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Abstract 
 

       In this paper, we introduce and study contra T
 *

 - continuous functions these are functions                   

f: XY such that the inverse image of every open set in Y is T
 *
-closed in X. Several properties of this type 

of functions are proved.    
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1-Introduction: 

Let (X,) be a topological space and let 

T: P(X) P(X) be a function such that W 

T(W), for each W . Then, T is called an 

operator associated with topology  defined on 

X, and the triple (X,,T)is called an operator 

topological space (O.T.S),[3]. Let A X, if 

AT(A),then A is called a          T
 *
-open subset 

of X ,[5]. The complement of T
 *

- open set is 

called a T
 *
- closed set.  

In this work, we introduce and study 

contra T
 *

- continuous functions, these are the 

function f: (X,, T)(Y,) from an operator 

topological space (X,,T) into a topological 

space (Y,) such that the inverse image of every 

open set in Y is a T
 *
-closed set in X. 

2-Preliminaries: 

In this section, we introduce and recall 

the basic definitions and examples we need in 

this work.  

2.1 Definition [1]: 

Let (X,) be a topological space and let 

A be a subset of X, then the set {U : AU} 

is called the kernel of A and is denoted by 

ker(A). 

2.2 Example:  

      Let X ={1,2,3,4} and ={{1},{2},{3},{1,2}, 

{1,3},{2,3},{1,2,3}}. Suppose that A= {2, 3}, 

then ker(A)= {2,3}. 

2.3 Lemma[4]: 

       Let (X,) be a topological space. Then, the 

following properties hold for subsets A and B of 

X: 

i.  x ker(A) if and only if, AF, for each 

closed set F in X and xF. 

ii. if A is open in X , then A= ker(A). 

iii. if A B, then ker(A)  ker(B). 

2.4 Definition [1]: 

        Let (X,, T) be any operator topological 

space and let A X, then T
 *

- closure of A is 

defined as the intersection of all T
 *

- closed set 

which contains  A and denoted by T
 *
-cl(A). 

2.5 Definition: 

        Let (X,, T) be any operator topological 

space, we say that : 

i. X is T
 *
- compact, if every T

 *
- open cover of 

X has a finite sub cover,[5]. 

ii. X is T
 *

- connected, if it is not the union of 

two disjoint non empty T
 *

- open subsets of 

X, [5]. 

iii. X is T
 *
- strongly S-closed, if every T

 *
- closed 

cover of X has a finite sub cover,[1]. 

     Next, we introduce a new definition: 

2.6 Definition [2]: 

Let (X,,T) be any operator topological 

space and let A X, then A is called an IT
 *
- open 

set , if A  int T(A) . The complement of every 

IT
 *
-open set is an IT

 *
-closed set. 

2.7 Example:  

i.   Let (X ,) be any topological space and let T: 

P(X) P(X)  such that:  T(A) = int [cl (A)], 

where A X. The IT
 *

-open set in this 

example is exactly the pre-open set. 
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ii.  Let (X ,) be any topological space and let T: 

P(X) P(X) such that ; T(B) = cl [int (B)], 

where B X . In this example, T
 *
- open set is 

exactly the semi- open set. 

2.8 Remark: 

i.   Every open set is an IT
 *
- open set. 

ii.  Every IT
 *
-open set is a T

 *
-open set. 

So, we have the following implication: 

open     IT
 *
- open  T

 *
- open 

       Now, we can introduce the following 

definitions: 

2.9 Definition: 

       Let (X,,T) be any operator topological 

space, we say that : 

i. X is IT
 *

- compact, if every IT
 *

-open cover 

of X has a finite sub cover. 

ii. X is IT
 *
- connected, if it is not the union of 

two disjoint non empty IT
 *
-open subsets of 

X. 

iii. X is IT
 *

- strongly S-closed, if every IT
 *

-

closed cover of X has a finite sub cover. 

2.10 Definition: 

          Let (X,,T) and (Y,,L) be operator 

topological spaces and let f: (X,,T)(Y,,L) be 

a function from an operator topological space 

(X,,T) into an operator topological space 

(Y,,L). We say that f is a contra - (T
 *

, L
*
) -

continuous (resp., contra - (IT
 *

, IL
*
) - 

continuous) function, if the inverse of every L
*
- 

open (resp., IL
*
-open) set in Y is a T

 *
-closed 

(resp., IL
*
-closed) set in X. 

2.11 Remark: 

         If L is the identity operator, then f will be a 

contra T
 *
- continuous function. 

3-Main Results: 

3.1 Theorem: 

   Let (X,,T) be an operator topological space 

and let (Y,) be a topological space. For              

a function f : (X,,T)(Y,) the following 

conditions are equivalent : 

i. f is a contra T
 *
 - continuous function. 

ii. the inverse image of each closed set in Y is 

T
 *
-open in X. 

iii. for each xX and each F is closed in Y, 

such that  f(x) F , there exists a T
 *

-open 

set U in X such that xU and f(U)  F. 

iv. f [T
 *
-cl(A)]  ker [f(A)], for each AX . 

v. [T
 *

-cl[f
 -1

 (B)]]  f 
-1

 [ker(B)], for each 

BY. 

