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Abstract:

In this paper, we will considerHe’svariationaliteration method (VIM) for solvingtime fractional non linear wave like
with variable coeffcient. In this method we usean approximate value for time fractional derivativewhen find Lagrange
multiplier.Three examples show theefficiency and the importance of the method.
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1- Introduction:

We introduce a basic idea underlying the variational where A is aLagrange multiplier which can be
iteration method for solving nonlinear  differential identifiedptimally via the variational theory Inokuti and
equations.  Consider ~ the  general equation: Sekine [1], wu, is the approximate solution and i,

Lu(x,y,z,t) + Nu(x,y,z,t) = g(x,y,zt), (1)where L
is a linear differential operator, N is a nonlinear operator,
and g is a given analytical function. The essence of the
method is to construct a correction functional of the

denotes the restricted variation, i.e. 6ii, = 0. After

determining the Lagrange multiplier 2 and selecting an
appropriate initial function wu, , the successive
approximations u,, of the solution u can be readily
fromiatyy1 (x,7,2,6) = wn + [; A&, O[Lun (6, 2,6) + obtained.

N, (x,y,2,§) — g(x,y,2,§)]d§,(2)

In this paper we give definition fractional I' is a gamma function.
derivativeintroduced byCaputos[5].
Definition 1.2. Fractional derivative of f(x)in the
Definition 1.1. Fractional integral operator of order Caputo sense is defined as
B = 0 is defined as
g1 4T @)

d
i el N e

m—1<pB<mmeN,x>0(4)
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a is the order of the derivative. For the Caputo’s
derivative we have:

1—DEC =0, Cis constant,
2-DBx*=0, a<p—-1,

r'l+a) a-p

3_phyat=——""" ja-p
Y Tra-g+o”

a>p -1,
In this paper,we consider the following time- fractional
nonlinear wave like equation:

n k+m

izj: 1if ax{‘ax}n 21]( xi xj)

aPu
otP

ZL GlL (X t u) GZL(uxl) + H(X t u) + S(X t) (5)

with the initial conditions

uX,0) = ay(X), u(X0) =a;X.

Here X = (xq,%2,..,%y ), Fy;; and Gy; are nonlinear
function of X,t,u, Fy;and G,; are nonlinear
function of derivatives of x; and x;, whileH and Sare
nonlinear function,where g is paramters describing the
order of the fractional time derivatives. In 1 < f <
2,equation Equation(5) reduce to the fractional nonlinear
wave like equation. In thispaper, we apply
He’s variationaliteration method to findapproximate
solutions fortime fractional wave likewith variable
coeffcient.

2-He svariational iteration method for solving
time fractional wave like with variable
coeffcient.

To convey the basic ideal for variational iteration
method to solve nonlinear time fractionalwave like
equation.Frist, if we assume that
HX t,u) =ZX,t,u) —hu(X) , where h is

constant.Equation (5) can be written in the form:

n

:ZF

1ij WFZU (uXL iuXJ)

aﬂu ak+m

atP

+chl Xt u)

Z(X t,u) — hu(X) + S(X t), (6)

GZl(uxl) +

using the standard variational iteration method, we

construct the following correction functional as

9By

Uns1 (X 1) =un(X,t)+f A, t)[agﬁ

k+m

zFlijWinj (Ui Uyj)
77 i

ZGH K&

—Z(X, & u) + hu(X) — s(X, §)]d¢,(7)

GZ i (uXL)

9Bu

Uns1 (X, 1) :un(X,t)+f AGE, t)[afﬁ

k+m

ZFlua ka szl] (u’Xl'uXJ)

+ hu(X)

— X7 Gy (%6, 0) o Gy () — Z(X,€,) —
s(X,&)]d¢, (8)

now, we assume that

=TIt 1<p<2, (9
E8 = 652’
if B = 2,Equation (9) becomes:
’u @) 0%u
afz - 652'

Substituting (9) in (8), we obtain

U1 (X, 8) = U (X, ) + f 2 0T Y

k+m

+hu(X) — ZFlua ka mFZU (uxuux])

