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Abstract: problem was treated rigorously by
In this paper, we will study the Kaleva in 1987 and 1990, [Pearson, D. W.,

numerical solution of fuzzy initial value 1997].
problems using two methods, namely, the Analytical methods for solving fuzzy initial
least square method and the Adomain value problems are so difficult in some cases,

decomposition method. Also, comparison especially for nonlinear differential equations
between the obtained results is made, as  and therefore numerical and approximate
well as with the crisp solution, when the methods seems to be necessary for solving
a-level equals one. such type of problems, [Al-Ani E. M., 2005],

L. Introduction: [Wuhaib, S. A., 2005].

Fuzzy set theory had been 2- Preliminaries of Fuzzy Sets:
introduced by Zadeh in 1965, in which, Let X be a classical set of objects, called the
Zadeh's original definition of fuzzy set is universal set, whose generic elements are denoted
as follows: by x. The membership in a classical subset A of X

is often viewed as a characteristic functjpfrom

A fuzzy set is a class of objects with X into {0, 1}, such that:

a continuum grades of membership, such

a set is characterized by a membership or Y () = 1 if xUA

characteristic function which assigns to 0 if xOA

each object a grade of membership {0, 1} is called a valuation set. If the valuatisat
ranging between zero and one, [Zadeh L. is allowed to be the interval [0, 1], then A isleell
A., 1965]. a fuzzy set, which is denoted in this case%y
In 1978 and 1980, Kandel and Byatt and the characteristic function ¥ g¢, which the

applied the concept of fuzzy differential : Y
equations to the analysis of fuzzy g;%céei of membership of x iR, [Zadeh L. A,

dynamical problems, but the initial value
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Also, it is remarkable that the closer the
value of pg to 1, the more x belong t&(,

Clearly, Atis a subset of X that has no sharp

boundary. The fuzzy sef is completely
characterized by the set of pairs:

A= {(x, ngdx)) [ xOX, 0< pgdx) <
1}.

In addition, some other basic concepts
related to fuzzy sets may be introduced,
which may be summarized as follows,
[Zimmerman, H. J., 1985], [Kandel A., 1986]:

1. The height ofAtis given by:

hgt(AY = sup pge(x)
XX

2. X may be considered as a fuzzy set with
membership functioru gfx) = 1, for all xO
X, which is denoted byl while the empty
fuzzy setMis a fuzzy set with membership
function pedx) =0, O x O X, which is
denoted by f.

3. ,8(‘ is said to be normal if there exisigX X,
such that hgdXp) = 1, otherwise At is

subnormal. Also, if a fuzzy setﬂ(‘ is
subnormal, then it may be normalized by

dividing p g on hgt(X% = o.

4. RE s the complement ot which is also a
fuzzy set with membership function:

uﬂ(&(x):l—uﬂ((x), Ox0OX.

RO Bt pgdx) < pgdx), OxOX.

5. R=Bif pgdx) = pgdx), OxOX.

6. The union of two fuzzy set& and B is

also a fuzzy set® and may be associated
with the following membership function

HedX) = Max{pﬂ(((x),u@/(x)} , O xOX

7. The intersection of two fuzzy sef and
Bt is also a fuzzy set¥ and may be
defined with the following membership
function:

Hgdx) = Min{u/g((x), pgﬁx)} , O xOX

8. A fuzzy subsetAt of «
convex fuzzy set, if:

MgdAXg + (L=A)X5) = Min{pgdxy). 1

is said to be

for all x, xo O ¢« , and allA O [0, 1],
where pgdx) is standing for a suitable

membership function

In addition, among the basic concepts
in fuzzy set theory is the concept aflevel
(a-cut) sets of a fuzzy se&{, which is used
as an intermediate set that connects between
fuzzy and nonfuzzy sets, [Wuhaib, S. A.,
2005].

Given a fuzzy setAt defined on a
universal X and any number [0 (0, 1] the
o-level, Ay is the crisp set that contains all
elements of the universal set X, whose
membership grades iAC are greater than or
equal to a pre specified valueafi.e.,

Aa={X: pgdx) za, O xDX}
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The following properties are
satisfied for alla [0 (0, 1], which may be
proved easily for ald, 3 O (0, 1]:

At = &tif and only if A, = B.

If A0 Btthen A, O B,.

(A 0 B)g = Aq O Ba.

(A n B)y=Aq n Bqg.

If a <, then A U Ag.

Ag N AB=ABandA1 O A[3=Aq, if o
<B.

