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Abstract—The one-dimensional Volterra Integro-Differential Equations of the second kind associated with local
fractional derivative operators are investigated. Analytical solutions are obtained by using the local fractional
variational Iteration method (LFVIM). The method in general is easy to implement and yields good results.
Ilustrative examples are included to demonstrate the validity and applicability of the new technique.
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1. INTRODUCTION

The theory of local fractional calculus is one of
useful tools to process the fractal and continuously
non differentiable functions [1-8]. It was
successfully applied in local fractional Fokker—
Planck equation [1], local fractional telegraph
equation [2], local fractional wave equation [3],
fractal-time dynamical systems [4], fractal elasticity
[5], local fractional diffusion equation [8], local
fractional Laplace equation [9], local fractional
integral equations [10-12].

Recently, the local fractional variational
iteration method [16] is derived from local
fractional operators [6-15]. The method, which
accurately computes the solutions in a local
fractional series form or in an exact form, presents
interest to applied sciences for problems where the
other methods cannot be applied properly.This
paper is organized as follows. In Section 2, the basic
mathematical tools are reviewed. Section 3 presents
the local fractional variational iteration method
based on local fractional operator. Illustrative
examples are shown in section 4. Conclusions are in
Section 5.
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2. MATHEMATICAL FUNDAMENTALS

In this section we present some basic definitions
and notations of the local fractional operators (see
[16-21]).

Definition 1. Suppose that there is the relation
[f(x)—f(x)<e” ,0<a<1(21)
with [x—x|<&, for £,6>0 and £,5€R, then

the function f(x) is called local fractional
continuous at x=x, and it is denoted by

lim (x) = f(%).

Definition 2. In fractal space, let f(x)eC,(a,b),
local fractional derivative of f(x)of order o at

X =X, Is given by

A" (F () — T (%))
(X=%)*

D” f (%) = T (x) = lim
X—>Xg

(2.2)
Where
A" (F(X) = F(x%))=T(a+2) (f(X) = (%))
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Definition 3. A partition of the interval [a,b] is
denoted as (t;.t;,,), 0,...N-1and t,=b
With Atj :t]+1 _tJ and At = maX{Ato,Atl, ..... }. The
local fractional integral of f(x) in the interval [a,b]
is given by

189 £ (x) = f (t) (dt
M0 = j (®) (@
L Zf(t)(At) (2:3)
F(1+ @) At—>0 '
Definition 4. In fractal space, the Mittage Leffler

function, sine function and cosine function are
defined as

E, (x*) = gr(uk L 0<a<1(24)
) " 0 X(2k+1)a -
Slna(X ):kz(;(—l) m O<a<l
(2.5)
Zka
cos,, (x*) = Z( 1)k m O<a<l
2.6)

3. ANALYSIS OF THE METHOD

The standard Ko order local fractional Volterra
integro-differential equation of the second kind is
given by

(kar) —
ur(x) = f(x)+r(1+a)

where u(m%) Q) = a

conditions.

According to the rule of local fractional variational
iteration method, the correction local fractional
functional for Eq. (3.1) is given by

f K (x,t)u(t) (db)* , (3.1)
0

m=212,....k are the initial

m-11

un+l(x) =u, (X) +
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Here, we can construct a correction functional as
follows:

un+l(X) = un (X) +

I'l+ea)
[ O™ | @y g
!r(lm) ORI OR )jK(r)u (r) (dr)*
(d£)*, (3.3)
Whereu, is considered as a restricted local

fractional variation; that is, 5”‘Gn =0, we obtain the
following fractal Lagrange multiplier

yid _X(k—l)a
Ay L ()

r+a) ML+ (k—1a]
Therefore,
09 =00 09+ 1w

K (¢ -xkt (ka) [y B
j( )—1 TE IR m jK(r)u () (dn~
(do)”,
(3.5)

Finally, the solution is
u(x) =limu,(x).

(3.6)

4. ILLUSTRATIVE EXAMPLES

In this section three examples for the local fractional
Volterra integro-differential equation is presented in
order to demonstrate the simplicity and the
efficiency of the above method.

Example 1. we consider the local fractional

Volterra integro-differential equation
u“(x) =1+

ﬁjua)(dt)“ u(0) =1.(4.1)

The correction functional for this equation is given

I'l+ea) by:
IM W ()= £(0) - IK(r)u (r) (dr)* } a0t (07
n X ¢
o [+ @) m Do {ué‘”(;)—l— Uy (1) (@dN) ()
(d&)* (3.2) rl+a) 0 rd+ea) 0
a . .. (4.2
where rira) is a general fractal Lagrange’s

multiplier.
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AE)” ] Example 2. we consider the local fractional
Where we used —2*—=-1 for first-order ) ) ) )

I'l+a) Volterra integro-differential equation
integro-differential equation as shown in (3.4). 1 F(x=1)“

I . u@(x) =1+ u(t) (dt)“,
We can use the initial condition to select F(1+a)0F(l+a)

Up(x)=u(0)=1. Using this selection into the (4.9)
correction functional gives the following successive  \yith the initial conditions

approximations u(0)=1, u“(0)=o.