ZGu XD

Z(X' 5; a) - S(Xr E)]df,

agz

GZl (uxl)

Bt (%) = Bty (X,0) + 5 f 2O 2 St
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k+m

hu(X) — Z Fyij WFZU (Ui » Uy j)
i,j LI

ch K& D

GZl(uXL) Z(X, ¢, 1)

- S(X $)]d¢
G2 (%) = Sun (%,0) — P (D) 2
d0u, (X, $)
Su,(X,&) + T(BAE, 1) o +T'(B)

fo T3 Sun (X, E)E + J; R AGE, )8y (X, £)dE(10)

moreover, the stationary conditions are as follow

62
25 rhagn| <o
é=t &=t
oA |
1 - F(ﬁ) af fzt - 0;

F(BIAE, Dle=¢ = 0,

therefore, the general Lagrange multiplier can be readily
identified by

A1) = Jis n(ff—”

Substituting (11) in (7), we have the following iteration
formul

), (11)

k+m

Z Fy axll‘axjm Faij (i Usj)
L]

ZGu X Ew

Z(X,&,u) + hu(X) —s(X,8)1d¢é, (12)

GZl (uXL)

39

and we get,

Un41(X, 1) \/—(f Y

/TR

=u, (X, t) + ) [

655

k+m
- Z Fyij WFZU (Ui s Uxj)
i,j Lt

— X7 Gy (X,€,10) 5 Gy () — HX 1) —
S(X,)]dE (13)

Scound, if we assume that H(X,t,u) = Z(X,t,u) +
hu(X), where h is constant.Equation (5) can be written

ak+m

aBu
in the form:2—= N —e—Fpii (U, Uy i) +
ot [i’ L] 13 axlkax}n lj Xl X]

ZGN Xt u)

+hu(X) + s(X, t), (14)

GZl(uXL) + Z(X t, u)

using the standard variational iteration method, we
construct the following correction functional as:

a1 (X, 8) = U (X, ) + f A O

6{3
k+m
Z FlijWinj (Uyi» Uyj) —
T i
Z 6 (X 60 Gzl(um)

200, ) — hu(X) - s(X, £)1dE 15)
ofu/h(§ —
B G50 = 50 ﬂ:zﬁ%rﬁaiﬁ )

k+m

—hu(X) — ZFu]a k‘a mFZL] (uXLluJC])

Zau X ED

L
&k

GZL(uXL)

now, we assume that
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ahu
TETB5E 1<p<2 (A7)

if B = 2, Equation (15) becomes:

azu_r ) 0%u
0¢? ()afz

Substituting (17) in (16), we obtain

U1 (5,6) = uy (X, 0) + f AEDIT(R) 22 57

k+m

hu(X) — Z Fyij WFZU (Ui, U )
iJ 9%

z e X 6,0) s ) —
2088, huh) - 11, (18

2

St (X,6) = Sup(X, 1) +8 f AGO ) 35

k+m

—hu(X) — zFlU ox ka mFZU (uxl:ux])

Z 6 K ED Gzl(uxl)
—Z(X, E' 17.) - S(X' E)]df;

5un+1(x' t) = 6u’n (X, t) - F(B)

AA(E, 1) 96u, (X,§ )

t 2
1) [ S5 o (6 ) —

Jy R AGE, )8, (X, §)dE, (19)
moreover, the stationary conditions are as follow

90*A¢. 0
0¢?

