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Abstract

In this paper, we introduce and study contra T~ - continuous functions these are functions
f: X—Y such that the inverse image of every open set in Y is T -closed in X. Several properties of this type

of functions are proved.
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1-Introduction:

Let (X,t) be a topological space and let

T: P(X)—> P(X) be a function such that Wc
T(W), for each Wet . Then, T is called an
operator associated with topology t defined on
X, and the triple (X,z,T)is called an operator
topological space (O.T.S),[3]. Let Ac X, if
AcCT(A),then A is called a

of X ,[5]. The complement of T - open set is

T "-open subset

called a T'- closed set.

In this work, we introduce and study
contra T “- continuous functions, these are the
function f. (X,r, T)—>(Y,c) from an operator
topological space (X,t,T) into a topological
space (Y,o) such that the inverse image of every

open setinY isa T -closed set in X.

2-Preliminaries:

In this section, we introduce and recall
the basic definitions and examples we need in

this work.

2.1 Definition [1]:

Let (X,t) be a topological space and let
A be a subset of X, then the set n{Ue t: AcU}
is called the kernel of A and is denoted by
ker(A).

2.2 Example:

Let X ={1,2,3,4} and t={{1},{2}.{3}.{1,2},
{1,3},{2,3},{1,2,3}}. Suppose that A= {2, 3},
then ker(A)= {2,3}.

2.3 Lemmal4]:
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Let (X,t) be a topological space. Then, the
following properties hold for subsets A and B of
X:

i.  xe ker(A) if and only if, AnF=¢, for each
closed set F in X and xeF.

ii. ifAisopeninX,then A= ker(A).

iii. if Ac B, then ker(A) < ker(B).

2.4 Definition [1]:
Let (X,r, T) be any operator topological

space and let Ac X, then T - closure of A is
defined as the intersection of all T - closed set
which contains A and denoted by T "-cl(A).

2.5 Definition:
Let (X,r, T) be any operator topological
space, we say that :
i. Xis T - compact, if every T - open cover of
X has a finite sub cover,[5].
ii. X is T~ connected, if it is not the union of
two disjoint non empty T - open subsets of
X, [5].
ii. Xis T - strongly S-closed, if every T - closed
cover of X has a finite sub cover,[1].

Next, we introduce a new definition:

2.6 Definition [2]:
Let (X,t,T) be any operator topological

space and let Ac X, then A is called an IT™- open
set, if A < int T(A) . The complement of every

IT "-open set is an IT "-closed set.

2.7 Example:
I. Let (X ,t) be any topological space and let T:

P(X)— P(X) such that: T(A) = int [cl (A)],
where Ac X. The IT *-open set in this

example is exactly the pre-open set.
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ii. Let (X ,1) be any topological space and let T:
P(X)— P(X) such that ; T(B) = cl [int (B)],
where Bc X . In this example, T - open set is

exactly the semi- open set.

2.8 Remark:
i. Every open set isan IT - open set.
ii. Every IT -open set is a T -open set.
So, we have the following implication:
open — IT -open — T - open
Now, we can introduce the following
definitions:

2.9 Definition:
Let (X,t,T) be any operator topological
space, we say that :
i. Xis IT - compact, if every IT -open cover
of X has a finite sub cover.
ii. Xis IT - connected, if it is not the union of
two disjoint non empty IT "-open subsets of
X.
iii. X is IT - strongly S-closed, if every IT -

closed cover of X has a finite sub cover.

2.10 Definition:
Let (X,t,T) and (Y,o,L) be operator

topological spaces and let f: (X,7,T)—>(Y,o,L) be
a function from an operator topological space
(X,x,T) into an operator topological space
(Y,o,L). We say that f is a contra - (T ", L) -
continuous (resp., contra - (IT °, IL) -
continuous) function, if the inverse of every L"-
open (resp., IL™-open) set in Y is a T "-closed

(resp., IL"-closed) set in X.

