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Abstract

In this paper, we introduce the notion of
anti fuzzy k-ideal of ternary semi ring
and study some properties of it.

Introduction

The notion of fuzzy subset of a set
was introduced by Zadeh in 1965
[4].The notion of fuzzy subgroup was
made by Rosenfeld in 1971[1].Fuzzy
ideal in a ring were introduced by W.Liu
in 1982 [9].In 1996, Kim and Park
studied fuzzy ideal in semirings[2].The
notion of ternary semi rings introduced
by Dutta and Kar in 2003[8].1n 2007,
J.kavikumar and Azme Bin khamis
introduced The notion of fuzzy ideals in
ternary semirings[3] . R. Biswas given
the notion of anti fuzzy in 1999 [5]. The
notion of fuzzy k-ideals in ternary
semirings was introduced by Sathinee
Malee and Ronnason Chinram in
2010[7].

The main purpose of the paper is to
introduce the notion of anti fuzzy k-ideal
of ternary semiring and study some
properties of it.
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1- Preliminaries

In this section we review some
basic definition which will be used in
this paper.

Definition (1.1) [6] A nonempty set R
together with a binary operation, called
addition and ternary multiplication, is
said to be a ternary semi ring if R is an
additive commutative semigroup
satisfying the following conditions

() (abc)de=a(bcd)e=ab(cde),

(i) (atb)cd=acd+bcd,

(iii) a(b+c)d=abd+acd,

(iv) ab(c+d)=abc+abd,

a,b,c,deeR

for all

Definition (1.2) [6] Let R be a ternary
semiring .If there exists an element

0 e R such that

0+x=x and O0xy=x0y=xy0, forall
then “0” is called the zero element or
simply the zero of ternary semirings .In
this case we say that R is a ternary
semiring with zero

Definition (1.3) [6] An additive
subsemigroup | of ternary semiring R is
called a left (resp.,right and lateral )
ideal of R if
s,S,i(resp.,is;s,,s,is,) € 1

V's,s, € Rand

X,y eR

iel
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If I is both left and right ideal of R, then
I is called a two sided ideal of R.

If I is a left ,aright and a lateral ideal of
R, then 1 is called an ideal of R.

Definition (1.4) [4] A function u from

a non empty set X to the interval [0,1] is
called a fuzzy subset of X .

Definition (1.5) [4] The complement of

a fuzzy subset . of a set X is denoted by

u© and defined as
u(x) =1-u(x),vx e X

Definition (1.6)[3] Let v and u be any
two fuzzy subsets of X then

vnu and v u pare fuzzy subset of X
and defined by

(v p)(x) = mind{v (x), u(x)}

(vu )(X) = max{v(x), u(x)}, vx e X

Definition (1.7) [3] A fuzzy
subsemigroup w of a ternary semiring R
is called a fuzzy ideal of R if the
function u: R —[0] satisfying the
following conditions:

(i) u(x+y)=min{u(x), u(y)}, VX, y R

(i) u(xyz) > u(2)
(i) - p(xyz) = u(x)

(V) p(xyz) 2 u(y), Vvxy,zeR

A fuzzy set u with conditions (i)and (ii)
is called an fuzzy left ideal of R. Ifa
fuzzy set u satisfies (i) and (iii) then it
is called a fuzzy right ideal of R. Also if
w satisfy (i) and (iv) then it is called a
fuzzy lateral ideal of R.

If u is fuzzy left ideal, fuzzy right ideal

and fuzzy lateral ideal then it is called
fuzzy ideal of a ternary semiring R.
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Definition (1.8)[7] A fuzzy ideal p ofa

ternary semiring R is said to be a fuzzy
k-ideal of R if

p(x) 2 min{u(x+y), u(y)}, VX, y €R

Definition(1.9)[7] Let S and R be two
ternary semirings.a mapping f :S —> R
is said to be a homomorphism if
f(x+y)=f(x)+ f(y) and f(xyz)=f()f(y)f(z)
VX, y,2€S

If Sand R are ternary semirings with
zero 0 ,then f(0)=0.

