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Abstract

The purpose of this paper is construct the
concept of fuzzy regular proper mapping in
fuzzy topological spaces . We give some
characterization of fuzzy regular compact
mapping and fuzzy regular coercive mapping .
We study the relation among the concepts of
fuzzy regular proper mapping , fuzzy regular
compact mapping and fuzzy regular coercive
mapping and we obtained several properties.

1. Introduction

The concept of fuzzy sets and fuzzy set
operation were first introduced by L. A. Zadeh
[5] . Several other authors applied fuzzy sets to
various branches of mathematics . One of these
objects is a topologically space . From [3] at the
first time in 1968 , C .L. Chang introduced and
developed the concept of fuzzy topological
spaces and investigated how some of the basic
ideas and theorems of point — set topology
behave in this generalized setting . Moreover |,
many properties on a fuzzy topologically space
were prove them by Chang 's definition .

In this paper we introduce and discuss the
concepts of fuzzy regular  proper mapping
correspondence from a fuzzy topological space
to another fuzzy topological space and we
obtained several properties and characterization
of these mappings by comparing with the other
mappings .

2. Preliminaries

First , we present some fundamental
definitions and proposition which are needed in
the next sections .

Definition 2.1. [6] Let X be a non —empty set
and let I be the unit interval , i.e., I =[0,1] . A
fuzzy set in X is a function from X into the unit
interval I (i.e., A: X — [0,1] be a function) .

A fuzzy set A in X can be represented by the
set of pairs : A={(x,A(x)):x €X}. The
family of all fuzzy sets in X is denoted by 1% .

Remark 2.2.

(i) 0y (the empty set) is a fuzzy set which has
membership defined by 0x(x) =0  for all

x € X.

(ii) 14 (the universal set ) is a fuzzy set which
has membership defined by 14(x) =1 for all
x€X.

Definition 2.3. [3,4,7] letA, Band 4;,i €]
be any fuzzy sets in X . Then we put :

(i) A<B if and only if A(x) <B(x) ,
Vx€eX,;

(iit) A=B if and only if
Vx€eX,;

A(x) = B(x) ,
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(iiiy Z=AAB if and only if Z(x)=
min{ A(x),B(x)} ,Vvx € X ; (Zis a fuzzy set
in X);

(iv) Z=AvB if and only if Z(x)=
max {A(x),B(x)} ,Vx € X; (Zis a fuzzy set
in X);

v)  Z=Vig4
sup{4;(x)/ i € I},
in X);

if and only if Z(x)=
Vx€X(Zis afuzzy set

W) Z = Ner4i
inf{A;(x)/i €I},
inX);

if and only if Z(x)=
Vx€X(Zis a fuzzy set

(v) E = A° ( the complement of A) if and only
if E(x)=1—A(x), Vx€X;

(vi) (A\B)(x) = A(x) AB°(x) ,Vx€X.

Definition 2.4. [6] Let X and Y be two non —
empty sets f : X — Y be function . For a fuzzy
set B in Y , the inverse image of B under f is the
fuzzy set f~1(B) in X with membership
function denoted by the rule :

f1(B)(x) = B(f(x)) forx € X
(ie., f7TY(B)=Bof).

For a fuzzy set A in X , the image of A under
f is the fuzzy set f(A) in Y with membership
function f(A)(y), y €Y defined by

(LSNP AG) if ) %0
pae) =t

Where f~1(y) = {x : f(x) = y}.

Theorem 2.5. [7] Let X,Y be two non-empty
sets and f:X — Y be a function . Let {4;} _,

j€J
{Bj}je] be family of fuzzy sets inX and Y
respectively , then

Df(Vies47) = Ve F(4))

(D) f(Njes A7) < Njey F(4)) -
@D (Vjes Bi) = Vje, f(B)) -
(iv) f~*(Ajes Bj) = Njes f1(B)) -

Theorem 2.6.[3,7] Let X,Y and Z be non-
empty setsand f:X — Y ,g:Y — Zbea

functions , then the following statements are the
holds :

(i) fU(BY) = (f~1(B)) for any fuzzy set
BinY.

(ii) Forany fuzzy setAinX :

@ (FA)) < f@A9) 5 B (FA) =
f(AC) , if f is a bijective function .

(iii) If B; < B, , then f~1(B)) < f71(B,) ,
B, and B, are fuzzy setsinY.

(iv) IfA; <A, , then f(4) < f(4,) ,
A; and A, are fuzzy sets in X.

(v) For any fuzzy set Ain X :

(@ A<ffA); (b)
fUfA)=4 , if f is an injection
function .

(vi) For any fuzzy set BinY:

(a) f(f7*(B)) <B; (b)
f(f‘l(B)) =B , if f isa surjective function .

i) f(FH(BYNA) =B Af(A).

(viii) If A is fuzzy set in X and B is a fuzzy set
inY, then f(4) < Bifandonlyif A< f~1(B).

(ix) f gof:X—17
between g and £, then :

(@) (g o )(A) = g(f(4) , forany
fuzzysetAinX .

B o NTHO)Y=f(g7"(O) |

for any fuzzy set C in Z.

is the composition

Definition 2.7. [2,6] A fuzzy point x, in X is
a fuzzy set defined as follows
ify=x
ify#x

Where 0<a<1; a is called its value
and x is support of x, .

xa(}’) = {g

The set of all fuzzy points in X will be
denoted by FP(X) .
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Definition 2.8. [1,6] A fuzzy point x,, is said
to belong to a fuzzy set A in X (denoted by :
xq €A)ifandonly if a < A(x) .

Definition 2.9. [1,6] A fuzzy set A in X is
called quasi — coincident with a fuzzy set B in X
, denoted by AgB if and only if A(x)+
B(x) > 1, forsome x € X . If A is not quasi —
coincident with B , then A(x) + B(x) <1, for
every x € X and denoted by AG B .

Lemma 2.10. [2]
setsin X . Then:

Let A and B are fuzzy

(i) IFAAB =0y ,then AG B .
(i) Ag B ifand only if A < B¢ ..

Proposition 2.11. [2] If A is a fuzzy set in
X, then x, € Aifand only if x,q A°.

Definition 2.12. [3] A fuzzy topology on a
set X is a collection T of fuzzy sets in X
satisfying :

(i)0xk eTand 14y €T,
(ii) If Aand B belongto T ,thenAABET,

(iii) If A; belongs to T for each i € I then so
does Ve 4; .

If T is a fuzzy topology on X, then the pair
(X, T) is called a fuzzy topological space . and
X is called fuzzy space . Members of T are
called fuzzy open sets . Fuzzy sets of the forms
1y — A, where A is fuzzy open set are called
fuzzy closed sets .