2.11 Remark:
If L is the identity operator, then f will be a

contra T - continuous function.
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3-Main Results:

3.1 Theorem:

Let (X,z,T) be an operator topological space
and let (Y,c) be a topological space. For
a function f : (X,1,T)>(Y,0) the following
conditions are equivalent :

i. fisacontra T - continuous function.
ii. the inverse image of each closed set in Y is

T "-open in X.

iii. for each xeX and each F is closed in Y,
such that f(x) eF , there exists a T -open

set U in X such that xeU and f(U) c F.

iv. f[T -cl(A)] < ker [f(A)], for each AcX .
v. [T cl[f* (B)]] < f* [ker(B)], for each

BcY.

Proof: (i) —(ii)

Let F be any closed set in Y, then F° is
an open set in Y. Since f is a contra
T *- continuous function, then f *(F%) is
a T closed set in X. Then, [f *(F%)]°= f (F) is

aT - opensetin X.

(i) —>(iii)

Let xeX and let F be a closed set in Y
such that f(x) eF. From (ii) f (F) is a T - open
set in X and x e f *(F). So, there exists
a T~ open set U in X such that x € U. Thus,
x eUc f™(F), for each x e f™(F). So, f(U) c F.

(iii) >(iv)

Let AcX. Suppose that yg ker [f(A)].
Then, by lemma (2.3) part (i) , there exists
a closed set F in Y such that yeF and f(A)nF=¢.
Thus, Anf™ (A) = ¢ and T - cl(A) Nf™ (A)= ¢.
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Then, f[T™-cl(A)] ~F=¢andy ¢ f [T - cl(A)] .
This implies to f [T - cl(A)] < ker [f(A)].

(iv) >(v)

Let B < Y, then f™ ((B) < X. By (iv), we
have f [T ™ cl(f * (B) )] < ker (B) and
T cl[f* (B) )] < £ [ ker (B)].

(v) =)

Let V be any open set in Y. By (v), we
have T™-cl(f* (V) ) < f [ ker (V)] =™ (V). But,
frV)cT-c(E* (V). So, T-clf (v))=f"
(V) . This means f* (V) is a T - closed set in X.

Thus, fis a contra T - continuous function.

3.2 Remark:

The equivalents of contra - (T *, L) -
continuous functions and contra - (IT *, IL) -
continuous functions are similar to theorem
(3.2).

3.3 Theorem:

Let (X,t,T) be an operator topological space,
(Y,o) be a topological space, f: (X,1,T)—>(Y,0)
be a contra T - continuous surjection function
and let X be a T - connected space, then Y is a

connected space.

Proof:

Suppose that Y is disconnected. Then, there
are two open sets W, and W, in Y such that
Wi=d, Wozd, Y= Wyu W,, and WinW,=¢. Since
f is contra T - continuous, then  f (W,) and
f1(W,) are T - closed sets in X. Thus, [f *(Wy)]°
and [f *(W,)]° are T - open sets in X,
also [f “(W1)]° 24, [f™* (W2)]° =0, and [f *(Wy)]°

A [fH(W-)]° =¢. Since f is a surjection function,
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X=[f *W)I° u [f '(WpI°, which is
a contradiction, then Y is a connected space.

3.4 Corollary:

Let (X,1,T) and (Y,o,L) be operator
topological spaces, f : (X,1,T)—>(Y,o,L) be
a contra - (T ", L) - continuous surjection
function and let X be a T~ connected space, then
Yisa L"- connected space.

3.5 Corollary:
Let (X,1,T) and (Y,c,L) be operator

Xz, —(Y,c,L) be

a contra - (IT, IL") - continuous surjection

topological spaces, f

function and let X be an 1T - connected space,

then Y is an IL"- connected space.

3.6 Theorem:

Let (X,t,T) be an operator topological space,
(Y,o) be a topological space, f: (X,t,T)—(Y,0)
be a contra T - continuous surjection function
and let X be a T’- strongly S-closed space, then

Y is a compact space .

Proof:

Let {A; :iel} be any open cover of Y, then
Y = U,;g4,;. Since f is a contra T - continuous
surjection function, then { f *(A) :iel} isaT'-
closed cover of X and so X = Uie,f‘l(Ai)
Since X is a T - strongly S-closed space, then
there exists a finite subset M of | such that
X= Uauf(4).
Hence, f(X) = Y=f[ U;enf ~"(4)] = Uien 4;

therefore Y is a compact space.