Definition (1.10)[7] Let f :S >R bea

homomorphism of ternary semirings and
u be a fuzzy subset of S ,we define a

fuzzy subset f(u)of R by

f(y) = ¢

0 other wise

sup if
f(u)(y) = {xdl(y)
We call f(u) the image of u under f.
Definition (1.11)[7] Let R, and R, be
two ternary semirings and f be a
function of R,into R,. If u isa fuzzy

subset of R,, then the preimage of

wunder f is a fuzzy subset of R,
defined by

f 7 ()(x) = u(f(x)

vxeR,

Definition (1.12)[9] Let ¢: R, —» R, be
any function. An anti fuzzy ideal u of

R, iscalled ¢-invariant if ¢(x) =¢(y)
implies « (x)= u(y) where X,y € R, .
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2-The Main Results

Definition (2.1) A fuzzy subset u ofa

ternary semiring R is said to be an anti
fuzzy left (right, lateral) ideal of R if
1- ux +y) <max {u(x), u(y)},
2- u(xy2)< (@), [ plyz)<pux), pxyz)<
u@)], forallx,y,ze R

4 1s an anti fuzzy ideal of R if it is
anti fuzzy left ideal , anti fuzzy right
ideal and anti fuzzy lateral ideal of R.

Definition (2.2) An anti fuzzy ideal u
of a ternary semiring R is said to be an
anti fuzzy k-ideal of R if

wx) <max {u(x+y), u(y)}, forall x.y
eR

Example (2.3) Let R be the set of non-
positive integer with zero. R is ternary
semiring with the usual addition and
ternary multiplication,

Let x4 afuzzy subset of R defined by

() = 0 if x isaneven or0
Y200 x isanodd
Then u is an anti fuzzy k-ideal of R.

Proposition (2.4) Let R be a ternary
semiring and u be a fuzzy subset of R.

Then u is an anti fuzzy k-ideal of R if

and only if u° is a fuzzy k-ideal of R.
Proof:
Suppose u be an anti fuzzy k-ideal of
R.
Letx,y,z e R,
ut (x+y)=1- u (x+y) ,since u is
an anti fuzzy k-ideal of R

>1 — max{u(x), u(y)}

=min{l — u(x), 1 — u(y)}
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=min{u® (), u° W}

ut (xyz) = 1— u(xyz) since u is an anti
fuzzy left k-ideal of R

>1 - w2)

= u° (2). Hence u° is fuzzy left
ideal of R
B (xyz) = 1 u(xyz)

>1—ux)

= u® (X). Hence u° is fuzzy
right ideal of R
pe(xyz) = 1 u(xyz)

>1—upy)

= u® (y). Hence u° is fuzzy
lateral ideal of R
Then u° is a fuzzy ideal of R

Let x,y € R Then
pe(X)=1- ux)
>1 — max {ux+y), )}
=min {1 — w(x+y), 1 — uy)}
=min{u® (x+y), u° (Y}
Hence u° is a fuzzy k-ideal of R.
Conversely, let ¢ be a fuzzy k-ideal of
R
For x, y,z € R, we have
px +y) =1-pu° (x+y)
<1-min{x® (x), u° ()}
= max{u(x), u(y)}
p(xyz)=1-p° (xyz)
<1l-p° (2
= u(z). Hence p is ananti
fuzzy left ideal of R
Similarly we can prove that x is an

anti fuzzy right and lateral ideal of R
then u is an anti fuzzy ideal of R
Let x,y € R Then

wx) = 1= pu® (x)
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<1-min{u° (x+y), u° (¥)} Theorem (2.6) Letf: R, — R, bean
= max{ux+y), uy)} onto homomorphism of ternary
Hence u is an anti fuzzy k-ideal of R. semiringsR,and R, . If x4 is an anti

fuzzy k-ideal of R,, then f*(u) isan

Proposition (2.5) Let ¢ and v are anti anti fuzzy k-ideal of R
-

fuzzy k- ideal of ternary semiring R.
Then UV isalso an anti fuzzy k- ideal

of ternary semiring R.

Proof Let x be an anti fuzzy k-ideal
ofR, and letx,y ,z € R,

Proof
Let x and v be two anti fuzzy k- ideals Tfh?? we hive 3 N ince f i
of a ternary semiring R #) (X +Y) = p(fix+y) since f isa
and X, y,z € R. Then we have homomorphism tr(‘?c?x) 1))
(ov)(x+y) = max{u(x+y),v(x+y)} _H
f

< max{max{ (), u(y)} maxy (v oo )

= max{max{ u(x),v(x)}, max{u(y),v(y)}} (1) W)}

= max{(uwv)(x), (L v)(y)}

ft =

(1 ov)(xy2) = max{u(xyz),v (xy2)} e e

< max{u(z),v(2)} _ () (@),

=(uov)@), _ Hence f~*(x) is an anti fuzzy left
Hence n Uv is an anti fuzzy left ideal ideal of R,

of R similarly we can prove that yuv

- 1 s .
is an anti fuzzy right and lateral ideal of Similarly we 7 (x)1s an anti fuzzy