Definition 2.13. [6] A fuzzy set A in a fuzzy
topological space (X,T) is called quasi-
neighborhood of a fuzzy point x, in X if and
only if there exists B € T such that x,gB and
B<A.

Definition 2.14. [6] Let (X,T) be a fuzzy
topological space and x,be a fuzzy point in X .

Then the family Nfa consisting of all quasi-

neighborhood (g-neighborhood) of x, is called
the system of quasi-neighborhood of x,, .

Remark 2.15. Let (X,T) be a fuzzy
topological space and A € FP(X) . Then A is

fuzzy open if and only if A is g — neighbourhood
of each its fuzzy point .

Definition 2.16. [1] A fuzzy topological
spaces (X, T) is called a fuzzy hausdorff (fuzzy
T,- space ) if and only if for pair of fuzzy points
Xr,Ys Such that x #y in X , there exists

A€EN]) ,BENS andAAB =0y

Definition 2.17. [4] Let A be a fuzzy set in
X and T be a fuzzy topology on X . Then the
induced fuzzy topology on A is the family of
fuzzy subsets of A which are the intersection
with A of fuzzy open set in X . The induced
fuzzy topology is denoted by T, , and the pair
(A, T,) is called a fuzzy subspace of X .

Proposition 2.18. LetA<Y <X .Then:

(i) If A is afuzzy open setinY and Y is a fuzzy
open setin X, then A is a fuzzy open setin X .

(ii) If A is a fuzzy closed set in Y and Y is a
fuzzy closed set in X , then A is a fuzzy closed
setin X .

Definition 2.19. [10, 7] Let (X,T) be a
fuzzy topological space and A € I*. Then :

(i) The union of all fuzzy open sets contained
in A is called the fuzzy interior of A and denoted
by A°.ie., A>=sup{B: B<A,B€ET}

(i) The intersection of all fuzzy closed sets
containing A is called the fuzzy closure of A and
denoted by A. ie., A=inf{B:A<B,B°€
T}.

Remarks 2.20. [7]

(i) The interior of a fuzzy set A is the largest
open fuzzy set contained in A and trivially , a
fuzzy set A is fuzzy open ifand only if A = A° .

(it) The closure of a fuzzy set A is the smallest
closed fuzzy set containing A and trivially , a
fuzzy set A is a fuzzy closed if and only if

A=A.

Theorem 2.21 . [10,7] Let (X,T) be a
fuzzy topological space and A, B are two fuzzy
setsin X .Then :
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(D)0 =0y, 1y =1y.

(i) AVB=AVB, ANB<AAB . (ii)
(AANB)’=A°AB°,A°VB° < (AVB)°

(iv) A=A4 . @)y =4
(WA <A<A.
(vi) If  A<B then A° < B

(vii) fA< B then A<B.

Proposition 2.22.  Let (X,T) be a fuzzy
topological space and A be a fuzzy setin X . A
fuzzy point x, € A if and only if for every
fuzzy openset B in X , if x,qB then AgB .

Proof : = Suppose that B be a fuzzy open set
in X such that x,qB and AGB .Then A < B°.
But x, & B¢ ( since x,qB , then a > B¢(x) )
and B¢ be a fuzzy closed set in X . Thus

xaGEZ.

< Let x, & A, then there exists a fuzzy closet
set B in X such that A < B and x, & B, hence
by proposition ( 2.11 ), we have x,qB¢ . Since
A < B, then by lemma ( 2.10. ii ) , AGB° .
This complete the proof .

Definition 2.23. [7] A fuzzy subset A of a
fuzzy topological space X is called fuzzy regular
open ( fuzzy r- open ) if A=A4. The
complement of fuzzy r- open is called fuzzy
regular closed ( fuzzy r- closed ) .Then fuzzy
subset of a fuzzy space X is fuzzy r- closed if
A= A"

Remark 2.24. [7] Every fuzzy r- open set is
a fuzzy open set and every fuzzy r- closed set is
a fuzzy closed set .

The converse of remark ( 2.24 ) , is not true
in general as the following example shows :

Example 2.25. LetX = {a, b} be a setand
T = {0y, {ag3,bos} {aos, bos}

{a03,bo7},{aos, bo7} , 1x} be afuzzy
topology on X.

Notice that A = {ay3,bos} IS a fuzzy open
set in X , but its not fuzzy r- open set and
A ={ay-, bys} is a fuzzy closed set in X , but
its not fuzzy r- closed set .

Proposition 2.26. LetA <Y <X. Then:

(i) IfAisafuzzy r- opensetinY and Y isa
fuzzy r- open set in X , then A is a fuzzy r -
opensetin X .

(i) If Aisafuzzyr-closedsetin YandY isa
fuzzy r - closed set in X , then A is a fuzzy r -
closed setin X .

Corollary 2.27. A fuzzy subset B of a fuzzy
space X is fuzzy clopen ( fuzzy open and fuzzy
closed ) if and only if B is fuzzy r - clopen (
fuzzy r - open and fuzzy r - closed ) .

Definition 2.28. [8] The collection of all
fuzzy r - open sets of the fuzzy space (X, T)
forms a base for a fuzzy topology on X say
T"and its called the fuzzy semi — regularization
of T.

Definition 2.29. [7] Let X and Y be fuzzy
topological spaces . A map f: X — Y is fuzzy
continuous if and only if for every fuzzy point
Xq Iin X and for every fuzzy open set A inY ,
such that f(x,) € A, there exists fuzzy open set
B of X suchthatx, € B and f(B) < A.

Theorem 2.30. [6] Let X,Y are fuzzy
topological spaces and letf:X —Y be a
mapping . Then the following statements are
equivalent :

(i) f is fuzzy continuous .

(i) For each fuzzy openset BinY , f~1(B) isa
fuzzy open setin X .

(i) For each fuzzy closed set Bin Y , then
f~Y(B) is a fuzzy closed set in X.

(iii) For each fuzzy set BinY , f~1(B) <
f7(B).
(iv) For each fuzzy set Ain X, f(4) < f(4) .

(v) For each fuzzy set B in Y, f~1(B°) <
@)

Proposition 2.31. [7] If f:X—Y and
g:Y — Z are fuzzy continuous , then fo
g: X — Z is fuzzy continuous mapping .
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Proposition 2.32 . Let (X,T) be a fuzzy
topological space and A be a non - empty fuzzy
subset of X , then the fuzzy inclusion
is: (AT — (X, T) is a fuzzy continuous

mapping .