Uo(x) =1 (4.3) The correction functional for this equation is given

1 00 =Up () - by

X ¢
1 (a) _1_ 1 a a 1
F(1+O!) z'). [uo (é/) 1 1_,(1+a).!. UO(r) (dr) ](dé/) Un+l(X):Un(X)+m

X ¢
(g — X)a (2a) 1 1 (g — r)a a
NG N g I'l+a) [u" ©)-1 r'l+a) 0 r'l+a) n (1)(dN)
1+ + (4.4)

I'l+a) T'(l+2a)

U2 () =Uy () - (4.10)

X 4 ﬂ/ a _ a
1 J’ {ul(a) ©€)-1- 1 J‘ uy (1) (dr)"‘](dg“)“ where we used F(ﬁ)a) =§1+)|?a) for second-order
0 0

I'l+a) Ird+ea)
integro-differential equation as shown in Eqg. (3.4).
@ 24 3 w4a We can use the initial condition to select
=1+ + + + (4.5)
I'l+a) TI'l+2a) TI'(l+3a) T'(l+4a) NG

Ug(x) =u(0) + u@(0) =1. Using  this

U3 (X) =, (X) - F+a)

X ¢
1 @/ 4 1 “ “
1“(1+a)-([ [uz O rirm ! U, (r) (dr) ](d:)

selection into the correction functional gives the

following successive approximations:

NG X2a X3a X4a UO(X)=1 (411)

=1+ + + +
INl+ea) T(+2a) T'(l+3x) T'(l+4a)

. XSa . XGa (46) Ul(x) = UO(X) + 1_(1+ 0!)
Il+5z) T(L+6a) P R
574 @)y 1 - a
And so on. or(1+a)luo ) -1 M+ a)) T+ a) Uo (r) (dr) }
Xa XSa X2na
u,(x) =1+ + +oo .
I'l+a) TI'(l+3a) I'l+2na) 2u bat
1 X (412)
4.7 I'l+2a) T(1+4a)
u(x) = limu, (x)
@ 24 ¥ 37 wia Uz () =y () + r(l+a)
it " Tar2e) T3 TTar 4 T x o ¢ o
b= [ufz“’(g“)—l— LoD ul(r)(dr)“]

0 I'l+a) g+ a) 5 I'dt+ea)

that gives the exact solution

u(x) = E, (x%). ... (4.8)
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g XX x| X Up 3 (0 =Up (0 - =
M s 20) T 4a) T 6) T T+ 8a) ' F+a)
a 3a
...(4.13) X w6 () —1— ¢ ¢
(é,_x)za I'l+a) T(1+3a) i)
U3 ) = Uy (X) + ——— T 20) 1 (€0 0 :
3 2 rl+a) rl+a)) rl+a) "

X ¢

(€= @a)yyy 4 1 (¢-n“ «

JTav ]| (©)-1 Mlra)) T+ a) L (N (@EN” | ... (4.18)

MO _ €T o thirg.

Where we used =
Ird+a) I'l+2a)

X2a X4a XGa X8a
1 . L . . .
+ T 29) + T+ 4a) + @+ 60) + 1+ 8a) + order integro-differential equation as shown in (3.4).
Now, we have
XlOa X12a
+ (4.14) X2
rl+10a) T(@Q+12a) Up(X) =1+ ——— ...(4.19)
Ir'l+2a)
u; (%) =U0(X)—m
X2a X4a X4na
)= e T T A T T ) S P S
(1+22) I'(l+4a) (1+4na) L] rl+a) T(+3q)
= (do*
- (4.15) p [A+2a)) 1 [-n° Up(r)(dr)*
u(x) = limu, (x) F+a)d Fl+a) 0
n—oo
XZa X4a Xﬁa X8a
=1+ + + + RPN XZa XSa X4a X5tz
I'l+2a) T'(l+4a) T(+6a) T(1+8x) =1

+ + + + +
I'l+2a) TI'l+3a) T(l+4a) T(L+5a)
that gives the exact solution

X6a X7a
_ « 4.20
u(x) = cosh,_ (x*). (4.16) F(1+6a)+F(1+7a)( )
1
. . Uy (X) =uy (X) -
Example 3. We consider the local fractional Irl+a)
Volterra integro-differential equation Ul (&) —1- g s B
. . £ (L %)% ! Il+a) T(L+3a)

X +
I'l+a) T'(1+3a)

ul(x) =1+

0 rd+2a) 1 é“(g_r)“

r+a)d T+a) Uy (1) (dn*®

1 [ x-p° o
I'l+a) 0 I'l+a) uO*,
2a 3a da 5a

-..(4.17) o + = =2 - +
I'l+2a) T'(Q+3x) T'l+4a) T(@Q+5)

with the initial conditions:
6 Ta
u(©0) =1, u“ ) =0, u® () =1. X .. ... (4.25)
I'l+6a) T'(l+7a)

The correction functional for this equation is given

by

and so on.

a 2a 3a

x X - ot
'l+a) T(A+2a) T'(l+3)

u,(x) =1+

Xna Xa
C(l+na) [l+a)

(4.26)
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u(x) :r!im u,(x)

a 2a 3a a

X X X X

that gives the exact solution

a

X
Il+a)

u(x)=E,(x*)- ...(4.27)

CONCLUSIONS

In this work the Volterra integro-differential
equations within the local fractional differential
operator had been analyzed using the local
fractional variational iteration method. The obtained
solutions are nondifferentiable functions, which are
Cantor functions and they discontinuously depend
on the local fractional derivative. It is shown that
the local fractional variational iteration method is an
efficient and simple tool for solving local fractional
integral equations.
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