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Abstract 

      This paper introduces the concepts fuzzy pre-

Hilbert spaces and fuzzy co-pre-Hilbert spaces 

and proves some theorems in this subject.  
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1. Introduction 

        The notion of fuzzy pre-Hilbert spaces can 

be considered as the generalization of that notion 

of pre-Hilbert spaces. The definition of these 

spaces has been introduced in [3, 4]. The study 

mentions the definition of fuzzy pre-Hilbert space 

and then it introduces a definition for fuzzy co-

pre-Hilbert space and discusses some properties 

on this subject. 

2. Preliminaries 

Definition(2.1):[1] A binary operation    

:[0,1] [0,1]→[0,1] is a t- norm if   is 

satisfies the following conditions: 

       (i)   Is commutative and associative; 

       (ii)                     ,   -   

(iii)                               and 

    

        ,   -. 

Definition(2.2):[2,5] A binary operation   

 :[0,1] [0,1]→[0,1] is a t-conorm  if   is satisfies 

the following conditions: 

       (i)    Is commutative and associative; 

       (ii)                     ,   -  

       (iii)                            

                        ,   -  

Definition (2.3): [4] Let   be a real vector space, 

  be a continuous t-norm on  = [0, 1]. A function 

         ,   - is called a fuzzy pre-

Hilbert function if satisfies the following axioms 

for every         and         

(1)   (     )    and    (     )    for all 

    ; 

(2)   (     )   ( ) for some       

  ; 

(3)   (     )    (     ); 

(4) For any real number   

                                    .    
 

 
/                       

        (       )       ( )                                                                                                            

                                    .    
 

  
/            
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  (5)   (     )    (     )    (      

     )  

(6)         (  (     )    (     ))  

  (       )  

(7)   (     )   ,   - is continuous on 

 * +⁄ ; 

(8)         (     )     

(     ) is a fuzzy pre-Hilbert space. 

Note:         ( )    {
               
               

 

Lemma (2.4): [3] If (     ) is a fuzzy pre-Hilbert 

space then   (     ) is non-

decreasing with respect to t, 

for each       . 

Proof: Let     for all      , 

   (     )    (     )   =    (     )   

  (       )   (     )  

Lemma (2.5): If (     ) is a fuzzy pre-Hilbert 

space then: 

         ( )   (        )   (    
 

  
 ) for all 

    * +⁄  .        (2)  (          )   (  

        )   

Proof: (1) and (2) are directly from axiom (4). 

Theorem (2.6): [3] (Schwartz inequality) If 

(     ) is a fuzzy pre-Hilbert space then: 

  (      )    (      )    (      ). 

3. Main results                     

Definition (3.1): Let   be a real vector space,   

be a continuous t-conorm on  =[0, 1]. A 

function          ,   - is called a 

fuzzy co-pre-Hilbert function if satisfies the 

following axioms for every         and 

       : 

(1)   (     )    and    (     )    for 

all     ; 

(2)   (     )   ( ) for some     

   . 

(3)  (     )    (     ); 

(4) For any real number   

                                  .    
 

 
/                      

     (       )       ( )                                 

                                   .    
 

  
/              

(5)   (     )    (     )    (      

     )  

(6)         (  (     )   (     ))   

  (       )  

(7)   (     )   ,   - is continuous on 

 * +⁄ ; 

(8)         (     )     

     (     ) is a fuzzy co-pre-Hilbert space. 

                            

Note:         ( )    {
             
             

  

                                =   ( ) 

Lemma (3.2): If (     ) is a fuzzy co-pre-Hilbert 

space then   (     ) is non-increasing with 

respect to  , for each       . 

Proof: Let     for all      ,   (     )  

  (     )   =   (     )    (        )  

  (     )  

Lemma (3.3):( )   (        )   (    
 

  
 ) 

for all    * +⁄  . 

