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Abstract— The maximal graph is a finite graph for any two x, y vertices that are joined if (x, y) is a maximal
subgroup and is denoted by I,..In this paper, we will present an algorithm for calculating the graph of I, Cn
Where we will study several cases of the value of n so there will be an algorithm for each case. To calculate the
maximum number of subgroups of the cyclic group C,,. We’ll employ the Gap program. and use this to find some of

the properties of the maximal graph.
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I. INTRODUCTION

Let G be a finite group. Computing or studying the
probability of satisfying the condition between two elements
in a group is an important application of computational group
theory. Erfanian In 2013, certain facets of probability within
finite groups were presented with others [2], one of which
probability to compute the probability that two components
from G selected at random, generate a Maximal subgroup,
then the Maximal degree is defined by [1]

. <
Py (G) = {x,y)eGxaG (x,lgG/)IZ_Max G,Vx,y € G}

, where |G| is the order of the group G . We present some
results on probability in cyclic groups C,, such that the cyclic
group is presented by C, = {e,a,a? a3,-,a™ 1} , and we
examine a straightforward undirected graph devoid of loops
and many edges. Suppose that " is a graph, the collection of
vertices and edges of I' will be represented by V(T') and E(T),
correspondingly. deg(v) denotes a vertex’s degree,v € V(I),
and it is commonly known that deg(v) = |[Max(v)| , where
|[Max(v)| is denotes the order of the vertex.

Consider a graph with vertices v,,..,v, and
corresponding degree sequence (deg(v,),...,deg(v,)) . A
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realisation of d(T') is any graph with the degree sequence d
given by [6, 11]. We can present it by

nS

.u(ns)>

ny n;
dT) = (u(nl) 1(nz)
, Where n; are degree vertices and u(n;) , are multiplicities,
and the Max graph (V,E) = [y (G) is defined by the set of
all vertices V(Tyq(G)) = {v:Vv € G} and the edge set is
defined E(Twax(G)) = {{x, ¥}|(x,¥) < TwaxG} , Where (x,y)
is a Maximal subgroup of the group. One of the probabilities
to compute the number of maximal degree elements of C,[10].

Il. NUMBER THEORY FUNDAMENTALS

The Euler function, denoted by ¢(n), counts the
number of substantially prime non-negative integers fewer
than n, or function ¢.[5] There is a distinct prime factor
decomposition for each integer n. n=p;ip,?-p.t
Moreover, this decomposition is referred to as the canonical
prime factorization of n,asp; < p, < - < p;.

where a; 2 0Vi,i=1,--,t and p; is a prime
number. Thus, ¢(n) = @(p;") = M (p" — p;™*) defines the
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Euler function ¢ , and define the functions t(n) and o(n) , as
follows n be a positive integer :

1- 1(n) = aln,a € Z* , where a the number of divisors
of n;
2- o(n) =Y a;|n, the sum of divisors of n.

111. REVIEWED LITERATURE

In 1973, Gustafson investigated the question: What proportion
of pairs of elements in a group commute? Interest in applying
probabilistic methods to finite groups has grown significantly
over the past decade compared to the preceding 30 years [1].
In 2013, Erfanian and collaborators introduced certain
probabilistic concepts in this context [2]. Shelash et al
developed a method to determine the number of subgroups in
a finite abelian p-group [8]. In 2019, Lazorec introduced the
notion of finite groups, the relative cyclic subgroup
commutativity degrees [3]. This article will analyze and
compute the number of elements of maximal degree in the
groups Zyn and Z,mgn. Additionally, a formula for calculating
the probability of maximal degree, denoted Pp,.,(G), will be
derived.

IV. MAXIMALITY GRAPH

In this section, we will present a new graph, which is
named the Maximality graph and denoted by T, (G). Let
I'(V, E) be afinite graph, V(T) is a set of all vertices and E (')
is a set of all edges of the graph T,

The maximal graph is a finite graph, denoted by
Tyax(V, E), Where V(Ty.,) is a set of all vertices that are
elementary of the group G and E (T',,,) is a set of all edges of
the graph [y, for any two elements x and y , they are joined
if (x,y) is a maximal subgroup of the group G.

We recall that the number of edges of any graph is

computed by |E()| = W.
Now, we will introduce some of the relations

between the number of edges and the probability degree of
maximal subgroups.

