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Abstract

This paper introduces the concepts fuzzy pre-
Hilbert spaces and fuzzy co-pre-Hilbert spaces
and proves some theorems in this subject.
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1. Introduction

The notion of fuzzy pre-Hilbert spaces can
be considered as the generalization of that notion
of pre-Hilbert spaces. The definition of these
spaces has been introduced in [3, 4]. The study
mentions the definition of fuzzy pre-Hilbert space
and then it introduces a definition for fuzzy co-
pre-Hilbert space and discusses some properties
on this subject.

2. Preliminaries

Definition(2.1):[1] A binary operation *
:[0,1]%[0,1]—[0,1] is a t- norm if * is

satisfies the following conditions:
(i) *Is commutative and associative;
(i) ax 1=aforalla € [0,1];

(iii)a * b < ¢ * dwhenevera < c and

a<d

a,b,c,d€]0,1].

Definition(2.2):[2,5] A binary operation
0:[0,1]%[0,1]—[0,1] is a t-conorm if o is satisfies

the following conditions:
(i) o Is commutative and associative;
(ii) ae 0=aforalla € [0,1];

(iii)a o b < c o dwhenevera <

candb <d,and a,b,c,d € [0,1].

Definition (2.3): [4] Let X be a real vector space,
* be a continuous t-norm on 1= [0, 1]. A function
F:: XXX X R — [0,1] is called a fuzzy pre-
Hilbert function if satisfies the following axioms
forevery x,y,z€ Xand s,t,r €R

(1) F (x,x,0) =0and F (x,x,t) > 0 forall
t>0;

(2) F (x,x,t) # H(t) forsomet ER & x +
0;

@) F(x,y,t) =F (y,x,1);

(4) For any real number a
t

F (x, Y, ;) ,a>0

F(ax,yt) =\ H(t) a=0

1—F(x,y,_—ta) ,a<0
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B)F (x,x,t) *F (y,y,s) <F(x+y,x+
y,t+5s);

(6) Sups+r=t(F (x,z,5) *F (y,2, T)) =
F(x+y,zt);

(7) F (x,y,.): R - [0, 1] is continuous on
R/{0};

(8) lim;, F (x,y,t) = 1.

(X, F,*) is a fuzzy pre-Hilbert space.

1 ,t>0

Note: H(t) :{0 Ti<o0

Lemma (2.4): [3] If (X, F,*) is a fuzzy pre-Hilbert
space then F (x,y, t) is non-
decreasing with respect to t,
foreachx,y € X .

Proof: Lett < s forall s,t € R,
F(x,yt)=F(xyt)*x1= F (x,y,t) *
F(0,0,s —t) < F(x,y,s).

Lemma (2.5): If (X, F,*) is a fuzzy pre-Hilbert
space then:

(1) F (ax,ay,t) =F(x,y, %)for all

a€R/{0}. (@QFx-yx—yt)=FQ@y-
X,y —x,t)

Proof: (1) and (2) are directly from axiom (4).

Theorem (2.6): [3] (Schwartz inequality) If
(X, F,*) is a fuzzy pre-Hilbert space then:
F (x,y,ts) = F (x,x,t?) *F (y,v,52).

3. Main results

Definition (3.1): Let X be a real vector space, o
be a continuous t-conorm on I=[0, 1]. A
function F: : X X X X R — [0,1] is called a
fuzzy co-pre-Hilbert function if satisfies the
following axioms for every x,y,z € X and
s, t,r €ER:

1) F(,x,0)=1and F (x,x,t) <1 for
allt >0;

(2) F (x,x,t) # H(t) forsomet ER &
x + 0.

@) Flxyt)=F (.xt);

(4) For any real number a

T(x,y,é) ,a>0
Flax,yt) =<H(t) ,a=0
1—T(x,y,_—ta) ,a<0

B) Fx,t)eFy,y,s)2F(x+yx+
y,t+5);

6) supsir=¢(F (x,2,5) e F(y,2,1)) =
Fx+yzt);

(7) F (x,y,.):R — [0,1] is continuous on

R/{0};
8) limiL F (x,y,t) = 0.

(X, F,o) is a fuzzy co-pre-Hilbert space.

1 <0

Note: H() = {0 £>0

=1 — H(t)

Lemma (3.2): If (X, F,°) is a fuzzy co-pre-Hilbert
space then F (x, y, t) is non-increasing with
respect to t, foreach x,y € X .

Proof: Lett < sforall s,t ER, F (x,y,t) =
F (x,y,t) o 0=F (x,y,t) o F (0,0,s — t) =
F (x,y,5).

Lemma (3.3):(1) F (ax,ay,t) = F(x,y, é)
foralla € R/{0}.

@QFx—-—yx—yt)=F@y -
X,y —xt)

Proof: (1) and (2) are directly from axiom (4).
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Theorem (3.4): Let (X, F,*) is a fuzzy pre-Hilbert
space. Define F = 1 — F then
(X, F,0) is a fuzzy co-pre-Hilbert
space.

Proof: Forall x,y,z € X and t,s,r € R.