Another type of fuzzy sets that
may be characterized using different
notion is the fuzzy subsets of real
numbers, which is the so called fuzzy
number. Fuzzy numbers are always fuzzy

sets while the converse is not true. The
definition of a fuzzy number is as follows:

o gk w b P

A fuzzy number N® is a convex

normalized fuzzy set of the real line
¢« , such that:

1. There exists exactly ong X1 R,
with pgdXp) =1 (xo is called the
mean value of¥f0).

2. MUye(x) is piecewise continuous.

Now, the following two remarks
illustrates the representation of a fuzzy
number and fuzzy functions in terms of its a-
level sets, because they are more convenient
to use in applications.

Remark (1):

A fuzzy number NM® may be uniquely
represented in terms of iis

level sets, as the following closed
intervals of the real line:

Mg=[m-+1-a,m++1-a]

or
Mg = [am, 1m]
a

Where m is the mean value § anda O [0,
1]. This fuzzy number may be written ag M

[¥6, 1], where I refers to the greatest

lower bound of M and M to the least upper
bound of M.

Remark (2):

Similar to the second approach given
in remark (1), one can fuzzyfy any crisp or
nonfuzzy function f, by letting:

f () = af(x), f(x)= lf(x), xOX, a

a
0(0, 1]

and hence the fuzzy functidh in terms of its
a-levels is given byf=[f, T].

3- Solution of Fuzzy Ordinary Differential
Equations Using the Least Square Method:

Consider the
equation:

() = 1(x, 9, ¥(xo) ;

where y is a mapping of x, f(x, ¥) is a

fuzzy differential

98, x0O[a, b]...... 1

function of x and y, while % is a fuzzy number.
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Among the most important methods #(a,, a,, ..., a,) =
used to approximate the solution of fuzzy
differential equations is that which has the
general idea of minimizing the square of the
residue error. To illustrate this method, consider
the fuzzy initial value problem (1). Hence, in
order to solve the fuzzy ordinary differential the coefficients a, i =0, 1, .., n. A necessary
equation (1) using the least square method, the conditions for the coefficients a, i =0, 1, ..., n;
related a-level crisp differential equations are

b

2
[ {% (x)+[i aifh, (x)J—f[x%(xw[i adh, (x)m dx
a i=0 i=0

Hence, the problem now is reduced to find

which minimizes E is that:

given by:
, Gl
[W (X)](x = [f(xl 9/'()())](1; [9/'(3)](1 = [%]a; X — = O' foreachi= 0,1,..,n
0@, bleeeeenereneneenen 2 03
Now, the approximated solution will be which will produce a linear system of n + 1
denoted by: equations, or the residue error given by eq.(6)
[Y(x)]a = [ §ix, ), Y(x, o)l a 0(0, 1]...... 3 may be minimized using the direct

o minimization techniques.
where ¥ and ¥ refers to the lower and upper q

nonfuzzy solution related to the fuzzy solution at The following examples illustrate the

certain level a. Also, the initial condition may be least square method for solving fuzzy

rewritten as: differential equations:
[94(3)](,=[9’9](,=[2"9(0(),%(a)] ....... 4 Example (1):

Consider the first order linear fuzzy
The general form of the least square il val b
method for solving fuzzy ordinary differential initial value problem:

equations is given by: PAx) =x+ ¥, Y(0) = %’ x 00, 1]
n : A

[9()]a = [l?/((x)]a N Z a [‘%)(X)]a ..... 5 Thus,. for ad fO, 1]', we may write the |n|t|'al

i=0 condition which is a fuzzy number in

triangular form and a-level sets, as:
where @t is a fuzzy function which satisfies

the nonhomogeneous conditions and Q/p is an [%]“ = [%(G)' %(G)] =1 -
linearly independent functions satisfying the Vl-o,1++1-a]

homogeneous conditions and a;, are constants to . . .
One may find that the crisp solution

be determined, for all i = 0, 1, ..., n. Therefore, .
whena =1, is:

substituting eq.(5) back into eq.(1) and minimizing
the square of the residual error defined by: y(x) =2e*—x -1
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Now, using the least square method to

find the upper and lower fuzzy solutions,
consider the upper case, i.e., consider:

Ydx) =x+ ¥

With initial condition:

Y=1++1-a,ad(o1]

Let:

_ _ no_
98 ()= Pa(x) + X adp (x)
i=0

Where @q(x) =1+ +/1—-0a, which satisfies the

nonhomogeneous initial condition; while the

functions E/Pa which satisfy the homogeneous

condition 2"'(0) =0, may be chosen as:

By ()= B, ()= B, 0 =

and hence with n =5:

% (X) =1+ V1-0 +agx+ap’+ax +

asx* + a2 + asx’

Therefore:

ygoer ardloner sduiors
w
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— 1 _
é/‘(aOl ai, .., aS) = I (9’& (X) - 9/& (X) - X)z dx
0

1
= I [(ag + 2a:x + 3a,X* + 4asx° + Sax" +
0

6asx’) — (1+ V1—0 +agx+axX’ +a)X +

asx* + aC + asx®) — x]? dx

Therefore, to find ag, ay, ..., as; either minimize I%/‘

with respect to ag, a4, ..., as or evaluate the linear

system:
08

Similar calculations may be carried for the lower

=0, foreachi=0,1,..,5

case of solution 9’& . Hence we get the following

results presented in Fig.(1) of the fuzzy solution
¥ with different values of all (0, 1]. Also, the
accuracy of the results may be examined with
a = 1, which are equal and the same results
obtained from the crisp solution.

o
I T I T I

0.0 0.2 0.4

T I T I T ]
0.6 0.8 o.