Definition 4.1 Let I be a finite graph, the degree
sequence matrix of the graph I' is defined by :
A(T) = (deg,,1 degv2 degvk)
Z) A2 Ak
Where deg,, is a degree of vertex and 4; is a multiple of a
degree vertex deg,, , where i = 1,--+, k

For example A(K3) = (g) Since graph K5 has three

vertices, a degree vertex for any of them deg,, = 2.
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Lemma 4.2 Let G be isomorphic to Cpe,a = 2, the
degree of vertices is given by:

3 pa—l -1
degx) = p(* 1)

if x=a'"®

; r
if x=a?,7r>2

Proof.
The maximal degree elements are defined by max d(x,G) =
{y € G:{(x,y) < T)haG} .This means, for any elements if p
divides the order of it, then it has maximal degree,

max d(a'?,G) = |{e,a?,a?®,---,}| = p*~!
And we must withdraw *? to get on the deg(x) =
max d(1*?,G) — 1 = p*~1 — 1, the count of all such elements
equals @(p*~1), on the other hand, all elements of type
(7" r > 2, have max d(x,G) =*?,vt € Z*.

This mean it has max d(x, G) = ¢(p*~') .There are
exactly p* — @(p®~1) elements of this form.

Thus,the deg(1®?") = p(p® D).

Proposition 4.3 Let G be isomorphic to Cpa 4-, ,the
following is hold.
1. Max d(G) = (@ H@*" +p*?);
2. Ywxec deg(x) = [E(X)];

Proof.
1- Maxd(G) = p(p* HMax d(x,G) + p* ' —
e(p* "Max d(x,G))
P (@) + (@ = 0@ )@ ™)
= o@* HP* +p*?)

2- see[12]

The table below represents the case n = p% = 3¢

TABLE1L 1: MAXIMALITY DEGREE OF n = 3%

a n =3¢ E()

2 9 3

3 27 33

4 81 315

5 35 2889

6 36 26163

7 37 235953
8 38 2125035
9 3° 19129689
10 310 172180323
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Lemma 4.4 Let I' be a graph and G a finite group,
the Yvrec deg, = 2Max d(x, G).

e P +p*t -1

|E(D)] = -
Proof.
deg(i*?) + Y. deg(i*?"
E(ry| = 220U ACT) s e
_ @ HET - D+ o@D —e(@*™)
2
_ @ P o@D +e@* P — 9(@* e (@)
2
_ @ HEp T —p T +p* Tt - 1)
2
(@ HET +p - 1)
- 2

Corollary 45 Let G = C, be a cyclic group, the
following three cases are available:

1-

If n = p%, then
BTuad € = (5P 0 )

and the number of edges is equal to :

pe(p)
|E(FMaxCp“| = T
Thus,
2|E (TyaxCpe)| + @(p)
PMax(Cp“) = Mo ;
2- Ifn = p;p,, then:

+ 1
A(FMax)(Csz):((lp(pl) (p(pZ) zgzj zgz§>

and the number of edges is equal to :
P(P)A + o) +e@)(A + ¢(p2))

|E(FMaxCp1pz)| = 2
Thus,
_ 2|E(Tyax (Cpyp, )| + (@ (1) + ¢ (02))
PMGX(CIMPZ) - IC |2
P1D2
3- If n=p;p,ps, then explains how to calculate the

degree vertex and the simple # is referred to as the
product of the degree vertex, as shown in the
following table

TABLE 2: MAXIMALITY DEGREE OF n = p,p,ps

14 d(v;) #

(e) (t(m)Zp) — 1 1
(P1) p2ps — 1 p(p2)e(ps) — 1
(tP2) pips — 1 p(p)e(ps) — 1
(GD) pip. — 1 p(P)eP:) — 1
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(PuP2) | [o(p1) + (P2)]ps o (p3)
@PuP3) o) + oPs)]p: »(p2)
(P2P3) | [o(p2) + ¢(p3)]ps o(p1)

and the number edges is equal to :

|E(FMaxCHpi)| = #
2|E(FMax(CHpi))| + H((p(pl)) -1

|Cpl?

PMax(CHpi) =

In the following example, we will take three cases,
eIfn =p% letG = Cy, Where
n=9=32=3p=3,a=2,¢903)=2,

Co = {e,1,12,a3,---,18}

then the matrix degree of edges is equal to :
20
ATue)©) = (5 ¢)c

TABLE 3: MAXIMALITY DEGREE ELEMENTS OF Cq

e L LI IV VL AR AR A L
e 0 0 0 1 0 0 1 0 0
L 0 0 0 0 0 0 0 0 0
12 0 0 0 0 0 0 0 0 0
8 1 0 0 1 0 0 1 0 0
* 0 0 0 0 0 0 0 0 0
5 0 0 0 0 0 0 0 0 0
© 1 0 0 1 0 0 1 0 0
4 0 0 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0 0 0
Such that,

Maxc,(e) = {i*,1°} = |[MaxCy(e)| = 2.
Maxc, () = {e,?,1°} = [Max, ()| = 2,
Without a loop,
Maxc, (1°) = {e, 15} = |Maxcg ] =2
Without a loop,
“ |E(Tmax (Co))| = 3.
Or by using Lemma 4.4,

