Journal of Kufa for Mathematics and Computer

Vol.1, No.4, Nov., 2011, pp.14- 26

On Mixing Propertiesin Topological Dynamics

Alaa Hussein Majeed Al-Qurashey

Email-alaa7_2006@yahoo.com
Prof. Dr. Salim Hassan Al-Kutubi
23-12-2010

Abstract

Mixing property was classified in the
first book of topological
written by Gottschalk & Hedlund ,[4],
(1955) as one of the regionally transitive

dynamic

properties . It is concerned with the
existence of a compact subst of the

phase group G of a topological

transformation grougx,G,n) such that
for everyU,V non empty open subsets

of X ,there exists a compact subd€t of

G such that, for every
gOK®,=UgnVzgp

In this work we introduced new
different types of mixing ,and studied
there relations with other transitive
properties. Moreover we studied some
relations between them and recursion
dynamical properties such as periodicity ,
almost periodicity and recurrence. we
gave conditions to transfer some types of
mixing under suitable homomorphism.

I ntroduction

There are three types of studies in
dynamics, local, global ,and abstraction. The
field of our work is the third one .It is a study
of topological transformation groups It is the
study of the action of a topological on a
topological space.

In this work we introduced new
different types of mixing such as mixing at
appoint, point mixing, point wise mixing,
uniformly  mixing  ,regionally  mixing
,extensively mixing and regionally
extensively mixing ,and studied these
relations with some other dynamical
properties, such as transitive at a point ,point
transitive, point wise transitive, regionally
transitive, uniformly transitive , extensively
transitive and regionally extensively transitive

Moreover we studied some relations
between them and minimal ,periodicity, and
recursion dynamical properties such as
almost periodicity and recurrence. we gave
conditions to transfer some types of mixing
under suitable homomorphism .
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Section 1
Preliminaries

In this section we recall the basic
definitions and facts needed in this work .

We assume that all our spaces &e
(1-1)Definition:- [6]

The group(G,[) is said to be a

topological group , if (G, TG) is a
topological space , such that the function

f:GxG - G defined by
f(g,,9,) =9,L9g," is continuous

(1-2)Examples:-

1—(R,+) is topological group with the

usual topology and usual addition .

2- Every group with discrete topology is a

topological group .

3- Every subgroup of a topological group

is a topological group .
i.e:- (Z,%) is a topological group

(1-3)Definition:- [4]

A subset A of (G,*) is said to be
{left} {right} syndetic in (G,*)
provided that G = AK} { G = KA}

for some compact subs of G .

(1-4)Definition:- [4]
The subsetN of a topological group
(G,*) is said to be Replete if for every

compact subsetK of G there exists

0,,09, UG such thatg,Kg, LI N .
(1-5)Definition:- [4]
The subsetA of a topological group

(G,*) is said to be Extensive if the

intersection of Replete semi grodN in G
with A is notemptyse( AN N Z ¢) .

(1-6)Definition:- [4]

A topological transformation group , or
more briefly , a transformation group , is

defined by the ordered tripld X , G, 71)
consisting of a non empty topological space
X ,a topological grou;ﬁ and a mapping
71: XxXG - X suchthat :-

W (x,e)1=x, (X X) where € is
the identity element o> .

@ ((x,0,)71,09,)71=(%0,09,)7
(x0X;9,,9,0G) .

(3) 71 is continuous .

it (X,G,71) is a transformation group ,

then X is called the phase space , dodis
called the phase group , arfdis called the
action .
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(1-7)Remark:-

The following statements are used to

mean same thing as follows :-

(@ (X,G,n) is a topological transformation
group .

(b) (X,G) is a transformation group .

(©) (X,G) is a transformation group under

1.

(d) (x,G) is a transformation group with
respect to/1 .

(e) G is a transformation group oX under
7l.

(f) G is a transformation group oX with
respect to/1 .

(g) G is a transformation group oK under
7l.

(h) G is a transformation group oX with
respect to/1 .

(i) G act as a transformation group oX
under 71 .

(i) G act as a transformation group o
with respect to/1 .

(k) G act as a transformation group of
under 71 .

() G act as a transformation group of
with respect to/1 .

(1-8)Definitions:- [8]

1- (X,G) is called Dynamical system ,

If X is a metric spaceG =R .

2- (X,G) is called Continuous Flow ,
fG=R.

3- (X,G) is called Discrete Flow or
(cascade) , IG=Z7 .

(1-9)Definition:- [8]
Every homeomorphismf : X — X

induced a discrete rovQX L, 77) denoted
by (X, f) where :

(x,n)nn1 = f"(x) = fofofo...of (x)

mes
(1-10)Definition:- [8]

it (X,G,7n) is a topological
transformation group , then :-

1- By g-transitionﬂg : Dg [1G we mean
the function ﬂ‘(x x{g}) from X onto
X .

2- 71° isthe identity map onX .