R right and lateral ideal of R, then

then x UV isan anti fuzzy ideal of R f *(u) is an anti fuzzy ideal of R,

Let X,y € R, since p and v are anti

fuzzy k- ideal Then Letx,y € R, Then

u(x) < max {u(x+y), u(y)} and v (x) < f () (x) = w(ftx)

max {v- (x+y), v ()}, < max{u(x) +(y)). u(iy)}h
since f is a homomorphism then

(uOv)(x) = max{u(x),v(x)} = max{u(f(x+y)), u(f)}

< max{max{u(x +y), u(y), max{v(x +y),v(y)}}
= max{max{u(x +y),v(x+ y)} max{u(y),v(y)}}
= max{(u Lv)(x+y),(pUv)(y)}
max{ f () (x+y), £ (1) (v) }
Hence f ~'(u)is an anti fuzzy k-ideal
ofR,.

then x UV is an anti fuzzy k-ideal of R.
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Lemma (2.7)[7] Let R, and R, be two
ternary semiringsand¢: R, — R, be a
homomorphism. Let u bea¢-
invariant anti fuzzy ideal of R, if
X=X eR, such thatx=¢(a),a eR, then
¢ (u)X)=u (a).

Proof If re¢™(x),then ¢(r)=x=¢
(@)

Since u isag¢- invariant u(r )= u(a),
then by definition (1.10), we have

¢ (W(x)= sup u(r)=u (a)

reg(x)

Hence ¢ (w(x)=u (a)

Theorem (2.8) Let ¢: R, — R, be an
onto homomorphism of ternary
semiringsR,andR,. If u isa¢g-
invariant anti fuzzy k-ideal of R,
then¢(u) is an anti fuzzy k-ideal of R, .
Proof: Let ¢: R, — R, be anonto
homomorphism
and u is ¢- invariant anti fuzzy k-ideal
of R,
Letx,y,ze R, .Since¢ is surjective
then there exist a, b,ce R, such that
¢ (@) =x, ¢(b) =yand ¢(c) =z
since ¢ is a homomorphism then
x+y=¢@+¢b)=¢ (a+b)andxyz=
#(@)p(b) ¢(c)=¢ (abc). Then we have
¢ (W +y) =u@+b)

<max{u(a), u()} Since u
IS ¢-invariant by lemma (2.9)

=max(¢ W), ¢ W),

¢ (W(xyz) = u(abc)
<u(c) Since u is ¢-
invariant by lemma (2.9)
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= ¢ (W)

Hence ¢ () is an anti fuzzy left ideal
of R, Similarly

¢ (u)is an anti fuzzy right and lateral
ideal of R,

then ¢ () is an anti fuzzy ideal of R,
Letx,y € R, since¢ isonto then there
exists a, b € R, such that

¢ (@) =xand ¢ (b) =y

¢ (W) = pu(@) <max{u(a+b), u(b)}
=max{¢ (W(x+y), ¢

1))
Hence ¢(u) is an anti fuzzy k-ideal of

R,.

Definition (2.9) An anti fuzzy k-ideal u

of a ternary semiring R is said to be
normal if u (0) = 1.

Theorem (2.10) Let u be an anti fuzzy
k- ideal of a ternary semiring Rand

1 be a fuzzy subset of R defined by

u (x) = ux)+1-p0) for all x € R.
Then uis a normal anti fuzzy k-ideal of
R.

Proof. Let X, y,z € R.Then
p(x+y) =px+y) +1-u0) since
u be an anti fuzzy k- ideal
<max{u(x), u(»)} + 1 — u(0)
= max{u(x) + 1 — p(0), u(y) +
1-w0)}
=max{x (x), " M}
1 (xyz) = uxyz) + 1 — pu(0) since u
be an anti fuzzy left k- ideal then
<u(z)+1-u)
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=1 @)
Hence u"is an anti fuzzy left ideal of R
similarly we can prove that
u is an anti fuzzy right and lateral ideal
of R
then u” is an anti fuzzy ideal of R

uo(x)=puE) + 1 - u0)

< max{u(x+y), u(y)} + 1 — u(0)

= max{u(x+y) + 1 — w(0), uy) +
1-wu0)}

=max{u” (x+y), u (V)}.
Hence u” is an anti fuzzy k-ideal of R.

Since 1" (x) = ux) + 1 — u(0)

u (0) =u(0) + 1 —p0)=1Hence u"
is a normal anti fuzzy k-ideal of R
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