3.7 Corollary:
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Let (X,tr,T) and (Y,o,L) be operator
topological spaces, f : (X,1,T)—=>(Y,o,L) be
a contra - (T "L) - continuous surjection
function and let X be a T - strongly S-closed

space, then Y is an L~ compact space .

3.8 Corollary:

Let (X,t,T) and (Y,o,L) be operator
topological spaces, f : (X,1,T)—=(Y,o,L) be
a contra - (IT "IL") - continuous surjection
function and let X be an IT - strongly S-closed
space, then Y is a compact space .

3.9 Corollary:

Let (X,t,T) and (Y,o,L) be operator
topological spaces, f : (X,1,T)—>(Y,o,L) be
a contra - (IT IL") - continuous surjection
function and let X be an IT - strongly S-closed

space , then Y is an IL"- compact space .

3.10 Lemma :

If (X,t,T) and (Y,o,L) are two operator
topological spaces , then (X xY,©t x ¢,Tx L) is
also an operator topological space (where , Tx L:
P(X)xP(Y) = P(X)xP(Y)).

Proof:

Suppose that G be any open se in T x o.
Then, G = U;g(G,; X G;), we must prove that
G < TxL(G). Since (X1, T) is (O.T.S),
then G;; € T(Gy),Viel. Since (Y,oL) is
(O.T.S), then G, € T(Gy),Viel. So,
G xGyxC T (Gy; %Gy,  Viel. Then,
Uig[G,; X Gl S Uigl T(G,) X T(Gy)]
Uit [T XL (G, xG2)] = T*L [U;q (G, *G2)]-
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Thus, GcTxL(G). So, (X xY,t x5,Tx L) is an

operator topological space .

3.11 Theorem :

Let (X1,71,T1) and (X,,7,,T,) be two operator
topological spaces, (Yi,01) and (Yz,0,) be two
topological spaces, and let fi: (Xq,711,Ty)
—(Yy,01) and fo. (X,12,T2) —(Y2,02) be two
surjection functions. If fix f,: (Xyx X5,10x715, T1x
T.) —(Y1 xYp01x0,) is a contra (Ty'x T,) -
continuous function, then both f,and f, are
contra T,- continuous function and contra

T, - continuous function, respectively.

Proof:

Let G; be an open set in Y;. Then G;xY; is
an open set in Y;xY, Since fix f, is
acontra T, x T, - continuous function, then (f,x
) (GyxY,) is a Ty'x T, closed set in Xyx X,.
But (fix £,)(Gi1xY2) = [ i Y(G)]x [ (Y2)]= [fy
YGp] x Xo. And since (fix )™ (GixYs) is
a Tyx T,- closed set in X;x X, Then,
(FH(G)xX, )= (FY(Gy) )° xXp is a Tyx T,-
open set in XixX,. Then, f,(Gy) is
an T, -closed set in X;. This mean, f;: (X1,71,T1)
—(Y4,01) is a contra T, - continuous function.

In similarly fashion, we can prove that f,
(X2,12,T2) —(Y2,02) is a contra T,™- continuous

function.

3.12 Corollary :
Let (XllrllTl)l (XZlTZlTZ)l (YllcllLl) and

(Y2,02,L;) be any operator topological spaces,
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and let fi: (Xq,11,T1) = (Y1,01,L1) and f,. (X5,15,T>)
—(Y,,0,,L,) be any surjection functions. Now, if
fix for (Xox Xo,11x12, Tax To) —(Y1 xY2,61x05,L1x
L,) is a contra - (Ty x T,, Ly x L) - continuous
function, then both fiand f, are contra -
(T ,Ly)- continuous function and contra -

(T, ,Ly) - continuous function, respectively.

3.13 Corollary :

Let (X4,t1,T1), (X212, T2), (Yy,01,L1) and
(Y2,02,L,) be any operator topological spaces,
and let f;: (Xq,71,T1) = (Y1,01,L1) and 5. (X5,72,T2)
—(Y3,0,,L,) be any surjection functions. Now, if
fix for (Xix Xo,tix1o, Tix To) —(Y1 xY,,061x05,
Lix Ly) is a contra - (ITy x 1T, ILy'x ILy) -
continuous function, then both f,and f, are
contra - (IT,,IL;") - continuous function and
contra - (IT,,IL,) - continuous function,

respectively.
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