MDFxx,0=1—F(x,x,00=1-0=1
and F (x,x,t) =1—F(x,x,t) <1-0=1
forallt > 0;

(2) Suppose F (x, x,t) # H(t) for some
tERSF(xxt)+#H(t) ©1—
F(x,x,t)+1—-H(t) = F(x,x,t) + H(t)
= x # 0

Q)F(x,y,t) =1—F (x,y,t) =1—
F(,xt)= F(y,x,t)

(4)For any real number a

Flax,y,t)=1—-F(ax,y,t)

F(x,y,é) ,a>0
=1—< H(t) ,a=20
1—F(x,y,£),a<0
T(x,y,é) ,a>0
=< H(t) ,a=20
1—T(x,y,£) ,a<0
B)F (x,x,t) o F (y,y,5) =(1=F(x,x,t)) o (1 —
Fy,y,s)=1-Fxx,t)*F(y,y,s) <1-
Fx+yx+yt+s)=F(x+yx+yt+s);

(6) Sups+r=t(g: (x' Z, S) ° T(:V! Z, T))
=SUDsyr=t ((1 -F (x, Z, S)) ° (1 - T(Y: Z, T')))

=1 — supsyr=t(F(x,2,5) * F(y,z,7)) = 1 —
F(x+y,z,s+r)=F(x+y,zs+T7)

(NF (x,v,.): R - [0,1] is continuous on R /{0};

B)limiL e F (x,¥,t) =lim; (1 — F(x,y,t))
=1-1=0.

Therefore (X, F,0) is a fuzzy co-pre-Hilbert space.

Theorem (3.5): (Schwartz inequality) Let
(X, F,o) is a fuzzy co-pre-Hilbert space then:
F (x,y,ts) < F (x,x,t%) o F (y,y,52).

Proof: F (x,y,ts) =1—F (x,y,ts) <1 —
F (x,x,t%) = F (y,y,52)

=1—(1—=F (x,x,t?)) *
(1-F ,9,52))=F (x,x,t?) o F (y,5,52).

The orthogonality:

Definition (3.6): [3] Let (X, F,*) be a fuzzy pre-
Hilbert space. A subset A of X is called fuzzy
orthogonal if x Ly, foreach x,y € A(i.e. At=
{xeX:x Ly Vye€A}.

Definition (3.7): [3] Let (X, F,*) be a fuzzy pre-
Hilbert space. x, y € X is said to be fuzzy
orthogonal if F (x,y,t) = H(t)Vt € Randitis
denoted by x L y.

Theorem (3.8): Let (X, F,*) be a fuzzy pre-
Hilbert space. And A c X;

(1) The relation of orthogonality is symmetric
(i.e.ifx L ythen y 1 x).

@ fxLythenax Ly Va€eR.
(3) Let A c B then B+ c A,

4 A c A+t

(5) LetA c Bt & B c At

G)fx Lxeox=0VteR.
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(7) X+={0}vt€ER.
(8) ANAt ={0} VtER.
(9) The zero vector is orthogonal to every vector.

Proof: (1) If x L y then by definition (3.7)
F (x,y,t) = H(t) V t € R, but
F (x,y,t) = F (y,x,t) then
F(y,x,t) =Ht)VtER =
y 1 x.

2 Ifx LythenF (x,y,t) =H(t)VtE
R, x,y € X.

(F (x,y,é) ,a>0
F(ax,y,t) =< H(t) , a=0
\1—-F (x,y,_—ta) ,a<0
AHE)

= <H(t) =H(t)

\ t
1—H(3)
> axly

(3) LetxeB* = x Ly Vy€B,since
AcB= x1lyVyeA

x € Al = BL c AL

(4) Letx € AthenF (x,y,t) = H(t) Vy €
At = x e At = Ac At

(5) LetAc B* = B ¢
AL(by 3) =from (4) Bc Bt  c Al =
B c A*.

(6) Letx € X and x L x then from definition
B7NF(xx,t)=Ht)VtER=x=0
vV t € R (by axiom2).

Letx =0= F (x,x,t) =F (0,0,t) =
H(t) V't € R(by axiom 4) then x L x
vV t € R(by definition 3.7)

(7) Letx e Xt = F(x,y,t) =H{)VtE
Rand Vy € X.

Sincex € X then F (x,x,t) = H(t)
=x=0forallteR =Xt ¢
{0} forallt €R

Since 0 € Xt = {0} c X+ = Xx'=
{0} forallt €R.

(8) Letx e ANAt > x€Adandx € At =
F(x,x,t) =H({t)VtER

=x1lxVxeEA=>x=0= x € {0}
= ANA* € {0}forallt €R.

0EAand0L0=0€Al=0¢€
ANAL. Then {0} € ANAL = ANAL =
{0} forallt €R.

(9) For every vector x € X, we have
F(0,x,t) =H(t)VtER

Therefore 0 L x Vx € X.

Theorem (3.9): (parallelogram law) Let (X, F,*)
is a fuzzy pre-Hilbert space then, F (x + y, x +
v, 4t2)*F (x —y,x — y,4s%) <F (x,x,(t +
5)2).