TB)—7—| —hAE0D

£=t

=0,
£=t

3-Application and Results:

0A(&, t)
0¢ £t

1-T(B) =0,

FBIAE, O)le=c = 0,

therefore, the general Lagrange multiplier can be readily
identified by

A 0) = rSl h(ff—”) (20)

Substituting (20) for correction functional (15), we have
the following iteration formula:u,, (X, t) = u,(X,t) +

t VR . (VRGE-D) 0Fu
B () 5

k+m

= ) Fijm—7—7 Faij (Uyi Uyj)
Z Toxkoxm =V
L]

Z 61 K 60+ Gzl(um)

—Z(X,§,u) — hu(X) — s(X, §)]d¢, (21)

and we get

vh .(\/_(f—t)
NN
k+m

- Z Fyij WFZU (Uyir Uyj)
i

U1 (X, ) = %mo+f

Z G_1; X, u) GZl(qu)

—HX&u) —s(X,)]d¢ (22)

by the variational iteration formula(13),(22) and initial
approximation,we will get that first iterative step is the
exact solution, when 8 = 2, as shows in this paper.
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Example 3.1.Consider the one-dimensional time fractional nonlinear wave-like equation:

oPu 9* , 0% .
W =u W (uxuxxuxxx) + uy W (uxx) —18u”> +u
0<x<1 t>0 1<B<2 (23
with the initial condition

Ou(x,0)

0) = e*
u(x,0) =¥, —

the exact solution when (8 = 2)
u(x, t) = eXtt

we make the correction functional and the stationary conditions for Equation(23),the Lagrange multiplier can be
determined as

A t) = smh(\/_) where h =1

oFu 02

ul(x,y,t)=u0(x,y,t)+f \/— (\/_>[6§3 u dx?

2
(uxuxxuxxx) - uazcﬁ(u;x) + 18u5 - u] df;

ul(x,y,t):ex(1+t)+f \/_sm (\/__t>[e + &e*]dé,

t

1 - 1 -
u (x,y,t) = e* + te* +J;) [\/ﬁsinh <Si/l"_ﬁt> e* + \/T_,[)’Sinh (%) e*)dé¢

t t
u(x,y,t) = e* + te* —e* + e* cosh (—) —e*t+ e*,/TBsinh <—>
JTB JTB

u;(x,y,t) = e*cosh (\/%_B) + ex\/ﬁ sinh (\/%_B)'

B =2,u;(x,t) = e**t, isthe exact solution.when
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Fig.1.Approximate solutions of uq, (@) =1.3,(b)B =1.5(c)f =1.9 (d)B = 2.
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Table.1. Approximate solutions of uq with t = 1.

x B =12 B=16 B=18 =2
0.1[3.080644524 | 3.106649985 3.067314574 3.004166024
0.2 | 3.404638737 | 3.433379216 3.389906864 3.320116923
0.3 |3.762707719 | 3.794470861 3.746426482 3.669296670
0.4 | 4.158435145 | 4.193538846 4.140441595 4.055199968
0.5 | 4.595781587 | 4.634577175 4.575895638 4.481689072
0.6 | 5.079124154 | 5.121999910 5.057146781 4.953032424
0.7 | 5.613300303 | 5.660685343 5.589011550 5.473947392
0.8 | 6.203656250 | 6.256024817 6.176813026 6.049647464
0.9 | 6.856100474 | 6.913976692 6.826434125 6.685894443
17.577162855 | 7.641125967 7.544376467 7.389056099

.1

Example 3.2.Consider the one-dimensional time fractional nonlinear wave-like equation:

0<x<1 t>0 1<B<2

With the initial condition

the exact solution when (

we make the correction functional and the stationary conditions for Equation(24), the Lagrange multiplier can be

determined

B =2)

AE ) = \/%_ﬁsin(%), where b = 1

When 8 = 2,u,(x,t) =

aPu ) 0 )
ﬁ =X [a (Uxlyxy — (Uyx)?] — 1
(24)
ou(x, 0
u(x,0) =0, u(x 0) x?

u(x,t) = x2sin(t)

ul(x'y' t) = uO(x'y't) +

[

uy (x,y,t) = x%t + x? f—51 <%>Sd.§,

x?sin(t),

aﬁu
atﬁ

(ux Uxx —

u;(x,y,t) = x2,/TB sin (\/%_B)

is the exact solution

43

(Uux)?] +u

]df,
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Fig.2.Approximate solutions of uy,witht =1,(a)f =1.2,(b)B=1.5()p=1.8(d)p =2
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Table.2 . Approximate solutions of u; witht = 1.1.

