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Abstract— The maximal graph is a finite graph for any two     vertices that are joined if       is a maximal 

subgroup and is denoted by     .In this paper, we will present an algorithm for calculating the graph of        

.Where we will study several cases of the value of   so there will be an algorithm for each case. To calculate the 

maximum number of subgroups of the cyclic group    . We’ll employ the Gap program. and use this to find some of 

the properties of the maximal graph.  
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I. INTRODUCTION 

Let   be a finite group. Computing or studying the 

probability of satisfying the condition between two elements 

in a group is an important application of computational group 

theory. Erfanian In 2013, certain facets of probability within 

finite groups were presented with others [2], one of which 

probability to compute the probability that two components 

from   selected at random, generate a Maximal subgroup, 

then the Maximal degree is defined by [1]  

        
                             

    
 

, where     is the order of the group   . We present some 

results on probability in cyclic groups    such that the cyclic 

group is presented by                       , and we 

examine a straightforward undirected graph devoid of loops 

and many edges. Suppose that   is a graph, the collection of 

vertices and edges of   will be represented by      and       

correspondingly.        denotes a vertex’s degree,      , 

and it is commonly known that                 , where 

         is denotes the order of the vertex. 

Consider a graph with vertices         and 

corresponding degree sequence                     . A 

realisation of      is any graph with the degree sequence   

given by [6, 11]. We can present it by  

     (

       

                ) 

, where    are degree vertices and       , are multiplicities, 

and the Max graph               is defined by the set of 

all vertices                     and the edge set is 

defined                                , where       

is a Maximal subgroup of the group. One of the probabilities 

to compute the number of maximal degree elements of   [10]. 

II. NUMBER THEORY FUNDAMENTALS 

The Euler function, denoted by     , counts the 

number of substantially prime non-negative integers fewer 

than  , or function  .[5] There is a distinct prime factor 

decomposition for each integer  .     
    

     
   

Moreover, this decomposition is referred to as the canonical 

prime factorization of  , as                 . 

where                 and    is a prime 

number. Thus,          
        

     
      defines the 
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Euler function   , and define the functions      and      , as 

follows   be a positive integer :   

1-               , where   the number of divisors 

of  ;   

2-       ∑       , the sum of divisors of  .  

III. REVIEWED LITERATURE 

In 1973, Gustafson investigated the question: What proportion 

of pairs of elements in a group commute? Interest in applying 

probabilistic methods to finite groups has grown significantly 

over the past decade compared to the preceding 30 years [1]. 

In 2013, Erfanian and collaborators introduced certain 

probabilistic concepts in this context [2]. Shelash et al 

developed a method to determine the number of subgroups in 

a finite abelian  -group [8]. In 2019, Lazorec introduced the 

notion of finite groups, the relative cyclic subgroup 

commutativity degrees [3]. This article will analyze and 

compute the number of elements of maximal degree in the 

groups     and      . Additionally, a formula for calculating 

the probability of maximal degree, denoted        , will be 

derived. 

IV. MAXIMALITY GRAPH 

In this section, we will present a new graph, which is 

named the Maximality graph and denoted by        . Let 

       be a finite graph,      is a set of all vertices and      

is a set of all edges of the graph  , 

The maximal graph is a finite graph, denoted by 

         , where         is a set of all vertices that are 

elementary of the group   and         is a set of all edges of 

the graph     , for any two elements   and   , they are joined 

if       is a maximal subgroup of the group  . 

We recall that the number of edges of any graph is 

computed by         
∑        

 
.  

Now, we will introduce some of the relations 

between the number of edges and the probability degree of 

maximal subgroups.  

 

Definition 4.1 Let   be a finite graph, the degree 

sequence matrix of the graph   is defined by :  

     (
     

     
      

       
) 

Where      
 is a degree of vertex and    is a multiple of a 

degree vertex      
 , where          

 For example       (
 
 
) Since graph    has three 

vertices, a degree vertex for any of them      
  . 