E(D)| = qo(p"“l)(p"“z1 +p* 2 -1
C@(BTH(ETT 4322 -1) 23+0) 3
2 2
Then, by Corollary 4.5(1)
PMax(Cpa) _ 2|E(FMaxC;“)| + QD(p)
2x3+2 8

92 81

Pyax(C32) =
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Figure 1: Maximal Graph of Cq

3, then the matrix

)

GG+ D +9eB)EB+1)

elet G=Ci5 , p1=5p, =
degree of edges is equal to :

A(Tyan) (C1s) = (
by Corollary 4.5(2)

6 4 2
1 4 2

PMax(Cls) = (15)2
_4(6)+2(4) 32
- 225 225
and
5)[1+ @(5)]+ o3[l + ¢(3
B ae G| = LI PEON+ 0O+ 9
24(1+4)+2(1+2)=§=13
2 2
Thus,
2|E (Tppax (Cy + 5) + o(3
Prax(Cis) = |E (Tax ( 5))1|52 (9(5) + 9(3))
2(13)+4+2 32
T 1527 225

S |
! |

Figure 2: Maximal Graph of C;5

Let G = Cyy5 , Where

le] = {e3,%,:5,07,1°,11%,1
40 48 49 50 51 54 55 56 57 65 66 69 72 77 ;78 80 81
) ) ) ) )

n=105=3%5%7=>p, =3,p, =5,p3 =7,
Cyos = {e, L [2,L3‘ ,L104}

, then the matrix degree of edges is equal to :

44 14 42 30 40 20 34
9 6 2 4 13 25

)

B(Tuax) (Cros) = (5

Such that,

7,9 ,0 12 14 18 20 ,24 ,25 27 28 33 39
Il IL IL ll IL ll IL ll IL )

JL Il JL Il JL ll Il JL ll IL ll IL
(85,87 (91 (93 |95 (96 98 199 100 L1°2,11°4} = 44

3 6 9 ,12 ,15 ,18 ,21 ,24 [27 L30 [33 L36 [39 [42 L45

[3] = {e,3,15,0°,12,.15,/18,,21

48 ,51 ,54 ,57,60 ,63 ,66 ,69 72‘ [75’ L78, [81’ L84, [87’ L90, [93’ L96,

12, 000, 2%, 12719, 1°°,1°%,1°7,1

35=34%25=2850

(99,1102} =

|l | — {e lS 5 110 l15 lZO l25 l30 l35 l40 145 l50 155

60 ,65 ,70 ,75 ,80 ,85 ,90 ,95 100
09,105,079, 07°,059,0%°, 7%, 70, 0%

=21=20%13 =260

|l | — {e l7 14' 121 l28, l35 l42 149 l56 163 l70 l77

,184,0,%8) = 15 = 14 % 9 = 126

5y — ¢,3 ,6 ,9 ,12 ,18 ,21 ,24 ,27 ,33 ,36 ,39 ,42 ,48 ,51 ,54
[e52] = {5,105, 07,005, 08, 7, 2%, 177, 102, 100, 107, 1, 0 e

157’ L63, 166’ L69, l72, L78, 181’ L84, [87’ L93, [96' [99' [102[5’ LlO' [20’ L25,

135’ L40, 150’ LSS, 165’ L70, 180’ LSS) [95' [100} =42 =42 %6 = 252

3,6 9,12 ,15 ,18 ,24 ,27 30 l33 l36 139,145,148 151

[(2] = {i3,45,0%,012, 415,018,024 127
54 (57 60 (66 69 72 75 |78 81 87 90 93 96 99 102 7 14
(28 (35 49 56 70 77 91 98

35| — [5’ L10’ L15' [20’ LZS' [30’ L40, [45’ LSO, [55’ L60, [65’ L75, [80’

[
49 56 63,77 84 (91 98Y

85 90 95 4100 7 14 21 28 142
=30=>30%2=060

L

by Corollary 4.5(3)
1752
|E (Thax (Cros))| = — = 876

Thus,
2|E (Tyax (Cros))| + () — 1
Prax(Cros) = o 1051052 .
_ 2(876) + (¢ (B)e(7) — 1)
1052
1752 +47 1799
T 11025 ~ 11025
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Figure 3: Maximal Graph of Cygs5

V. Conclusions

When n it is large, and computing the Maximal
degree directly from its general definition becomes
computationally challenging. To address this, we developed
three algorithms in this study to compute the Maximal degree
probabilities for the cyclic group C,,. Specifically, we consider
three cases:

- the first case corresponds to when n = p is prime, yielding
the group C,;
- the second case applies when n = p;p, is a product of two
distinct primes, giving the group C,,,,,;
- the third case handles n = p;p,ps, the product of three
distinct primes, corresponding to Cy, ,p. -
Extending this approach to other finite groups, such as
dihedral groups, is expected to further advance the field.

Acknowledgement 1 extend my sincere thanks to my
professor (Dr.Hayder Bager), who had a great credit in the
completion of this research.
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