Fig.(1) Upper and lower solution of example (1) wita = 0.2, 0.4, 0.6 and 1.0 using the
least square method.

son2® This PDF was created using the Sonic PDF Creator.
=~f To remove this watermark, please license this product at www.investintech.com



Mohammed Ali Ahmed, Fadhel Subhi Fadhel

Example (2):

Consider the first order nonlinear fuzzy
initial value problem:

94x) =1+ 97 9(0)= B xO10, 1]

Thus, for a I (0, 1], we may represent the initial
condition which is a fuzzy number in triangular
form and d-level sets, as:

[961. = [96(0), Ph(0)l=[-V1-a , V1-a ]

One may find that the crisp solution when a =1,
is:

y(x) = tan(x)

Now, using the least square method to find the
upper and lower fuzzy solutions, consider the
lower case, i.e., consider:

YAx) =x+ ¥
With initial condition:
96 =-+1-a,a0(0,1]

So:
n
96 () = Yl + > adp, (X)
i=0

Where @q(x) = —+/1-0, which satisfies the
nonhomogeneous initial condition; while the

functions E/pu which satisfy the homogeneous

condition 2"'(0) =0, may be chosen as:

$6, () =x & (X) =x, .., §f, () =x""

and hence with n =5:

9’3 (X) ==V1—0 +apx+a’ +a +asx’ +ax +ax’

Therefore:

1
Blao, 2, ., a5) = [ (9 (x) - 96 ()~ 1) ox
0

1
= I [(ag + 281X + 3a,X° + 433X + 5a,x" + 6asx’) —
0

(-V1-0 +ax+an’ +ay’ +ax* +a,x° +ax’)’ - 1]

dx

Therefore, to find ag, a, ..., as; either minimize E/‘ with

respect to ag, a4, ..., a5 or evaluate the linear system:

ot

=0, foreachi=0,1,..,5
03

Similar calculations may be carried for the lower case of
solution 9’&. Hence we get the following results
presented in Fig.(2) of the fuzzy solution ¥ with

different values of ald (0, 1]. Also, the accuracy of the
results may be examined with a = 1, which are equal

the same results obtained from the crisp solution.
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upper and lower solutions

Fig.(2) Upper and lower solution of example (2) with a =0.1, 0.3, 0.5, 0.7 and 1.0 using the least
square method.

4- Solution of Fuzzy Ordinary Differential Equations Where 9’9 ,nh=1,2,... are as defined in eq .(11)

Using Adomian Decomposition Method below and write the fuzzy nonlinear function

Adomian decomposition method (ADM, for
short) [Admian G., 1988], [Lesnic D., 2002]; is one of

the most modern methods that may be modified and

[ole]
- 0
then used for solving fuzzy differential equations of fx, 9= zoﬂ(n(x’ 9/9’ %""’%i) """"" 9
n=

f(x, ¥) as the series of function:

various kinds. To introduce this method, we consider

the following f int I ti lated to th
e following fuzzy integral equation related to the The dependence of ,8(% on x and 9§ may be

fuzzy differential equation (1):
non-polynomial. Formally, ﬂ@l is obtained by:

X
(x) = + | f(s, P(s)) ds.eevvrvnnivnnnnnss 7 1 d" 2
900= 96+ [ (s, 9s) 8 -2 ([ Segs| =0
a n'!dgen :
1=0 £=0
Then, extend ¥ using ADM in the series form as: .10
o where € is a formal parameter. Functions ,8(?]
$i(x)= 98 + z R o 8 are polynomialsin 99, %6, ..., 98, which are
n=0

referred to as the Adomian polynomials.
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AQ =f(x, 98) [96la = [96(c), $B(x)] = [1 -
vli-a,1++1-a]

RS = 96 '(x, 98)

Hence, using the ADM, we have to consider

,8(% =96f'(x, 9p) + 1 %f' x, 98) first the solution in lower case of the fuzzy
2 solution ¥:

R = 955 '(x, 96) + 9P 96f ' Ix, %)+%9§f"<x X
(94+200a = [ A dx nz0
0

98)
: 1 , , ith initial condition:
ﬁ(&,l:%f(x’%HE%f (x,%)+%}‘_9’gf (X'%) with initial condition
1 [N 1 (4) X2
+ 2 9B 961 90)+ - B0 96) (96(x))a = + (1= Vi-a)
where ' refers to the partial derivatives of f with Hence, taking the first ten terms of the
respect toy. solution, we get the following solution in series
form:

Substituting (8) and (9) back into (7) gives a
recursive equation for $f41 in terms of 9%, 96, ..., 2

90x,0) = X +(1-J1l-a)+
94, as: = 2
x3 - 6x/1- o + 6X .