x B=13 B=15 B=17 B =2

0.1 | 0.008689614393 | 0.00866230835 | 0.008716113944 | 0.008912073601
0.2 | 0.034758457570 | 0.03464923340 | 0.034864455770 | 0.035648294400
0.3 | 0.078206529540 | 0.07796077514 | 0.078445025490 | 0.080208662410
0.4 | 0.139033830300 | 0.13859693360 | 0.139457823100 | 0.142593177600
0.5 | 0.217240359800 | 0.21655770880 | 0.217902848600 | 0.222801840000
0.6 | 0.312826118200 | 0.31184310060 | 0.313780102000 | 0.320834649600
0.7 | 0.425791105300 | 0.42445310920 | 0.427089583200 | 0.436691606400
0.8 | 0.556135321200 | 0.55438773430 | 0.557831292400 | 0.570372710500
0.9 | 0.703858765800 | 0.70164697630 | 0.706005229400 | 0.721877961700
1]0.868961439300 | 0.86623083500 | 0.871611394400 | 0.891207360100

Example 3.3.Consider the two-dimensional time fractional nonlinear wave-like equation

aPu 02 R
9P ox dy (uxxuyy) B 0xdy (xy uxuy) —u
0<x<1, t>0, 1< <2(25)
with  the initial condition
du(x,y,0
u(x;y; 0) = exy’ % = exyﬁ

the exact solution when (B = 2)

we make the correction functional and the stationary conditions for Equation(25),the Lagrange multiplier can be

determined as

AE ) = \/%_ﬁsin(%), where b = 1

u(x, t) = e* (sint + cost),

u1(x'}" t) = uO(x'y't) +

ft 1 Sin(f—t) oPfu 92
o JTB\TB

62

it

3F 9% 0y (Urxttyy) + Ixdy (xy ueuy) + u] dé,

t
u (x,y,t) =e*(1+1t) +f0 \/%_ﬁsin <m> [e™ + ée*V]dé,

1
u(x,y,t) = e*¥ + te® +f [—=sin

t

o VTR

45

<ﬁ) eV + fﬁsin (%) e ¥]dé,
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t t
u (x,y,t) =e*™ +te® —e*™ + e* cos <ﬁ) —eVt+e,/I'fsin <—>,

JTE

u (x,y,t) = e cos (\/%_ﬁ> + e* /TS sin (\/%_ﬁ’)'

B =2,u(x,t) = e*(sint + cost), isthe exact solution.When

(= (k)

Fig.3.Approximate solutions of u,witht=1,(a)f =1.3,(b)=1.6 (c)p =1.8(d)p =2

Table.3 . Approximate solutions of u; witht = 1.1.

x |y B=12 B=15 B=19 B =2
0.1]01 [1.297068601 | 1.270425196 | 1.330867486 | 1.358318981
02]02 [1.336570220 | 1.309115403 | 1.371398435 | 1.399685952
03|03 | 1405097642 | 1.376235186 | 1.441711537 | 1.471449386
0404 |1506978716 | 1.476023495 | 1546247418 | 1.578141504
05|05 |1.648897357 | 1.615026952 | 1.691864162 | 1.726761851
06]06 |1.840627961 | 1.802819170 | 1.888590861 | 1.927546387
0.7]0.7 [2.096159364 | 2.053101640 | 2.150780877 | 2.195144535
0.8]0.8 |2435389727 | 2.385363788 | 2.498850870 | 2.550394089
09]09 [2.886679259 | 2.827383271 | 2.961900061 | 3.022994487
1[1  [3490715732 |3.419012081 | 3.581676455 | 3.655554867
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4-Conclusion:

In this work, the variational iteration method is used to
solve time fractional nonlinear wave like equation with
variable coeffcient. This method gives the solution the
first step i-e uq (x, t)is the exact solution in case g = 2.

Results show the ability and efficiency of this method.
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