Proof : Let BET .Since i,”*(B)=BAA ,
then i,7*(B) € Ty . Therefore i,is fuzzy
continuous .

Proposition 2.33. Let X, Y be fuzzy
topological spaces and A be a fuzzy subset of X .
If f:X —Y is fuzzy continuous , then the
restriction f|,: A — Y is fuzzy continuous Proof
: Since fis fuzzy continuous and f o i, = f|, .
Then by proposition ( 2. 32 ) and proposition (
2.31) , f|, is fuzzy continuous .

Definition 2.34. Let f:X —Y be a map
from a fuzzy topological space X to a fuzzy
topological space Y. Then f is called fuzzy r-
irresolute mapping if f~1(A4) is a fuzzy r- open
set in X for every fuzzy r-opensetAinY .

Definition 2.35. A mapping f: X — Y is
called a fuzzy r - closed mapping if the
image of each fuzzy closed subset of X is a
fuzzy r - closed setinY .

Proposition 2.36. If f:X —Y , and
g:Y — Z are fuzzy r - closed mapping ,
then go f:X — Z is a fuzzy r - closed

mapping .

Proposition 2.37. If (X,T) is a fuzzy
topological space and A is a fuzzy r- closed
subset of X , then the fuzzy inclusioniy: A — X
is a fuzzy r- closed mapping .

Proof : Let F be a fuzzy r - closed set in
A.Since A is a fuzzy r- closed set in X and
igs(F) =ANAF, then iy(F) is a fuzzy r - closed
set in X . Hence the inclusion mapping iz: A —
X is fuzzy r- closed .

Proposition 2.38. Let f:X —Y be a
fuzzy r - closed mapping . If F is a fuzzy r-
closed subset of X , then the restriction
mapping f|.:F — Y is a fuzzy r - closed

mapping .

Proof : Since F is a fuzzy r- closed set in X ,
then by proposition ( 2.37 ) , the inclusion
mapping ip:F — X is a fuzzy r- closed
mapping , since f is a fuzzy r - closed , then by
proposition (2.36), foip: F — Yisafuzzy r-
closed mapping , but foip=f, , thus the
restriction mapping f|.:F — Y is a fuzzy r -
closed mapping .

Definition 2.39. [1] A fuzzy filter base on X
is a nonempty subset F of 1% Such that

(i) 0y & F . (i) If A, A, €F
then 3 A; € F suchthat A; < A; A A, .

Definition 2.40. A fuzzy point x, in a fuzzy
topological space X is said to be a fuzzy cluster
point of a fuzzy filter base F on X if x, € B ,
forall B € F.

Definition 2. 41 . [1] A mapping S:D —
FP(X) is called a fuzzy net in X and is denoted
by {S(n):n € D} , where D is a directed set . If
S(n) =x; for each neD where x€X ,
n €D and a, € (0,1] then the fuzzy net S is
denoted as {xg ,n € D} or simply {xg } .

Definition 2.42. [1] A fuzzy netJ = {yg" :
m € E} in X is called a fuzzy subnet of fuzzy
net S = {xg ,n € D} if and only if there is a
mapping f: E — D such that

= x/® for each

: o~
(l) N af(i)

lEL.

=Sof,that is , v,

(ii) For each n € D there exists some m € E
suchthat f(m) =n.

We shall denote a fuzzy subnet of a fuzzy net
{(xz,neD}by {x[ meE}.
Definition 2.43. [1] Let (X,T) be a fuzzy
topological space and let S = {x; ,n € D} be a
fuzzy netin X and A € I*X . Then S is said to be:

(i) Eventually with A if and only if 3m €
Dsuchthat x3 qA, ¥V n=m.

(i) Frequently with A if andonly if Yn e D
,AmeD , m=nandxg qA.

18
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Definition 2.44. [1] Let (X,T) be a fuzzy
topological space and S = {xg :7n € D} be a
fuzzy net in X and x, € FP(X) . Then S is said
to be :

(i) Convergent to x, and denoted by S — x, ,
if Siseventually withA, v A € N2,

(i) Has a cluster point x, and denoted by
S o« xo , if S is frequently with A, VA € N .

Proposition 2.45. A fuzzy point x,, is a
cluster point of a fuzzy net {xz :n €D} ,
where (D,>=) is a directed set , in a fuzzy
topological space X if and only if it has a fuzzy
subnet which converges to x,,.

Proof
-

Let x, be a cluster point of the fuzzy net {xg :

D}, with the directed set (D, >

) as the domain .Then for any U €

N,?a ,there existsn €

D such that xg qU .Let E = {(n,U):n €
D,UE€ N,?a and xg qU}.Then (E, =

) is directed set where (m,U) >
n,V)ifandonlyif m=ninDand U <
VinNZ .Then3:E —

FP(X) given by 3(m,U) =

Xqy IS a fuzzy subnet of fuzzy net {xz :n €
D} .To show that 3 — x, .Let B €

Nfa .Then there existsn €

D such that (n,B) €

E and xz qB .Thus for any (m,U) €
E such that (n,U) =

(n, B) ,we have 3(m,U) = xg, qU <
B .HenceJ3 — x, .

& If a fuzzy net {x{,}n
€ D}, has not a cluster point .

Then for every fuzzy point x, thereis q
— neighborhood of x, andn
€ D such that xg, qU , for allm

> n.Then obviously no fuzzy net converge
to xg, .

Theorem 2.46. Let (X,T) be a fuzzy
topological space , x, € FP(X) and A € I,

Then x, € A if and only if there exists a fuzzy
netin A convergent to x,, .

Proof = Let x, €A , then for every
B € N2, there exists

oy = {10 1
Such that B(xg)+ A(xg) > 1 notice that
(N2,>) is a directed set , then S:NZ —
FP(X) is defined as S(B) = x£ is a fuzzy net in
A . To prove that S — x,. Let D € N2 . Then
there exists F € T such that x,qF and F <D .
Since F(x#)+xff>1and F<D . Then
D(xf)+xf# >1 . Thus xffiqD . Let E>F ,
then E < F . Since E(xf) +xf >1and F <D
,then D(x#)+xf >1.ThusxfiqD ,VE>F
nlderefore S — x, .

Yy =Xp
Y # Xp

& Let{x} :n € D}beafuzzy netin A where
(D,=) is a directed set such that x;, — x, .
Then for every B € N ,there exists m € D
such that x; gB foralln = m . Since x; € A4,
then by proposition ( 2.11 ) , xg § A°. Thus
AqB . Therefore x, € A .

Proposition 2.47. If X is a fuzzy T, —
space , then convergent fuzzy net on X has a
unique limit point .