Proof: (i) (ii) 

Let F be any closed set in Y, then F
c
 is 

an open set in Y. Since f is a contra                       

T
 *

- continuous function, then f 
-1

(F
c
) is                

a T
 *

- closed set in X. Then, [f
 -1

(F
c
)]

c
= f

 -1
(F) is     

a T
 *
- open set in X. 

(ii) (iii) 

Let xX and let F be a closed set in Y 

such that f(x) F. From (ii) f
 -1

(F) is a T
 *
- open 

set in X and x  f
 -1

(F). So, there exists                 

a T
 *

- open set U in X such that x  U. Thus,                 

x U f
 -1

(F), for each x  f
 -1

(F). So, f(U)  F. 

(iii) (iv) 

Let AX. Suppose that y ker [f(A)]. 

Then, by lemma (2.3) part (i) , there exists          

a closed set F in Y such that yF and f(A)F=. 

Thus, Af
 -1

 (A) =  and T
 *
- cl(A) f

 -1
 (A)= . 
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Then, f [T
 *
- cl(A)] F=  and y  f [T

 *
- cl(A)] . 

This implies to f [T
 *
- cl(A)]  ker [f(A)]. 

(iv) (v) 

Let B  Y, then f
 -1

 ((B)  X. By (iv), we 

have  f [T
 *

- cl(f
 -1

 (B) )]  ker (B) and                      

T
 *
- cl[f

 -1
 (B) )]  f

 -1
[ ker (B)]. 

(v) (i) 

  Let V be any open set in Y. By (v), we 

have T
 *
- cl(f

 -1
 (V) )  f

 -1
[ ker (V)] = f

 -1
 (V). But,           

f
 -1

 (V)  T
 *
- cl(f

 -1
 (V) ). So, T

 *
- cl(f

 -1
 (V) ) = f

 -1
 

(V) . This means f
 -1

 (V) is a T
 *

- closed set in X. 

Thus, f is a contra  T
 *
- continuous function.  

3.2 Remark: 

      The equivalents of contra - (T
 *

, L
*
) - 

continuous functions and contra - (IT
 *

, IL
*
) - 

continuous functions are similar to theorem 

(3.1). 

3.3 Theorem:  

      Let (X,,T) be an operator topological space, 

(Y,) be a topological space,  f : (X,,T)(Y,) 

be a contra T
 *

- continuous surjection function 

and let X be a T
 *

- connected space, then Y is a 

connected space. 

Proof: 

Suppose that Y is disconnected. Then, there 

are two open sets W1 and W2 in Y such that 

W1, W2, Y= W1 W2, and W1W2=. Since 

f is contra T
 *

- continuous, then   f
 -1

(W1) and                      

f
 -1

(W2) are T
 *
- closed sets in X. Thus, [f

 -1
(W1)]

c
 

and [f
 -1

(W2)]
c
 are T

 *
- open sets in X,                                             

also [f
 -1

(W1)]
c
 , [f

 -1
 (W2)]

c
 , and [f

 -1
(W1)]

c
 

 [f
 -1

(W2)]
c
 =. Since f is a surjection function,     

X= [f
 -1

(W1)]
c
  [f

 -1
(W2)]

c
, which is                      

a contradiction, then Y is  a connected space.  

3.4 Corollary: 

       Let (X,,T) and (Y,,L) be operator 

topological spaces,  f : (X,,T)(Y,,L) be                             

a contra - (T
 *

, L
*
) - continuous surjection 

function and let X be a T
 *
- connected space, then 

Y is a                    L
*
- connected space. 

3.5 Corollary: 

         Let (X,,T) and (Y,,L) be operator 

topological spaces, f : (X,,T)(Y,,L) be                             

a contra - (IT
 *

, IL
*
) - continuous surjection 

function and let X be an   IT
 *
- connected space, 

then Y is an IL
*
- connected space. 

3.6 Theorem:  

       Let (X,,T) be an operator topological space, 

(Y,) be a topological space,  f : (X,,T)(Y,) 

be a contra T
 *

- continuous surjection function 

and let X be  a  T
 *
- strongly S-closed space, then 

Y is a compact space . 

Proof: 

Let {Ai :iI} be any  open cover of Y , then 

    ⋃      . Since f is a contra T
 *

- continuous 

surjection function, then { f
 -1

(Ai) :iI}  is a T
 *

- 

closed cover of X and so     ⋃      
       . 

Since X is a T
 *

- strongly S-closed space, then 

there exists a finite subset M of I such that  

    ⋃      
     .  

Hence,            ⋃      
        ⋃        , 

therefore Y is a compact space.  

3.7 Corollary: 
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     Let (X,,T) and (Y,,L) be operator 

topological spaces,  f : (X,,T)(Y,,L) be                               

a contra - (T
 *

,L
*
) - continuous surjection 

function and let X be a T
 *

- strongly S-closed 

space, then Y is an L
*
- compact space . 

