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بسم الله الزحمه الزحيم" ان الذيه يتلىن كتاب الله وألامىا الصلاة وأوفمىا مما رسلىاهم سزا وعلاويت يزجىن تجارة له تبىر" 

 مه خىف" صدق الله العلي  وأمىهممه جىع  مهملصيف فليعبدوا رب هذا البيت اليلاف لزيش إيلافهم رحلت الشتاء وا"لإ

Some Properties Of N-Co probabilistic Normed Space And Co-probabilistic 

Dual Space Of N-Co probabilistic Normed Space 

 
 

 

 

         

 

        

 

:tcartsbA 

 The primary purpose of this paper is to 

 introduce the, N-coprobabilistic normed space, 

coprobabilistic dual space of N-coprobabilistic 

normed space and give some facts that are 

related of them.              

1. Introduction:- 

 In [1], Menger replaced the nonnegative 

real numbers as values of the metric by a 

distribution function and defined probabilistic 

metric spaces. The concept of random normed 

spaces were introduced by Serstnev (2). In (3), 

Jebril and Hatamleh introduced the concept of 

random n-normed linear space as a 

generalization of n-normed space which 

introduced by Gunawan and Mashadi (4). In 

this paper we introduced a N-coprobabilistic 

normed linear space depending on the idea of 

random n-normed linear space was introduced 

by Jebril and Hatamled (3) and investigate their 

important properties. Then we shall introduce 

the definition of N-coprobabilistic bounded 

linear functional. Thereafter we prove the set of 

all N-coprobabilistic bounded linear functional 

is a coprobabilistic norm linear space.  

 

Coprobabilistic -NSome Results Of 2. 

-:Space Normed 

 

In this section we give the definition of  

N-coprobabilistic normed space and  prove 

some basic concepts of it. 

 

We start this section by giving a 

definition of N-normed linear space.  

Definition (2.1), (4):- 

     Let X to be a linear space over R ( field 

of real numbers ) of dimension greater than 

and equal to n where n>2 . A function 

RX...XX:.,...,.   satisfy 

the following axioms: 

)N(
1

arexxxifonlyandifxxx nn ,...,,0,...,, 2121 

linearly   dependent. 

)N(
2 n21 x,...,x,x  is invariant under 

any permutation of n21 x,...,x,x . 

)N(
3

.

,...,,,...,, 2121

Rcany

forxxxccxxx nn




  

)N(
4

n

nnn

xxx

xxxxxxx





,...,,

,...,,,...,,

21

2121
 

is said to be an N-norm on X and the pair 

(X, .,...,. ) is called an N-normed space. 

Definition (2.2), (4):- 

 Let (X, .,...,. ) be a N-normed linear 

space, a sequence }x{ k  in X is said to be 

convergent to a point Xx  in case 

0xx,x,...,x,xlim k1n21
k




 for  

each Xx,...,x,x 1n21  . In this case, x is 

said to be the limit of the sequence }x{ k  and 

we denote it by kxlim . Otherwise, the 

sequence is divergent.  

Definition (2.3), (4):- 

 Let (X, .,...,. ) be a N-normed linear 

space, a sequence }x{ k  in X is said to be 

Cauchy sequence in case 
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0xx,x,...,x,xlim kpk1n21
k




 for 

each Xx,...,x,x 1n21   and P=1,2,…. 

Definition (2.4), (4):- 

 A N-normed linear space in which 

every Cauchy sequence is convergent is said to 

be complete. 

Definition (2.5), (1):- 

 A nonascending probability distribution 

function   on R that is a left continuous 

nonascending real function on R with 

1)x(   for all 0x   and 0)(   

Notes (2.6), (1):- 

1-The family of all a nonascending probability 

distribution functions will be denoted by 
   

2- By setting GF  whenever 

)x(G)x(F  , for each Rx , one 

introduces natural ordering in 
 . 

3-If Ra , then a will be an element of 
  

defined by  










atif0

atif1
)t(a  

 

Definition (2.7), (1):- 

 Let X be a linear space over a field R, a 

mapping C* from X into 
  is said to be a 

coprobabilistic norm on X in case the following 

conditions hold: 

(c- 1N ) 0
*
xC   if and only if x=0 

(c- 2N ) If 

)
c

t
(C)t(CthenRc0 *

x
*
cx   

(c- 3N ) 

 )t(C),s(Cmax)ts(C *
x

*
x

*
xx   , 

for each .Rt,s   

The pair *)C,X(  will be referred to a 

coprobabilistic normed linear space (briefly c-

NLS). 