Proof : Let xq, be a fuzzy net on X such that
Xq, = X » Xg, —yp and x#y Since
x} —xg ,wehave Y AENZ ,3 my €D,
such that x7 gA,V n=m; . Also, xqg, — ¥p
., we have V B EN,?B,H m, € D , such that
xgan , V. n>=m, .Since D is a directed set ,
then there exists m € D , such that m; = m and
m, = m ,then xgnq(AAB), vn=m . Thus
AN B # 0y , acontradiction .

< Let X be a not fuzzy T, — space , then there
exists x,,ys € FP(X) such that x #y and

ANB#0y , VAENZ ,BeEN] . Put
Qe  _ Q Q
Nivyy = {ANB/A€EN;, , BENy}. Thus

vDE Nfa'yﬁ , there exists x,qD , then
{xp},cye isafuzzy netin X .To prove that
xa,yﬁ
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Xp > Xq and xp — yg . Let E eNfa , then
EEN,?MB ( since E=EAX) . Thus

xpqE YD =E
xp = ¥p S0 {xp}, e

Xa,yB

thus xp — x, . Also
has two limit point .

3. Fuzzy compact space .

This section contains the definitions
proportions and theorems about fuzzy compact
space and we give a new results .

Definition 3.1. [3,6] A family A of fuzzy sets
is called a cover of a fuzzy set A if and only if
A< V{B;:B; € A} and A is called fuzzy open
cover if each member B; is a fuzzy open set. A
sub cover of A is a subfamily of A which is also
acoverof 4.

Definition 3.2. [3,6] Let (X,T) be a fuzzy
topological space and let A € I*. Then A is said
to be a fuzzy compact set if for every fuzzy open
cover of A has a finite sub cover of A . Let
A =X, then X is called a fuzzy compact space
thatis A; € T foreveryi €l and Vg 4; = 1x

, then there are finitely many indices
[1,19) e e ,in € I'such that Vj-‘zlAl-j =1y.
Example 3.3. If (X,T) is a fuzzy topological

space such that T is finite then X is fuzzy
compact .

Remark 3.4 Not every fuzzy point set of a
fuzzy space X is fuzzy compact in general . See
the following example :

Example 3.5 Let X ={a} be a set and
T={0x,1y,a1 _1 /n€Z" ,n=>33}, where

2 n
a € X be a fuzzy topology on X .

Notice that is a { a1 1 /n > 3 }Huzzy
2 n
open cover of a: , but its has no finite sub cover
2

for a: . Thus a1 is not fuzzy compact .
2

2

Then we will give the following definition .

Definition 3.6 A fuzzy topological space
(X, T) is called fuzzy singleton compact space (
fuzzy sc — space ) if every fuzzy point of X is
fuzzy compact .

Example 3.7. Every fuzzy topological space
with finite fuzzy topology is fuzzy sc — space .

Proposition 3.8. LetY be a fuzzy subspace of
a fuzzy topological space X and let A€I'.
Then A is fuzzy compact relative to X if and
only if A is fuzzy compact relativeto Y .

Proof = Let A be a fuzzy compact relative to
X and let {V;:1 € A} be a collection of fuzzy
open sets relative to Y , which covers A so that
A < VjzepaVy , then there exist G, fuzzy open
relative to X , such that V; =Y A G, for any
A€ A . 1t then follows that A <V ep Gy - SO
that {G;:4 € A} is fuzzy open cover of A
relative to X . Since A is fuzzy compact relative
to X , then there exists a finitely many indices
A1, A2, e, Ay € Asuch that A < ViL; Gy, . since
ALY . we have A=YAA<YA
(G, VG,V ..VGy ) =(YAGy) .. (Y A
Gp) , since YAGy =V (i=12,...n) we
obtain A < Vi, V;, . Thus show that A is fuzzy
compact relativeto Y .

< Let A be fuzzy compact relative to Y and let
{G,: 1 € A} be a collection of fuzzy open cover
of X ,sothat A <VjeaG, .Since ALY , we
have A=YAA<YA (VlEAG/'l) = VlEA(YA
G,) . Since Y A G, is fuzzy open relative to Y,
then the collection {Y A Gy: A € A} is a fuzzy
open cover relative to Y . Since A is fuzzy
compact relative to Y , we must have A <
(YAGL)V(YAG)V..V(YAG) ... (*)
for some choice of finitely many indices
A1, Az, ey Ay . But (*) implies that A < VIL, Gy,
. It follows that A is fuzzy compact relative to X

Theorem 3.9. [3] A fuzzy topological space
(X, T) is fuzzy compact if and only if for every
collection {A;: j € J} of fuzzy closed sets of X
having the finite intersection property

Proof = Let {4;:j €]} be a collection of
fuzzy closed sets of X with the finite intersection
property . Suppose that Aje;A; # 0x , then
Vjej A;€ = 1x . Since X is fuzzy compact , then
there exists jy, jp, ..., jn Such that Vir; A;© = 1y
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Then  AL;4j, =0x. Which gives a
contradiction and therefore Aje; A; # Oy .

< let {A;:j € J} be a fuzzy open cover of X .
Suppose that for every finite jj,js, ..., Jjn , We
have Vi A; # 1y . then AL A;° # 0y
Hence {A4;“:j €]} satisfies the finite
intersection property . Then from the hypothesis
we have Ajeg A€ # 0x.  Which implies
VjesAj #1x and  this contradicting that
{A;:j € J} is a fuzzy open cover of X . Thus X is
fuzzy compact .

Theorem 3.10. A fuzzy closed subset of a
fuzzy compact space is fuzzy compact .

Proof : Let A be a fuzzy closed subset of a
fuzzy space X and let {B; : i € I} be any family
of fuzzy closed in A with finite intersection
property , since A is fuzzy closed in X , then by
proposition (2. 18 . ii ) , B; are also fuzzy closed
in X , since X is fuzzy compact , then by
proposition ( 3. 89), A;e; Bi # 0x . Therefore
A is fuzzy compact .

Theorem 3.11. A fuzzy topological space
(X,T) is a fuzzy compact if and only if every
fuzzy filter base on X has a fuzzy cluster point .

Proof = Let X be fuzzy compact and let
F ={F,: a € A} be a fuzzy filter base on X
having no a fuzzy cluster point . Let x € X .
Corresponding to each n € N (N denoted the set
of natural numbers ), there exists a fuzzy g-
neighbourhood U} of the fuzzy point x1 and an

n
E' € F such that UpgE' . Since 1— % <
U (x) , we have Uy(x) =1 , where U, =
V{Uy, :n€N}. Thus U={U}:n€N,x€
X} is a fuzzy open cover of X . Since X is fuzzy
compact , then there exists finitely many
members U;Lll,U;lzz, e, UM of U such that

L Uk
VE Ul =1y . Since F is fuzzy filter base ,

then there exists F € F such that F < F, A
Fopy Ao Ny, BUtUZIGFE | then F 1y .
Consequently , F = 0y and this contradicts the
definition of a fuzzy filter base .