                    (2)  (          )   (  

        )   

Proof: (1) and (2) are directly from axiom (4). 
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Theorem (3.4): Let (     ) is a fuzzy pre-Hilbert 

space. Define       then 

(     ) is a fuzzy co-pre-Hilbert 

space. 

Proof: For all         and          

( )   (     )     (     )        

and    (     )     (     )        

for all     ; 

(2) Suppose   (     )   ( ) for some 

      (     )   ( )      

  (     )     ( )    (     )    ( ) 

       

     (3) (     )      (     )    

  (     )             (     ) 

     (4)For any real number   

         (       )     (       ) 

           

                 .    
 

 
/                                

        ( )                              

                   .    
 

  
/              

         .    
 

 
/             

=     ( )                              

          .    
 

  
/           

(5)   (     )    (     )  (1  (     ))  (  

 (     ))    ( (     )   (     )    

  (           )=   (           ); 

(6)         (  (     )   (     )) 

=        .(    (     ))  (   (     ))/ 

=          ( (     )   (     ))    

 (         ) =   (         )  

(7)  (     )   ,   - is continuous on  * +⁄ ; 

(8)        (     ) =      (    (     )) 

=       

Therefore (     ) is a fuzzy co-pre-Hilbert space. 

Theorem (3.5): (Schwartz inequality) Let 

(     ) is a fuzzy co-pre-Hilbert space then: 

  (      )    (      )    (      ). 

Proof:   (      )      (      )    

  (      )    (      ) 

     =  (    (      ))   

(    (      ))=   (      )    (      ). 

The orthogonality: 

Definition (3.6): [3] Let (     ) be a fuzzy pre-

Hilbert space. A subset        is called fuzzy 

orthogonal if      , for each      (i.e.   = 

{               +)                                                                     

Definition (3.7): [3] Let (     ) be a fuzzy pre-

Hilbert space.       is said to be fuzzy 

orthogonal if    (     )   ( )       and it is 

denoted by      . 

Theorem (3.8): Let (     ) be a fuzzy pre-

Hilbert space. And      

 (1) The relation of orthogonality is symmetric 

(i.e. if     then     )  

(2) If     then              . 

(3) Let     then        

(4)     
 

. 

(5) Let            . 

(6) If                .  
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(7)   = {0}      . 

(8)      * +          

(9) The zero vector is orthogonal to every vector. 

Proof: (1) If     then by definition (3.7) 

  (     )   ( )      , but   

  (     )    (     ) then 

  (     )   ( )        

          

(2) If     then   (     )   ( )     

                                                            

                              .    
 

 
/                    

  (       )       ( )                                                                                                                                                                        

                               .    
 

  
/                              

                             (
 

 
 )             

                    =     ( )                =  ( ) 

                              (
 

  
)  

                             

(3) Let                    , since  

                

            

(4) Let     then   (     )   ( )    

       
 
     

 
. 

(5) Let           
 
 

  (    )  from (4)     
 
    

    . 

(6) Let     and     then from definition 

(3.7)   (     )   ( )           

      (by axiom2). 

        Let        (     )    (     )  

 ( )      (by axiom 4) then     

     (by definition 3.7) 

(7) Let           (     )   ( )     

             

          Since     then   (     )   ( ) 

                      

* +              

          Since        * +         =   

{0}            . 

(8) Let                      

  (     )   ( )       

                 * +  

      * +             

                      

      Then * +            

* +              

(9) For every vector      we have  

  (     )   ( )       

          Therefore           

Theorem (3.9): (parallelogram law) Let (     ) 

is a fuzzy pre-Hilbert space then,   (      

      )    (             )     (    (   

 ) ). 

Proof:   (            )    (      

       )    (               )  

  (               )    =  (         )  

 (       )   (    (   ) )  

Theorem :( 3.10) Let   be a non-empty subset of 

a fuzzy pre-Hilbert space  . Then    is closed 

fuzzy subspace of    

Proof: Since   (     )   ( )          

   then     .Let        and       
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   (     )   ( )       and   (     )  

 ( )       

For every     we have:If         

  (         )          (  .    
 