 

Lemma 4.2 Let   be isomorphic to        , the 

degree of vertices is given by:  

       {
               

                 
    

 

   

Proof.  

The maximal degree elements are defined by            

                   .This means, for any elements if   

divides the order of it, then it has maximal degree,  

                                  

 And we must withdraw     to get on the        

                     , the count of all such elements 

equals        , on the other hand, all elements of type 

   
 
    , have                     . 

This mean it has                    .There are 

exactly            elements of this form. 

Thus,the        
 
         .  

  

Proposition 4.3 Let   be isomorphic to          ,the 

following is hold.   

    1.                             ;  

    2.  ∑                    ;  

  

 Proof.    

1-                                   

                  

  

                                   

                      

   

2- see [12]  

 

 The table below represents the case         

 

TABLE1 1: MAXIMALITY DEGREE OF      
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Lemma 4.4 Let   be a graph and   a finite group, 

the ∑                      .  

       
                    

 
 

 Proof.  

       
∑           ∑          

 

 
            

 
                                     

 
 

 
                                              

 
 

 
                          

 
 

 
                    

 
 

Corollary 4.5  Let      be a cyclic group, the 

following three cases are available:  

   

1-  If     , then  

             (
     

      
)  

 and the number of edges is equal to :  

            
     

 
 

 Thus,  

          
                  

 
 

 

2-  If       , then:  

             
  (

                     
           

) 

 and the number of edges is equal to :  

            
   

                             

 
 

 Thus,  

          
  

              
                 

      
  

 

  

3-  If         , then explains how to calculate the 

degree vertex and the simple # is referred to as the 

product of the degree vertex, as shown in the 

following table  

 

          TABLE 2: MAXIMALITY DEGREE OF          

         # 

                  

                          

                          

                          

                               

                               

                               

 

and the number edges is equal to :  

           
   

         

 
 

         
  

             
              

     
 

  

  In the following example, we will take three cases,   

• If     , let      , where 

                      , 

                     

then the matrix degree of edges is equal to :  

            (
  
  

)    

 

TABLE 3: MAXIMALITY DEGREE ELEMENTS OF    

                            

                     

                    

                     

                     

                     

                     

                     

                     

                     

 

Such that,  

     
                          

     
                     

          

Without a loop,  

     
               |     

    |     

Without a loop, 

                  

 Or by using Lemma 4.4,  

       
                    

 
 

 
                    

 
 

      

 
   

 Then, by Corollary 4.5(1)  
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                     Figure 1: Maximal Graph of    

 

    • Let       ,          , then the matrix 

degree of edges is equal to :  

             (
   
   

) 

 by Corollary 4.5(2)  

          
                   

     
 

 
         

   
 

  

   
 

 and  

               
                         

 
 

 
             

 
 

  

 
    

 Thus,  

          
                           

   
 

 
         

   
 

  

   
 

 

 
Figure 2: Maximal Graph of     

 

 

Let        , where  

                            

                        

 , then the matrix degree of edges is equal to :  

              (
              
         

) 

 Such that,  

 

                                                                 

                                                                     

                                                   

  

                                                                  

                                                                    

                       

  

                                                       

                                      

              

  

                                                   

                          

 

                                                                 

                                                                    

                                                      

 

 

                                                                 

                                                                     

                                              

  

                                                              

                                                               

            

 

by Corollary 4.5(3)  

                
    

 
     

 Thus,  
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              Figure 3: Maximal Graph of      

 

V. Conclusions 

 

When   it is large, and computing the Maximal 

degree directly from its general definition becomes 

computationally challenging. To address this, we developed 

three algorithms in this study to compute the Maximal degree 

probabilities for the cyclic group   . Specifically, we consider 

three cases: 

  - the first case corresponds to when     is prime, yielding 

the group   ;  

  - the second case applies when        is a product of two 

distinct primes, giving the group      
;  

  - the third case handles         , the product of three 

distinct primes, corresponding to        
.  

 Extending this approach to other finite groups, such as 

dihedral groups, is expected to further advance the field. 
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