Proof: F(x + y,x +y,4t?) «F (x —y,x —
y,45%) < F (2x,2x,4 t*> + 45%) =

F (2x,2x,4t> +45%) « 1 =F (x,x,t> + s%) *
F(0,0,2ts) < F(x,x, (t + 5)?).

Theorem :( 3.10) Let A be a non-empty subset of
a fuzzy pre-Hilbert space X. Then A% is closed
fuzzy subspace of X.

Proof: Since F (0,x,t) = H(t)VxeEA= 0 €
At then At # p.letx,y € Atand a,B,7 €
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RF (x,z,r) =H(r) Vze Aand F (y,z,r) =
H(r) VzeA

Forevery z € Awe have:lfa > 0,8 >0
t
F (ax+ By, z, 1) = supsys—r(F (x, Z, E) *

F(nzaz)=H@H(5)= H@©~H(E) =
H(r)vr eR.

fa<0,<0

F(ax + By, z,r) = Supt+s=r((1 -
F (x, Z, i)) * (1 —F (y, z, _iﬂ)>) = H(r)

fa=0,=0
F (ax + By,z,r) =F (0,z,r) = H(r) Vr €R.

Ifa<0,=00ra=0,<00ra>0,=0
ora=0,8>0

F(ax+By,z,r)=H@F) = ax + py e At =
A% is a fuzzy subspace.

Letx € AL 3 {x,} in Atsuch that x,, - x

Letye A= F (x,,y,t) =H(t) Vn €
Ztandt €R (x, € AtVvnezZ™).

Sincex,, > x = F (x,,y,t) > F (x,y,t) =
H(t) forall y € A.

= x € At = AL = 4+ = Al is closed fuzzy
subset of X.

Definition (3.11): Let (X, F,0) be a fuzzy co-pre-
Hilbert space. A subset A of X is
called fuzzy orthogonal if x L y, for
each x,y € A.

Definition (3.12): Let (X, F,0) be a fuzzy co-pre-
Hilbert space. x, y € X is said to be fuzzy
orthogonal if F (x,y,t) =H(t)VtER
and itis denoted by x L y .

Vol.1, No.7, June 2013, pp 1-6

Theorem (3.13): Let (X, F,0) be a fuzzy co-pre-
Hilbert space. And A c X;

(1) The relation of orthogonally is symmetric (i.e.
if x L ythen y L x).

2 IfxLythenax Ly Va€eR.

(3) Let A c B then B+ c A,

(4) A c AL,

(5) LetAc Bt < B c At

6)fx Lxeox=0VteR.

(7) Xt={0}vt€R.

(8) ANAt ={0}VteR.

(9) The zero vector is orthogonal to every vector.

Proof: (1) If x L y then by definition (3.13)
F (x,y,t) =H () VtE€R but
F (x,y,t) =F (y,x,t) then F (y,x,t) =
HE)VtER = y L x.

2 Ifx LythenF (x,y,t) =H()VLtE
R,x,y € X.

(F (x,y,é) ,a>0

F (ax,y,t)

Il
A

H(t) ,a=0
xl—T(x,y,_—ta) ,a <0
(30(¢)

=< H®) =H()

1-#H()

(3) LetxeBt = x Ly Vy€B,since
AcB= x1lyVy€eAxeAl =
Bt c AL
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() Letxe A= F (x,y,t) =H()Vy €
A= xeatt = Acat

(4) LetAc Bt = Bl* ¢
AL(by3) =from(4) Bc Bt c At =
B c AL

(5) Letx € X and x L x then from definition
BLYF(xt)=H({t)VtER=x =
0Vt € R (byaxiom2).

Letx=0= F (x,x,t) =F (0,0,t) =
H(t) vVt € R(by axiom 4) then x L x
Vv t € R(by definition 3.13)

(6) Letx eXt = F (x,y,t) =H({)VtE
Rand Vy € X.

Since x € X then F (x, x,t) = H (t)
=x=0forallteR= X' ¢
{0}forallt € RSince0 € X+ = {0} cx! =
X+={0} forallt € R.

(7) Letx e ANAt = x€Adandx € At =
Fl,x,t) =H(({)VtER

=xlxVxEA=x=0=x€
{0} = ANAt c {0}forallt e R.0 €
Aand 0L 0= 0€ At = 0 € ANAL.
Then {0} € ANA* = ANAt = {0}
forallt € R.

(8) For every vector x € X, we have
F (0,x,t) = H(t) Vt €R. Therefore
0LxVxeX.

Theorem (3.14): (parallelogram law) Let
(X, F,°) be a fuzzy co-pre-Hilbert space
then:

Fx+y,x+y,4t)oF(x—y,x—
y,452) > F (x,x,(t+5)?)

Proof: F (x + y,x +y,4t?) o F (x —y,x —
y,45%) > F (2x,2x,4t> + 4s%) =

F (2%,2x,4t2 +45%2) 0 0=F (x,x,t> +5%) 0
F(0,0,2ts) = F(x,x, (t+5)?).
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