 

Example (2.8), (1):- 

 Let ).,X( be an normed space. For 

each RtandXx  , a function 










xtif0

xtif1
)t(C*

x

………………………...(2.1) 

is coprobabilistic normed linear space. 

 

 Now, we introduce the concept of N-

coprobabilistic normed linear space as a 

development of coprobabilistic normed linear 

space. 

 

Definition (2.9)- 

 Let X be a linear space of dimension 

greater than or equal to N and a mapping C 

from 
nXX...XX   into 

  is said to 

be a N-coprobabilistic norm on X in case the 

following conditions hold: 

(N-c- 1N ) 0)x,...x,x( n21
C   if and only if 

n21 x,...,x,x  are linearly dependent. 

(N-c- 2N ) 
)x,...,x,x( n21

C is invariant under 

any permutation of n21 x,...,x,x .  

 (N-c- 3N ) If 
)()(

0

),...,,(),...,,( 2121 c

t
CtC

thenRc

nn xxxcxxx 



 

 (N-c-

4N )

















)(,

)(
max)(

),...,,(

),...,,(

),...,,(

21

21

21

tC

sC
tsC

n

n

nn

xxx

xxx

xxxx , for 

each .Rt,s   

The pair )C,X(  will be referred to N-

coprobabilistic normed linear space (briefly N-

C-NLS). 

 

In order to make definition (2.9) as 

clear as possible we will consider the following 

examples. 

 

Example (2.10):- 

          Let ).,...,.,X( be an N-normed space. 

For each 

RtandX)x,...,x,x( n
n21  . Defined 










n21

n21

)x,...,x,x( x,...,x,xtif0

x,...,x,xtif1
)t(C

n21

…(2.2) 
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In order to  prove  that )C,X(  is a N-

C-NLS, we must verify the above four (N-C-N) 

conditions. 

(N-C- 1N ) It is easy to check that 

0)x,...,x,x( n21
C   

(N-C- 2N ) Since n21 x,...,x,x  is invariant 

under any permutation of n21 x,...,x,x  it 

follow that 
)x,...,x,x( n21

C  is inveariant under 

any permutation of n21 x,...,x,x  

(N-C- 3N ) If Rc0   and t>0, then one 

can get the following two cases:- 

(i) If n21 cx,...,x,xt   then 

1)
c

t
(C

)x,...,x,x( n21
 . 

(ii) If n21 cx,...,x,xt   then 

0)
c

t
(C

)x,...,x,x( n21
  

(N-C- 4N ) For each Rt,s  , we must prove 

 )t(C),s(Cmax)ts(C
)x,...,x,x()x,...,x,x()xx,...,x,x( n21n21nn21 



…….(2.3) 

To do this consider the following two cases 

(1) If nn21 xx,...,x,xts    then 

1)ts(C
)xx,...,x,x( nn21


 

     And 

n21 x,...,x,xts  + n21 x,...,x,x   

In this case one can recognize the following two 

cases. 

(i) If n21 x,...,x,xs   then either 

n21 x,...,x,xt   or n21 x,...,x,xt       

     If n21 x,...,x,xt   the proof of 

ineq.(2.3) is trivial. On the other hand, if 

n21 x,...,x,xt   then 

0)t(C
)x,...,x,x( n21

 . Hence, ineq.(2.3) 

holds in this case 

(ii) If n21 x,...,x,xs    then 

n21 x,...,x,xt      and hence.  

     0)s(C
)x,...,x,x( n21

  and   

1)t(C
)x,...,x,x( n21

 . Thus ineq. (2.3) holds. 

(2) If nn21 xx,...,x,xts    then 

0)t(C
)xx,...,x,x( nn21


. On the other 

hand, if  

n21 x,...,x,xts  + n21 x,...,x,x  . 

Thus ineq.(2.3) holds. If 

n21 x,...,x,xts  + n21 x,...,x,x   

Then one can see the following two cases:- 

(i) If n21 x,...,x,xs    then 

n21 x,...,x,xt  . Hence ineq.(2.3) holds. 

(ii)If n21 x,...,x,xs   then either 

orx,...,x,xt n21 

n21 x,...,x,xt   

      If n21 x,...,x,xt  then 

1)t(C
)x,...,x,x( n21

  

and 0)s(C
)x,...,x,x( n21

 . 

      Thus ineq.(2.3) holds. If 

n21 x,...,x,xt   then 

0)t(C
)x,...,x,x( n21

  

Hence ineq.(2.3) holds. 