& Let B ={F,: a € A} be a family of fuzzy
closed sets having finite intersection property
.Then the set of finite intersections of members
of B forms a fuzzy filter base F on X . So by the
condition F has a fuzzy cluster point say x. .

ThUS XSEFa . SO xse/\aeAE:/\aeAFa .
Thus A{F ,F € F} # 0x . Hence by theorem (
3.9) , Xis fuzzy compact .

Theorem 3.12. A fuzzy topological space
(X,T) is fuzzy compact if and only if every
fuzzy net in X has a cluster point .

Proof = Let X be fuzzy compact . Let
{S(n) : n € D} be a fuzzy net in X which has no
cluster point , then for each fuzzy point x, ,
there is a fuzzy g — neighbourhood U, of x,
and an ny,, € D such that S,,q Uy, for all
m € D with m > ny,, - Since x,qU,, , then
Sm#0,Vvmz2ny . LetU denoted the

collection of all U, , where x, runs over all
fuzzy points inX . Now to prove that the
collection V ={1y—U, : Uy, €U} is a
family of fuzzy closed sets in X possessing finite
intersection property . First notice that there
exists k > Nyg s e My such that SpETUxai
fori=1,2,....,m and forallp>k (p€D),
ie. Sp € 1x — Vit Uxai =N (1x — Uxai) for

al p>k Hence /\{1X—Uxa, P =

1,2, m} # 0y . Since X is fuzzy compact,
by theorem (3 .9) , there exists a fuzzy point
ypin X such that ygz € A{1x — Uy : Uy, €
U} = 1x — V{Uy, : Uy, € U} Thus yg €
1x = Uy, , for all U, € U and hence in
particular , yg € 1y — Uyg i.e., yﬁf’jUyB . But
by construction , for each fuzzy point x, , there
exists Uy, € U Such that x,qU,, , and we
arrive at a contradiction .

< To prove that converse by theorem (3.11)
, that every fuzzy filter base on X has a cluster
point . Let F be a fuzzy filter base on X . Then
each F € F is non empty set , we choose a fuzzy
point xp € F . Let S ={xz:F € F} and let a
relation ">" be defined in F as follows
Fy = Fg if and only if F, <Fp in X, for
Fy, Fg € F . Then (F, =) is directed set . Now S
is a fuzzy net with the directed set (F,>). By
hypothesis the fuzzy net S has a cluster point x;
. Then for every fuzzy q — neighourhood W of
x; and for each F € F, there exists G € F with
G = F such that xoqW . As x <G <F . It
follows that FqW for each F € F , then by
proposition (2.28),x, €F . Hence x,is a
cluster point of F.
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Corollary 3.13. A fuzzy topological space
(X,T) is fuzzy compact if and only if every
fuzzy net in X has a convergent fuzzy subnet .

Proof :
3.12).

By proposition ( 2.45) , and theorem (

Theorem 3.14. Every fuzzy compact subset
of a fuzzy Hausdroff topological space is fuzzy
closed .

Proof : Let x, € A , then by theorem ( 2. 46 )
, there exists fuzzy net xg such that x; — x,
. Since A is fuzzy compact and X is fuzzy T, —
space , then by corollary ( 3. 13) and
proposition ( 2 .47 ) , we have x, € A . Hence
A is fuzzy closed set .

Theorem 3.15. In any fuzzy space , the
intersection of a fuzzy compact set with a fuzzy
closed set is fuzzy compact .

Proof Let A be a fuzzy compact set and B be a
fuzzy closed set . To prove that A A B is a fuzzy
compact set . Let x; bea fuzzy netin AAB .
Then xg is fuzzy net in A , since A is fuzzy
compact , then by corollary (3.13 ) , xz, — x,
for some x, € FP(X) and by proposition ( 2.22
) , x4 €EB . since B is fuzzy closed , then
Xq EB . Hence xo, EAAB and x; — x4 .
Thus A A B is fuzzy compact .

Proposition 3.16. Let X and Y be fuzzy
spaces and f:X — Y be a fuzzy continuous
mapping . If U is a fuzzy compact set in X , then
f(U) is a fuzzy compact setinY .

Proof : Let {V;:i € I} be a fuzzy open cover of
fW)inY,ie., (f(U) £VieG;) . Since fisa
fuzzy continuous , then £~1(G;) is a fuzzy open
set in X , Viel . Hence the collection
{f~1(G)) :i € I} be a fuzzy open cover of U in
X J.e.,
U< W) < 7 (Vier G)=Vier f T (GD) -
Since U is a fuzzy compact set in X , then there
exists finitely many indices iy, iy, ... ... , i, Such
that U<V},f —1(Gi].) ,  so thatf(U) <

fOVio(F (G = Vs (FFH G <

Vi G, .Hence f(U) is a fuzzy compact

4. Compactly fuzzy closed set .

The section will contain the definition of
compactly fuzzy closed set and we give new
results .

Definition 4.1. Let X be a fuzzy space . Then
a fuzzy subset W of X is called

compactly fuzzy closed set if W A K is fuzzy
compact , for every fuzzy compact set K in X .

Example 4.2. Every fuzzy subset of indiscrete
fuzzy topological space is compactly fuzzy
closed set .

Proposition 4.3.  Every fuzzy closed subset
of a fuzzy space X is compactly fuzzy closed

Proof Let A be a fuzzy closed subset of a fuzzy
space X and let K be a fuzzy compact set . Then
by theorem (3.15) , AAK is a fuzzy compact
. Thus A is a compactly fuzzy closed set .

The converse of proposition ( 4.3 ) , is not
true in general as the following example show :

Example 4.4. Let X = {a,b} be aset and T be
the indiscrete fuzzy space on X . Notice that
A = {0.2,0.3} is compactly fuzzy closed set , but
its not fuzzy closed set.

Theorem 4.5. Let X be a fuzzy T, — space . A
fuzzy subset A of X is compactly fuzzy closed if
and only if A is fuzzy closed .