 
/  

  .    
 

 
/)=   (

 

 
)  .

 

 
/ =        ( )   ( )  

 ( )     . 

If         

   (         )          ((  

  .    
 

  
/)  (    .    

 

  
/))   ( ) 

If         

  (         )    (     )   ( )     . 

If         or         or         

or         

   (         )   ( )            

   is a fuzzy subspace. 

Let     ̅̅ ̅̅    {  + in   such that      

Let        (      )   ( )     

           (    
        )  

Since          (      )    (     )  

 ( ) for all      

        ̅̅ ̅̅        is closed fuzzy 

subset of  . 

Definition (3.11): Let (     ) be a fuzzy co-pre-

Hilbert space. A subset         is 

called fuzzy orthogonal if      , for 

each        

Definition (3.12): Let (     ) be a fuzzy co-pre-

Hilbert space.       is said to be fuzzy 

orthogonal if    (     )   ( )       

and it is denoted by     . 

Theorem (3.13): Let (     ) be a fuzzy co-pre-

Hilbert space. And       

 (1) The relation of orthogonally is symmetric (i.e. 

if     then     )  

(2) If     then              . 

(3) Let     then        

(4)     
 

. 

(5) Let            . 

(6) If                .  

(7)   = {0}      . 

(8)      * +         

(9) The zero vector is orthogonal to every vector. 

Proof: (1) If     then by definition (3.13) 

  (     )   ( )       but     

  (     )    (     ) then   (     )  

 ( )              

 (2) If     then   (     )   ( )     

         

                                        .    
 

 
/                                         

   (       )                 ( )                                                                                         

                                           .    
 

  
/        

                                        ( ) 

                               =       ( )         =  ( ) 

                                         (
 

  
 )         

(3) Let                    , since          
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(3) Let       (     )   ( )    

       
 
     

 
. 

(4) Let           
 
 

  (    )  from (4)     
 
    

    . 

(5) Let     and     then from definition 

(3.13)   (     )   ( )         

        (by axiom2). 

        Let        (     )    (     )  

 ( )      (by axiom 4) then     

     (by definition 3.13) 

(6) Let           (     )   ( )     

             

             Since     then   (     )   ( ) 

                       

* +           .Since        * +       

  = {0}            . 

(7) Let                      

  (     )   ( )       

                 

* +        * +              

                         

Then * +             * + 

             

(8) For every vector      we have  

  (     )   ( )      . Therefore 

          

Theorem (3.14): (parallelogram law) Let 

(     ) be a fuzzy co-pre-Hilbert space 

then: 

            (            )    (      

       )               (    (    ) ) 

Proof:   (            )    (      

       )    (                   )  

  (               )    =  (         )  

 (       )      (    (   ) )  

 

References  

[1] A. George and P. Veeramani, (1994) “On 

some results in fuzzy metric spaces,” Fuzzy 

sets and systems, vol.64, no. 3, 395 –399.  

[2] Chris Cornelis, Glad Deschrijver, Etienne E. 

Kerre, (2004), “Implication in intuitionistic 

fuzzy andinterval-valued fuzzy set 

theory:construction, classification, 

application”, International Journal of 

Approximate Reasoning , 35 , 55–95.  

[3] M. Goudarzi, S. M. Vaezpour, Saadati, (2009) 

“On the intuitionistic fuzzy inner  product 

spaces”, Chaos Solitons and fractals, 41, 

1105 – 1112. 

[4] M. Goudarzi, S. M.Vaezpour, (2009) “On the 

definition of fuzzy Hilbert spaces   and its 

application”, J.Nonlinear Sci.Appl., 2, no.1. 

[5]V. Gregori, S. Romaguera, P. Veereamani, 

(2006), “A note on intuitionistic fuzzy metric 

spaces”, Chaos Solitons and fractals 28, 902 

– 905. 

 