 

Definition (2.11):- 

 Let (X,C) be a N-C-NLS, a sequence 

}x{ k  in X is said to be convergent to a point 

Xx in case 

0)t(Clim
)xx,x,...,x,x(

k k1n21



 

 for each 

t>0 and for each Xx,...,x,x 1n21   .In this 

case, x is said to be the limit of the sequence 

}x{ k  and we denote it by kxlim . Otherwise, 

the sequence is divergent.  

 

Definition (2.12):- 

 Let (X,C) be a N-C-NLS, a sequence 

}x{ k  in X is said to be Cauchy sequence in 

case 0)t(Clim
)xx,x,...,x,x(

k kpk1n21



 
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for each t>0, Xx,...,x,x 1n21   and 

P=1,2,…. 

Definition (2.13):- 

 A N-coprobilistic normed linear space 

in which every Cauchy sequence is convergent 

is said to be complete. 

 

3.Coprobabilistic Dual Space Of N-

Coprobabilistic Normed Linear   Space:- 

        In this section, we give a definitions of N-

coprobabilistic bounded linear functional, 

uniformly N-coprobabilistic bounded and 

coprobabilistic dual space of N-coprababilistic 

normed linear space.  Also some results related 

to them are discussed. 

Definition (3.1):- 

      Let *)C,R()C,X(:T  be 

a linear functional where (X,C) be a N-

coprobabilistic normed linear space and *C  

be the  coprobabilistic norm defined 

ineq.(2.1). T is said to be N-coprobabilistic 

bounded on 
nX  in case there exists a 

positive number M such that for all 
n

n21 X)x,...,x,x(  and t>0, 

)
M

t
(C)t(*C )x,...,x,x()x,...,x,x(T n21n21



 

Theorem (3.2):- 

      Let T be a N-coprobabilistic bounded 

linear functional on 
nX . If 

n21 x,...,x,x are linearly dependent then 

0)x,...,x,x(T n21  . 

Proof:- 

      Suppose n21 x,...,x,x  are linearly 

dependent. Since T is a N coprobabilistic 

bounded linear functional. Then there exists 

M>0 such 

tha

0tandX)x,...,x,x(),
M

t
(C)t(*C n

n21)x,....,x,x()x,...,x,x(T n21n21


. 

0)x,...,x,x(THence.0)t(*CThen n21)x,...,x,x(T n21


. 

 In 2010, Dinda and et. al., [5] gave a 

relation between fuzzy antinormed linear space 

and normed space. Here we gave the same idea 

but for N-coprababilistic normed linear space 

and N-normed space. 

 

 

Theorem (3.3):- 

Let (X,C) be a N-coprobabilistic normed space 

satisfying the following two conditions 

(N-C - 5N ) for each t>0, 

n21)x,...,x,x( x,...,x,ximplies1)t(C
n21



 are  Linearly dependent. 

(N-C-N6) n21
x,...,x,xFor  are linearly 

independent,  )t(C )x,...,x,x(
n21

 is a 

continuous of Rt  and strictly decreasing 

in the subset }1C0:t{ )x,...,x,x(
n21

  of 

R. And let  )1,0(:.,...,.   is a 

ascending family of N-norms of X. defined 

 
)1,0(

,1)(:,...,, ),...,,(21 21










where

tCtInfxxx
nxxxn

. 

Also,  Let C  be a mapping from 

nXX...XX   into 
  defined by                

















otherwise

tindepentlinearly

arexxxiftxxxInf

tC
nn

xxx n

1

0,

,...,,,...,,:1{

)(
2121

),...,,( 21




 

Then, C=C  
Proof:- 

 The  prove directly follows  from 

change the proof of the theorem in (2.4) in [5] 

to N-coprobabilistic normed space.  

 

Definition (3.4):- 

 Let *)C,R()C,X(:T  be a 

linear functional where (X,C) be a N-

coprobabilistic normed linear space satisfying 

condition the (N-C - 5N ) and (R,C*) be a 

coprobabilistic normed linear space where C* 

defined in eq.(2.1). T is said to be uniformly 

N-coprobabilistic bounded in case there exist 

M>0 such that 

)1,0(

,,...,,),...,,( 2121







nn xxxMxxxT
 

Where  )1,0(:.,...,.   is a ascending 

family of N-norms. 

 

Theorem (3.5):- 

 Let *)C,R()C,X(:T  be a 

linear functional where (X,C) be a N-
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coprobabilistic normed linear space satisfying 

the condition (N-C- 5N ) and (R,C*) be a 

coprobabilistic normed linear space where C* 

defined in eq.(2.1). If T is N-coprobabilistic 

bounded on 
nX  then it is uniformly N-

coprobabilistic bounded. 