Proof = Let A be a compactly fuzzy closed
setin X and x, € A . Then by proposition ( 2.46
) , there exists a fuzzy net xz in A, such that
Xq, — Xg » then by corollary (3.13) , F =
{x&, »xq} is a fuzzy compact set . Since A is
compactly fuzzy closed , then AAF is a fuzzy
compact set . But X is a fuzzy T, — space , then
by theorem ( 3.14 ) , AAF is fuzzy closed .
Since xg, — x, and xz € AAF , then by
proposition (2.46) ,x, EAANF s0 x, €EA.
Hence A < A . Therefore A is a fuzzy closed set

< By proposition (4.3) .

5. Fuzzy regular compact space .

22
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This section contains the definitions |,
proportions about fuzzy regular compact space
and we give a new results .

Definition 5.1. Let (X, T) be a fuzzy space .
A family § of fuzzy subset of X is called a fuzzy
r- open cover of X if § covers X and¢ is
subfamily of TT.

Definition 5.2. A fuzzy space X is called
fuzzy r - compact if every fuzzy r- open of
cover X has a finite sub cover .

Example 5.3. The indiscrete
topological space is a fuzzy r - compact.

fuzzy

Proposition 5.4.  Every fuzzy compact
space is a fuzzy r - compact space.

The converse of proposition (5.4), is not true
in general as the following example shows :

Example 5.5. Let X ={a,b} and T =
{0,,1,,fn} where f,:X —[0,1] such that

fn(x)zl—% VYV XEX n=123 ..

Notice that the fuzzy topological space
(X,T) is fuzzy r - compact , but its not fuzzy
compact .

Remark 5.6.  The fuzzy space (X,T)is
fuzzy r- compact if and only if the fuzzy space
(X,TT) is fuzzy compact .

Proposition 5.7. Every fuzzy r- closed
subset of a fuzzy r- compact space is fuzzy r -
compact .

Proof : By remark ( 5.6 ), and theorem (
3.10).

Remarks 5.8

(i) Every fuzzy r - closed subset of a fuzzy
compact space is fuzzy r- compact .

(ii) Every fuzzy r- compact subset of a fuzzy
T, — space is fuzzy r - closed .

Proposition 5.9. Let X be a fuzzy compact
set of a fuzzy T, —space and A € I . Then :

(i) A is fuzzy closed if and only if A is fuzzy r-
closed .

(i) A is fuzzy compact if and only if A is fuzzy
r- compact .

Proof : (i) = Let A be a fuzzy closed set in
X . Since X is fuzzy compact , then by theorem (
3.10), A is a fuzzy compact set , so its fuzzy r-
compact . Since X is a fuzzy T, —space ,
then by remark (5.8 .1ii ), A is a fuzzy r-
closed set .

<Byremark(2.24 ).
(it) = By proposition (5.4).

< Let A bea fuzzy r- compact setin X . Since
X is a fuzzy T, —space , then by remark (5. 8.
ii), Ais fuzzy r- closed in X , and then its fuzzy
closed set . Since X is a fuzzy compact space ,
then by theorem ( 3.11 ), A is a fuzzy compact
setin X.

Proposition 5.10 Let X be a fuzzy space
and Y be a fuzzy regular open sub space of X,
K <Y.Then K is a fuzzy regular compact set in
Y if and only if K is a fuzzy regular compact set
inX.

Proof : = Let K be a fuzzy regular
compact set in Y . To prove that K is a fuzzy
regular compact set in X . Let {U;: 1 €A} be a
fuzzy regular open cover in X of K , let V) =
UyAY ,VA €A . ThenV, is fuzzy regular open
in X, VA€EA. But V) <Y , thus V; is fuzzy
regular open in Y, V1ea . SinceK <
VieaVs , then {Ih: 1 € A} is a fuzzy
regular open cover in Y of K , and by
hypothesis this cover has finite sub cover
a,,V,,.,Va,} of K, thus the cover {U;:1 €
A} has a finite sub cover of K . Hence K is a
fuzzy regular compact set in X.

& Let K be a fuzzy regular compact set in X .
To prove that K is a fuzzy regular compact set
inY . Let {U,:A € A} be a fuzzy regular open
cover inY of K .Since Y is a fuzzy regular open
subspace of X , then by proposition (2.22 .1 ),
{U;: A € A} is a fuzzy regular open cover in X of
K . Then by hypothesis there
exists {14,215, ... ... ,Am}, such that K < V3_, Uy
, thus the cover  {U,: A € A} has a finite sub
cover of K. Hence K is a fuzzy r - compact set
inY.




Journal of Kufa For Mathematics and Computers

vol .1. No 7 ,December , 2013, pp 14-27

Proposition 5.11 Let f:X > Y be a fuzzy
regular irresolute mapping . If A is a fuzzy
regular compact set in X , then f(A) is a fuzzy
regular compact setinY .

Proof : Let {G;:i € I} be a fuzzy regular open
of f(A)inY (ie., f(A) < Ve G;) . Since f is
fuzzy regular irresolute , then f~1(G,) is fuzzy
regular open set in X , Viel . Hence the
collection {f~1(G;):i € I} be a fuzzy regular
open cover of A inX .ie, A< fY(f(A) <
1 (Vier G)=Vies f1(G) , since A is fuzzy
regular compact set inX, there exists finitely
many indices iy, iy, ... ... i

Such that A < Vi, f~* (Gy)), so that  f(4) <
fOVIsa f7H(G)) = Vie f(FH(G))) <

Viz1 Gi; - Hence f(A) is a fuzzy regular
compact set .

6- Fuzzy regular compact mapping

The section will contain the concept of
fuzzy regular compact mapping and we give
new results .

Definition 6.1. Let X and Y be fuzzy spaces
. A mapping f:X —Y is called a fuzzy r-
compact mapping if the inverse image of each
fuzzy r- compact set in Y , is a fuzzy compact
setin X .

Example 6.2. Let X ={a},Y = {b} be sets
and T={04,1x,a1 / n=2,n€Z}, T=
{Ox,lx,bl_l /TlZZ,TlEZ+} be
topology on X and Y respectively .

fuzzy

Let f: X — Y be a mapping which is defined
by : f(a) = b . Notice that f is fuzzy r- compact

Proposition 6.3. If f:X — Y is a fuzzy r-
compact , fuzzy continuous , mapping and A is a
fuzzy clopen subset of Y , then f,: f~1(4) —
A is a fuzzy r- compact mapping .

Proof: Let K be a fuzzy r- compact subset of A
. Since A is a fuzzy open set in Y , then by
corollary ( 2.27) , A is a fuzzy r- open , and by

proposition (4.10 ) , K is a fuzzy r- compact set
in Y . Since f is a fuzzy r- compact mapping ,
then f~1(K) is fuzzy compact in X . Now |,
since A is a fuzzy closed setinY , and f is a
fuzzy continuous mapping , then f~1(A)is a
fuzzy closed set in X , thus by theorem ( 3.15) ,
f71(A) A f71(K) is a fuzzy compact set . But
fa ) = FTHA) AFTHK) L then £, (K) s
a fuzzy compact set in f~1(A) . Therefore f, is
a fuzzy r - compact mapping .