3.8 Corollary: 

     Let (X,,T) and (Y,,L) be operator 

topological spaces,  f : (X,,T)(Y,,L) be                               

a contra - (IT
 *

,IL
*
) - continuous surjection 

function and let X be an IT
 *

- strongly S-closed 

space, then Y is a compact space . 

 

3.9 Corollary: 

     Let (X,,T) and (Y,,L) be operator 

topological spaces,  f : (X,,T)(Y,,L) be                               

a contra - (IT
 *

,IL
*
) -  continuous surjection 

function and let X be an IT
 *

- strongly S-closed 

space , then Y is an IL
*
- compact space . 

3.10 Lemma :  

      If  (X,,T) and (Y,,L) are two operator 

topological spaces , then (X Y,  ,T L)  is 

also an operator topological space (where , T L: 

P(X)P(Y)  P(X)P(Y)). 

Proof: 

Suppose that G be any open se in   . 

Then,     ⋃   
          , we must prove that             

G  TL(G). Since (X,,T) is (O.T.S),             

then              ,iI. Since (Y,,L) is                    

(O.T.S), then              ,iI. So, 

                      , iI.  Then, 

⋃   
              ⋃       

  
            ] = 

 ⋃         
                  ⋃   

           . 

Thus, GTL(G).   So, (X Y, ,T L) is an 

operator topological space .  

3.11 Theorem :  

Let (X1,1,T1) and (X2,2,T2) be two operator 

topological spaces,  (Y1,1) and (Y2,2) be two 

topological spaces,  and let f1: (X1,1,T1) 

(Y1,1) and f2: (X2,2,T2) (Y2,2) be two 

surjection functions. If f1 f2: (X1 X2,12,T1 

T2) (Y1 Y2,12) is a contra  (T1
*
 T2

*
) - 

continuous function, then  both f1and  f2 are 

contra T1
*
- continuous function and contra       

T2
*
- continuous function, respectively. 

 

 

Proof: 

Let G1 be an open set in Y1. Then G1Y2 is 

an open set in Y1Y2. Since f1 f2 is                             

a contra T1
*
 T2

*
 - continuous function, then (f1 

f2)
-1

(G1Y2) is a T1
*
 T2

*
- closed set in X1 X2. 

But (f1 f2)
-1

(G1Y2) = [ f1
-1

(G1)] [f2
-1

(Y2)]= [f1
-

1
(G1)]  X2. And since (f1 f2)

-1
(G1Y2) is                           

a T1
*
 T2

*
- closed set in X1 X2. Then,                

(f1
-1

(G1)X2 )
c 

= (f1
-1

(G1) )
c
 X2 is  a T1

*
 T2

*
- 

open set in      X1X2. Then, f1
-1

(G1) is                

an T1
*
-closed set in X1. This mean, f1: (X1,1,T1) 

(Y1,1) is a contra  T1
*
- continuous function. 

In similarly fashion, we can prove that f2: 

(X2,2,T2) (Y2,2) is a contra T2
*
- continuous      

function.  

3.12 Corollary :  

         Let (X1,1,T1), (X2,2,T2),  (Y1,1,L1) and 

(Y2,2,L2) be any operator topological spaces,  
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and let f1: (X1,1,T1) (Y1,1,L1) and f2: (X2,2,T2) 

(Y2,2,L2) be any surjection functions. Now, if                   

f1 f2: (X1 X2,12,T1 T2) (Y1 Y2,12,L1 

L2) is a contra - (T1
*
 T2

*
, L1

*
 L2

*
) - continuous 

function, then both f1and  f2 are contra - 

(T1
*
,L1

*
)- continuous function and contra -           

( T2
*
,L2

*
) - continuous function, respectively. 

3.13 Corollary :  

         Let (X1,1,T1), (X2,2,T2),  (Y1,1,L1) and 

(Y2,2,L2) be any operator topological spaces,  

and let f1: (X1,1,T1) (Y1,1,L1) and f2: (X2,2,T2) 

(Y2,2,L2) be any surjection functions. Now, if                   

f1 f2: (X1 X2,12,T1 T2) (Y1 Y2,12,   

L1 L2) is a contra - (IT1
*
 IT2

*
, IL1

*
 IL2

*
) - 

continuous function, then both f1and  f2 are 

contra - (IT1
*
,IL1

*
) - continuous function and            

contra - (IT2
*
,IL2

*
) - continuous function, 

respectively. 
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T -   الذوال الوستورة
 *

 الوضادة 

 

 

 

 هن قبل 

 أ.د. هادي جابر هصطفى، أ.م.د. هيام جسن كاظن ، و م. هيام خزعل حسن

 قسى انشياضياث/ كهيت عهوو انخاسوب وانشياضياث/ جايعت انكوفت

 

 

 

 

 

 

 الولخص

T - في هزا انبحث ، قذيُا ودسسُا انذوال انًسخًشة        
 *

T حسًى دانت يستخًشة  f: XY انًضادة، انذانت 
 *
يضتادة ذرا كاَتج انرتوسة  -

T -حكوٌ يغهقت  Yانعكسيت نكم يجًوعت يفخوحت في
 *

 . بشهُا انعذيذ يٍ خرائص هزا انُوع يٍ انذوال.Xفي  

 

 