Proof:- 

          Suppose T is N-coprobabilistic 

bounded. Then there exists M>0 suchthat 

)
M

s
(C)s(*C,0sandX)x,...,x,x( )x,...,x,x()x,...,x,x(T

n
n21 n21n21



 

Then

)s(C)s(*C )Mx,...,x,x()x,...,x,x(T n21n21


 

  t1)s(C:sInfthentMx,...,x,x )Mx,...,x,x(n21 n21




 

Hence,

 1)s(Cthatsuchts 0)Mx,...,x,x(0 n21

 

Therefore, 

 1)s(Cthatsuchts 0)x,...,x,x(T
*

0 n21

  

Then, ts)x,...,x,x(T 0n21   

Hence, 


 n21n21 Mx,...,x,x)x,...,x,x(T  

Thus T is uniformly N-coprobabilistic 

bounded. 

 

Note (3.6):- 

     Let (X,C) be a N-coprobabilistic normed 

linear space. We denote by )R,X( n the set 

of all N-coprobabilistic bounded linear 

functionals on 
nX  and we call  , the  

coprobabilistic dual space of 
nX . 

 

 

 

Theorem (3.7):- 

 )R,X( n  is a linear space. 

Proof: 

 Let )R,X(T,T n
21  , then there 

exist two positive numbers 
21

MandM  such 

that for 

each 0tandX)x,...,x,x( n
n21   

)
M

t
(C)t(*C

1
)x,...,x,x()x,...,x,x(T

n21n211


 and  

)
M

t
(C)t(*C

2
)x,...,x,x()x,...,x,x(T n21n212



 

Thus for any two none scalars  and  we 

have 

)t(*C )x,...,x,x)(TT( n2121 

)}
2

,*

),
2

(*max{

),...,,)((

),...,,)((

212

211

t
C

t
C

n

n

xxxT

xxxT





 

}
2

,
2

max{

2

),...,,(

1

),...,,(

21

21






























M

t
C

M

t
C

n

n

xxx

xxx




 

Choose 1}M2,M2{MaxM
21
 . 

Thus 
21

M2MandM2M   

This implies that 

0

22 21





teach

for
M

t

M

t
and

M

t

M

t

  

Hence, 

and
M

t
C

M

t
C

n

n

xxx

xxx






























),...,,(

1

),...,,(

21

21 2
 

























M

t
C

M

t
C

n

n

xxx

xxx

),...,,(

2

),...,,(

21

21 2
. 

 Therefore, 











M

t
CtC

nn xxxxxxTT ),...,,(),...,,)(( 212121
)(*   for 

each 0t  . Then we have for 

each 0tandX)x,...,x,x( n
n21  , 

there exists M>0 such that 
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.

)(*

),...,,(

),...,,)((

21

2121












M

t
C

tC

n

n

xxx

xxxTT 

 

This implies that 

R,),R,X(TT n
21  . 

Hence )R,X( n is a linear space. 

 

Definition (3.13):- 

 Let (X,C) be a N-coprobabilistic 

normed space satisfying the following two 

conditions 

(N-C - 5N ) for each t>0, 

n21)x,...,x,x( x,...,x,ximplies1)t(C
n21



 are  Linearly dependent. 

(N-C-N6) n21
x,...,x,xFor  are linearly 

independent,  )t(C )x,...,x,x(
n21

 is a 

continuous of Rt  and strictly decreasing 

in the subset }1C0:t{ )x,...,x,x(
n21

  of 

R. 

 And let  )1,0(:.,...,.   is a ascending 

family of N-norms of X. defined. and  

T )R,X( n , we  define 




















tindependenlinearare

xxx
xxx

xxxT

InfT
n

n

n
,...,,:

,...,,

),...,,(
21

121

21

*


,

)1,0(  

Again we define 

 





















)0,0(),(

1

)0,0(),(

:)1,0(1

)(

*

**

sTfor

sTfor

sTInf

sCT




 

It is clear that C** is coprobabilistic norm on   
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والفضاء المواجة المرافق الاحتمالي للفضاء  المرافق الاحتمالي -Nبعض الخواص للفضاء المعياري  

 المرافق الاحتمالي -Nالمعياري 

 

 

 

  الخلاصة :-                                                                                                      

المزافوك اححتمواليا الفءواء المىاجوم المزافوك اححتموالي للفءواء  -Nمه هذا البحث هوى تموديم  الفءواء المعيوار   الغزض الزئيسي       

 المتعلمت بهم .الحمائك  المزافك اححتمالي وإعطاء  بعط -N المعيار  

 

 