Proposition 6.4. If f:X —>Y,g:Y — Zare
fuzzy continuous mapping . Then :

() If f and g are fuzzy r- compact mappings ,
then g o f is a fuzzy r- compact mapping .

(ii) If g o f is a fuzzy r- compact mapping and
f isonto , then g is a fuzzy r- compact mapping

(iii) If g o f is a fuzzy r- compact mapping and
g is fuzzy r - irresolute and one to one , then f
is a fuzzy r- compact mapping .

Proof : (i) Let 4 be a fuzzy r- compact set in
Z , then g~1(A) is a fuzzy compact set in
Y,hence g~1(A) is a fuzzy r- compact set and
then f~1(g7*(4)) = (g° f)"(A) is a fuzzy
compact set in X . Hence gof:X —Z is a
fuzzy r- compact mapping .

(ii) Let A be a fuzzy r- compact set in Z , then
(g ° f)"1(A) is a fuzzy compact set in X , and
so f(g e f)71(A) is a fuzzy compact set in Y .
Now , since f is onto , then f(go f)~1(4) =
g~ t(4) , therefore g is a fuzzy r- compact
mapping .

(iii) Let A be a fuzzy r- compact set in Y . Since
g is a fuzzy r- irresolute mapping , then g(4) is
a fuzzy r- compact set in Z. Since gof is a
fuzzy r-compact mapping , then (geo
) 1(g(A)) is a fuzzy compact set in X . Since
g is one to one , then (geof)*(g(4) =
f~1(A) . Hence f~1(A) is a fuzzy compact set
in X . Then f is a fuzzy r- compact mapping .

Proposition 6.5. For any fuzzy r- closed
subset F of a fuzzy space X, the inclusion
ir: F — X is a fuzzy r- compact mapping .
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Proposition 6.6. If f:X — VY is a fuzzy r-
compact mapping and F is a fuzzy r- closed
subset of X , then f:F — Y is a fuzzy r-
compact mapping .

Proof : Since F is a fuzzy r- closed subset of X
, then by proposition ( 6.5 ) , the inclusion
ip: F — X is a fuzzy r- compact mapping . But
fir = f ° ir , then by proposition ( 6.4.1), f|,
is a fuzzy r- compact mapping .

7- Fuzzy regular coercive mapping .

The section will contain the definition of a
fuzzy regular coercive mapping and the relation
between fuzzy regular compact mapping and the
fuzzy regular coercive mapping .

Definition 7.1. Let X and Y be fuzzy spaces .
We say that a mapping f:X — Y is fuzzy r-
coercive if for every fuzzy r- compact set G <
Y, there exists a fuzzy compact set K < X such

that £(1,\K) < (1y\G) .

Example 7.2 If f:(X,T) > (Y,7) is a

mapping , such that X = {a} , T=

{0x,1x,a1 1 /n=3,n€eZ*} is a fuzzy
2 n

compact space and 7 any fuzzy topology on Y,
then f is a fuzzy r-coercive .

Proposition 7.3 If f:X —»Yand g:Y — Z
are fuzzy r- coercive mappings , then go f isa
fuzzy r - coercive mapping .

Proof : Let G be a fuzzy r- compact set in Z .
Since g is a fuzzy r- coercive mapping , then
there exists a fuzzy compact set K in Y , such
that g(1y\K) < (1;\G) , then by proposition
(5.4 ) ,K is fuzzy r- compact in Y. Since
f:X — Y isafuzzy r- coercive mapping .

Then there exists a fuzzy compact set H in
X such that

FANH) < (LK) — g(F (L)) <

9A\K) < (1\6) — (g ° H(Ix\H) <
(1,\G) . Hence gof is a fuzzy r- coercive

mapping .

Proposition 7.4  Every fuzzy r- compact
mapping is fuzzy r- coercive .

The converse of proposition ( 7.4 ) , is not true

in general as the following example shows :

Example 7.5. Let X = {a},Y = {b} be sets
and T:{Ox,lx,al_l/ TlZ3,TLEZ+},
2

T = {0y, b1, 1x} be fuzzy topology on X and Y
2

respectively .

Let f: X — Y be a mapping which is defined
by : f(a) =b . Notice that f is a fuzzy r-
coercive mapping , but its not fuzzy r- compact
mapping .

Proposition 7.6. Let X and Y be fuzzy
spaces , such that Y is a fuzzy T,- space , and
f:X — Y is a fuzzy continuous mapping . Then
f is fuzzy r- coercive if and only if f is fuzzy r-
compact .

Proof : = Let G be a fuzzy r- compact set
inY . To prove that f~1(G) is a fuzzy r-
compact set in X . Since Y is a fuzzy T, — space
, then by remark (5.8 .1ii), G is a fuzzy r-
closed setin Y , so it’s a fuzzy closed set . Since
f is a fuzzy continuous mapping , then f~1(G)
is a fuzzy closed set in X . Since f is a fuzzy r-
coercive mapping , then there exists a fuzzy
compact set K in X , such that f(1x\K) <
(1y\G) . Then f(K°) <G¢ therefore
f~Y(6G) < K .Thus f~1(G) is a fuzzy compact
setin X . Hence f is a fuzzy r- compact mapping

< By proposition ( 5.10).

Corollary 7.7 .If f:1X —>Y is fuzzy r-
compact and g g: X — Z is fuzzy r- coercive ,
then gof:X —Z is a fuzzy r- coercive
mapping .

Proposition 7.8. Let X andY be fuzzy
spaces and f:X — Y be a fuzzy r- coercive
mapping . If F is a fuzzy r- closed subset of X ,
then the restriction mapping f|:F —Y is a
fuzzy r- coercive mapping .

Proof : Since F is a fuzzy r- closed subset of X
, then by proposition ( 6.5) , the inclusion
mapping i:F — X is a fuzzy r- compact
mapping . But fi, = f o ip , then by corollary
(7.7), fiisafuzzyr- coercive mapping .

8 — Fuzzy regular proper mapping .

The section will contain the definition of
fuzzy regular proper mapping and addition to
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studying relation among fuzzy regular proper
mapping , fuzzy regular compact mapping and
fuzzy regular coercive mapping .

Definition 8.1. A fuzzy continuous mapping
f:X — Y iscalled fuzzy r - proper if

(i) fisfuzzyr - closed .

