy ideal of K.
Now letx, y € K
Ay #(y % 1)) =A (y % (v % %)) - 1+ A (0)
S Ay % (v % %))
min {A(x),A(y)} -1+4(0)
SAY*(*n) =
min {A () - 1+ A4(0),A (y) - 1+ A4 (0)}
S A *(y* x) = min{A (), A ()}
Then is a fuzzy A - ideal of K.
Proposition (3.18):
Let K be BH-algebra, and {A;: jel'} be a

family of fuzzy A - ideal of K. Then
(Njer<Aj ) is afuzzy A - ideal of X..

Proof:
Itis clear that ( NjerA; ) is a fuzzy ideal
of K.

Now, let » ,y e X

( NjerA; ) (v * (v x )
=inf{Zj (v % (v * x)) . j €I}

2> inf{min{ A; (), A; (¥)},j €'}
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>min {inf A; (¢),inf A;(1)}, j €'}
2 min{(NjerA;) (o), (NjerA;) ()}

=(NjerA;) (v * (v * x))
2 min{(Njer A;) (X).(Njer A;) (v) }
Vi, yeX
Therefore, ( NjerA; ) is afuzzy A - ideal
of K.
Proposition (3.19):
Let X be a BH-algebra, and {A;: j el'}
be a chain of fuzzy A - ideals of K.

Then (Ujer A; ) is a fuzzy A - ideal of XK.

Proof:
It is clear that ( U jer<A; ) is a fuzzy ideal of

X.

Now, let »,y e X

(Ujer A )y x (v * x))
=sup{A;(y * (v x %)), j €'}
2sup{ min(A; (x), A; (v),j €}

[Since A; is afuzzy A -ideal, Vj €] .
[By definition (2.16)]

> min { sup(A; (x),sup A; (v)),j €I}
2min{ (UjerA; ) (%), (Ujer A; ) (r)}

= (UjerA; ) (v x (v * #))
2min{ (Ujer A; ) (%), (Ujer A;) ()}
Vi,y eX

Therefore, (U jer A; ) is a fuzzy A - ideal
of K.

Theorem (3.20):

Let (K ,%,0)and(Y,x',0%are two BH-
algebra, F: {— Y be a BH- epimorphism.
If A isafuzzy A - ideal of ¥, then F(A)
is afuzzy A -ideal of Y.

Proof:
It is clear that F(A) is a fuzzy ideal of Y

Now, lety;, y, €Y.

We have (F(4))(v1 %' (y 1 %" v 2))
=sup {2 (1 % (1% 25)) | 1 € F (yy),
#2€ F7yp) and (g x (1% 32))

€ F Yy, %'(y 1%' ¥ 2))} [By definition (2.18)]

>sup{min{ A(x;) : %1 € F *(yy),
min{ AQx,) : %, € F (1)}
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[Since A4is a fuzzy A-ideal of ]

=min {supA(;) : %1 € F (yy),

min{ A(x,) : %, € F (y,)}

=min{F (4 (Y1), F («A)(¥2)}-

Then (F(A))(y1¥(y1 ¥ v 2)

=min{F (A) (v 1), F (AD(v2)}
Therefore, F(cA4) is a fuzzy A - ideal of Y.

Theorem (3.21):

If (%,%,0) and( Y,%',0" )are two BH-algebra,
F:X— Y be a BH-homomorphism. If B is a
fuzzy A - ideal of Y, then F1(B) is a fuzzy
A - ideal of K.

Proof
It is clear that F~*(B) is a fuzzy ideal of X .

Now, let 4, 2%, € K. Then

(FH(B))( 7 1% (1% 32))

=B (F(r1x (1% 7))

={B(Flt1) %' (F (1) *' F (32))}
[Since F is a homomorphism]

= min {B(F (x1)), B (F (x2))}

[Since (B be a fuzzy A - ideal)]

=min { F1(B)( 1), F(B)(x2)}-

So, (F 1(B)) (2 1x( 1% x2))
> min { FY(B)(x4), F 1(B)(x2)}.

Thus, F1(B) is a fuzzy A - ideal of K.
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