6
x2(x%-12J1-a + 12) \

Phert0 = [ A%(5,98(5).%(S). . % (s)ds, n =

0,1, e, 11 24
. o _ x3(x2-20J1-a + 20)
Now, consider the following illustrative 120 +
examples:
x4(x2—30\/1—0( + 30)
Example (3): 720 +

Consider the linear fuzzy ordinary
differential equation of the first order:

to be:
9(x) =x+ 9, $0)= %, x0[0, 1]

2
. 90 = v VIma) -
Thus, fora O (0, 1], we may write the initial 2
condition which is a fuzzy number in triangular x3 +6x/1-a + 6x
form anda-level sets, as: 6 ¥
x2(x%+12J1-a + 12),
24

and similarly the upper solution may be found
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X3(X2 +20 /1_0( + 20) The results of the upper and lower solutions
120 + for different values of a [I (0, 1] are given in
Fig.(3), which agree with the results given in
x*(x2 +30J1-a + 30) 8(3) € X
+ .. Fig.(1) for the linear case of problems.
720
2
§e]
3
8
E
©
8
@
[oX
5
1 —4
°T— 71 T T ‘' T T T T 1
0.0 0.2 0.4 0.6 0.8 )

Fig.(3) Upper and lower solution of example (3) wita = 0.2, 0.4, 0.6 and 1.0 using ADM.

Example (4): fuzzy ordinary differential equation, we have for

Consider the first order nonlinear fuzzy the upper solution:

initial value problem:

X —
94x) =1+ 92 %(0)= & x O 10, 1] (98+1(X))q = J(; (Rb.(x)) g dx,n=0

Thus, for a O (0, 1], we may represent the
initial condition which is a fuzzy number in with the initial condition:

triangular form and a-level sets, as:

(96 = [9B(a), 9Bl = [-V1-a, -
N=a ] where (ME](X))O( , h =0 are the Adomian fuzzy

polynomials that represent the nonlinear terms,
in which the first three terms of them are given
by:

(96(x)q =x+V1-a

Now, using the ADM for solving this nonlinear
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(E(%(X))q — (%(X))a Similarly, the lower solution is found to be:
YQX,O() =x—-+1-a +

B80))q =2 F60))a F))q
X(3(1-a)-3x/1-a + ' ) N

RS = 2F0Na Fa)a + 3
BB (<))o Xz[_(ﬂx—l_a)%@_
'\ ox2JI—a 2%
and hence the upper solution is given by: 3 + 15 M

9x,0) =x++1-a +

X(3A-0)+ 3x/ 1o+ XZ ) + The results of the upper and lower solutions for

3 different values of a 1 (0, 1] are given in Figs.(4)
3 4(1-a)x and (5), which shows that the results are accurate
2 1M —
X [( 1 O() + 3 + in the lower case of solution and inaccurate in the
upper case of solution when comparing with

2X2\/ 1-a + 2x3 those results obtained from the least square
3 15 + . method.
200 —
)
_ —@— =01
—uf=— =03
160 — —l— o=05
s | —A&A— a=07
2 —k— 0=10
P 120 —
g
S .
5
Q
? 8o —f
g
40 —
0 ———p———=p S
0.0 0.2 0.4 0.6 0.8 1.0

Fig.(4) Upper solution of example (4) witha = 0.1, 0.3, 0.5, 0.7 and 1.0 using ADM.
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lower solution using ADM

Fig.(5) Lower solution of example (4) witha = 0.1, 0.3, 0.5, 0.7 and 1.0 using ADM.

5- Conclusions:

From the present study of this paper, we
may conclude the following:

1. The accuracy of the results may be checked

with a = 1, in which the upper and lower
solutions must be equal.

2. The crisp solution or the solution of the
nonfuzzy initial value problem is obtained
from the fuzzy solution by setting= 1, and
therefore fuzzy initial value problems may be
considered as a generalization to the
nonfuzzy initial value problems.

3. The ADM given an accurate results when
solving linear fuzzy initial value problems,
while give inaccurate results when solving
nonlinear fuzzy initial value problems.
Therefore, the least square method may be
considered to be more reliable than the ADM
in solving fuzzy initial value problems.
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