(i) f~(y,) is fuzzy compact , for all y, €
FP(Y) .

Corollary 8.2. If f:X —>Y and g:Y —> Z
are fuzzy r - proper mappings , then go f: X —
Z is afuzzy r- proper mapping .

Proof : Clearly .

Proposition 8.3. Let X,Y and Z be fuzzy
spaces and f:X —Y, g:Y —Z be fuzzy
continuous mappings , such that go f: X — Z
is a fuzzy r - proper mapping . If f is onto ,
then g is fuzzy r - proper .

Proof ;' (i) Let F be a fuzzy closed subset of Y
, since f is fuzzy continuous , then f~1(F) is
fuzzy closed in X . Since gof is a fuzzy r -
proper mapping , then (g o £)(f ~1(F)) is fuzzy
r - closed in Z . But f is onto , then (geo
Y YF)) =g(F) . Hence g(F) is fuzzy r -
closed in Z .Thus g is a fuzzy r - closed
mapping .

(ii) Let Z, € FP(Z) . Since g o f is a fuzzy r -
proper mapping , then (gof) (z,) =
f‘l(g‘l(za)) is fuzzy compact . But f is fuzzy
continuous , then £(f~*(g7*(z4)) ) is a fuzzy
compact set Since f is onto , then
F(F (974 (z)) ) = g~ (zy) is fuzzy compact
. Thus g is fuzzy r - proper .

Proposition 8.4. Let X,Y and Z be fuzzy
spaces and f:X —Y , g:Y —Z be fuzzy
continuous mappings , suchthatgo f: X — Z is
a fuzzy r - proper mapping . If g is one to one ,
then f is fuzzy r - proper .

Proof : (i) Let F be a fuzzy closed subset of X
. Then (g o f)(F) isafuzzy r— closed setin Z
. Since g:Y — Z is a one to one , fuzzy r -

irresolute , mapping , then g=* (g(f(F))) =

f(F) is fuzzy r - closed in Y. Hence f: X — Y
is fuzzy r - closed .

(ii) Let y, € FP(Y) , then g(y,) € Z . Now,
since go f: X — Z is fuzzy r - proper and g is
one to one , then (gof) 1(g(y)) =
(g7 (90)) =f 0w s fuzzy
compact . Therefore the mapping f is fuzzy r -
proper .

Proposition 8.5. If f:X — Yisafuzzyr-
proper mapping , and A is a fuzzy r - closed set
in X', then the restriction mapping f|,:A — Y is
a fuzzy r - proper mapping .

Proof (i) Since A is fuzzy r - closed , thus
by proposition ( 2.38 ), f|, is a fuzzy r - closed

mapping .

(ii) Let y, € FP(Y) . Since f is a fuzzy r -
proper mapping , then f~1(y,) is a fuzzy
compact set in X . Since A is a fuzzy closed set
in X , then by theorem (3.15), AA f1(y,) is
a fuzzy compact set . But (f|,)"'(yo) =AA
f'(ve) . then (fi,)7'(y,) is a fuzzy compact
setin A . Since by proposition (2.33), fj, is
fuzzy continuous , thus f,:A — Y s a fuzzy
proper mapping .

Proposition 8.6. If f:X — Y is afuzzyr -
proper mapping , then f is a fuzzy r- compact

mapping .

Proof . Let K be a fuzzy r - compact subset of

Y and let {U;},en be a fuzzy open cover of
fY(K) . Since f is a fuzzy r - proper mapping

, then f~1(k,) is a fuzzy compact set
V ke €K . But [ l(ky) <fHK)<
Vaea Uy , thus there exists n; , such that

f_l(ka) < V;Lli1 U/’l . Let Unk = V:{i1 UA
Thus , for all k, € K , there exists n; such that
f~'(kg) < Uy, . Notice that for all k, €K ,

ke < (LVF(1x\Un)) = K < Viger 1\

f(lX\Unk)) , but the sets (1y\f(1X\Unk)) are
fuzzy open sets . Then by remark ( 5.6 ) , K is
fuzzy compact . So there  exists
Mk Mok s e ey i, SUCh  that K <
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Vi (10 (1x\Un,, ) — f7H) <
VieyUn,, - Therefore f=1(K) is a fuzzy

compact set in X . Hence the mapping f: X — Y
is a fuzzy r - compact mapping .

Proposition 8.7. Let X and Y be fuzzy
spaces , such that Y is a fuzzy T, — space ,
fuzzy compact and fuzzy sc - space . If
f:X — Y is a fuzzy continuous mapping , then
f is fuzzy r - proper if and only if f is fuzzy r —
compact.

Proof : = By proposition (8.6) .

< To prove that f is a fuzzy r- proper mapping

(i) Let F be a fuzzy closed subset of X . To
prove that f (F) is a fuzzy r —closed set in Y, let
K be a fuzzy compact set in Y . Then f~1(K) is
a fuzzy compact set in X , then by theorem (
2.1.22), FAfY(K) isafuzzy compact set
in X . Since f is fuzzy continuous , then
f(FAfYK) ) is a fuzzy compact set in Y .
But f(FAfYK))=f(F)AK , then
f(F)AK is fuzzy compact , thus f(F) is a
compactly fuzzy closed set in Y . Since Y is a
fuzzy T, — space , then by theorem ( 4.5),
f(F) is a fuzzy closed set in Y . Hence by
proposition ( 5.9 ), f is a fuzzy r - closed
mapping .

(ii) Let y, € FP(Y) , since Y is a fuzzy sc -
space , then y,, is fuzzy compact in Y . Then its
fuzzy r - compact . Since f is a fuzzy r -
compact mapping , then f~1l(y,) is fuzzy
compact in X . Thus f is fuzzy r - proper

mapping .

Proposition 8.8. Let X and Y be fuzzy
spaces , such that Y is a fuzzy compact space ,
fuzzy sc - space and fuzzy T, — space and
f:X — Y is a fuzzy continuous mapping . Then
the following statements are equivalent :

(i) f isafuzzy r - coercive mapping .
(i) f is a fuzzy r - compact mapping .

(iii) f is afuzzy r - proper mapping .
Proof :

(i) — (ii) By proposition (7.6) .

(ii) — (iii) By proposition (8.7) .

(iii) — (i) Let G be a fuzzy r - compact set in
Y . Since f is fuzzy r - proper , then by
proposition ( 8.6 ) , f is a fuzzy r - compact
mapping , then f~1(G) is a fuzzy compact set
in X . But f(1x\f 1(G)) < (1,\G) . Then
f:X — Yisafuzzy r - coercive mapping .
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