315 ¢,r G ,thenn®on’ =n°" .

4-1f gUG | then 719 is a one to one
» -1

onto , and(]Tg) =

5- The transition projection O(X,G) is
A:G 5 T such that A(Q)=7°,
[1g LJ G is homomorphism .

6- The set| ={ﬂg ;g UG} is called
transition group .
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7- By x-motion underG 7L, Ox O X we (1-12)Definition:- [4]
mean  the functioryz({ } x G) from G into if (X,G) is a transformation

X . group andK is subset of X . K is

S _ called invariant subset oX underG if
8- The motion injection o(X,G) is the map and only if KGO K where -

6: X - M such that G(X)Zﬂx : KG={(k,g)n:kUK,gUG}

OxO X . (1-13)Definition:- [4]

9- The image ofG under 7L is the orbit of

If (X,G) is a transformation
X underG and denoted by71, (G) or XG

group . A subsetA of X is called
minimal underG , if A#Z ¢ , closed

i.e.:-, the orbit of X is the set and invariant undefs , and A does not
contain a proper subset which is non
empty closed and invariant

xG={xg:gUG} ={(x,9)n:g0G} ={n,(9): G} underG
- (1-14)Definition:- [8]
10- The closure ofXG (XG) is called the

orbit closure ofX underG . it (X,G) is a transformation

group andJ is open subset oX . The
11- The setM ={72X : X[ X}is called set
motion space . UG ={(u,g)n:ullU,g UG}

(1-11)Example is called a tube .
- X :_

In the topological transformation group
(R,Z,7n1) The orbit of the pointl/5 in if XLJX , then X is said to be
[0,] , where f is a function fron{ 0,1] into  recurrent underG if for each U a

. , neighborhood of X there exists an
itself defined by(x)f =/ x,0OxO[01
< - y(x) ’ [01] extensive subsetA of G such that

(1-15)Definition:- [4]

xAUOU .
1/5Z2 ={., 1/125 1/251/51/~/51/4/5,...} o
underZ . (1-16)Definition:- [4]
The orbit closurdl/ 5 is :- it (X,G) is a transformation

group and X [J X . The period ofX
under G is defined to be the greatest
subsetP of G such thatxP = X .

1/5Z ={...,1/1251/51/51/~/51/4/5,..} 0 {01}
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(1-17)Example:-

Suppose thaX =[0,1] O R with
usual topology andf :[01] — [0]]
defined by f(X) =1-X ,then T is
homeomorphism . So

1. 1
f() =2
=5
1

oy = o dy =
()= f(1E)=]

0Ly = Ly=1
PO =1 (N =3

n-times
Then the period of poinié is Z because

1
it's fixed . The period olX % E is 27 .

(1-18)Definition: [4]

Let XX . The transformation
group G is said to be periodic & and the
point X is said to be periodic unddo
provided that the period of5 at X is a
syndetic subset of5 . The transformation
group G is said to point wise periodic
provided thatG is periodic at every point

of X .
(1-19)Example:-

If(X ,z, f) is a transformation group,
where X is a unit circle defined by :

X ={(1,6):0< 6 <360° and f

is an action ofZ on X defined by :

(X)f"=(r,0)f" = LO+ny) . i

X=(L6) and y = 7 _ 39° . Then
6

there exists 12 points in the orbit & under
f . ier the orbit of X s
1,6),(1,6+y), 1,6 +2y),..., 1,6 +11y)
Then this point is periodic undef and by
period A =127 which is the set
{., -24 ,-12 ,0,12 ,24 ,.}  Subset of

Z and there exists compact subdet of G
such that K ={0,,2,...,12} and

12Z +K =Z .
So 12 Z is syndetic set and it's greatest
syndetic set such th§tx)12Z = x .

(1-20)Definition:- [8]

If (X,G) is a transformation group

and X[ X , then X is said to be almost

periodic under G if for each U a
neighborhood of X there exists a syndetic

subsetA of G such thatxA LU .
(1-21)Definition:- [1]

The map
(¢,I/J):(X,G,ﬂ)—> (Y,H,U) iS
called a homomorphism between the two
topological transformation groups
(X1G’n) and (Y1Ha0) If
g X - Y is  continuous  and
W :G - H is
homomorphism if

(% 9)1)$) = (%, g)(.¥))0

Or the following diagram commutative .

continuous
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Xx G- X
(1-22)Definition:- [1] (1-23)Example:-
The homomorphisr{i,{//) between if ([01],Z,7,) and ([0,1], Z, 71,) are
two transformation groups(X,G,,71,)  transformation groups where :-
and (Y’GZ’ 772) 's said to be :- (X, ﬂ)ﬂl =xf" for every X[[0,]] and
Indomorphism it NnQJZ , where f:[0]] - [0]]
(M/) (X,.G,7) - (X,.G,7) - (x)f =%

2- Epimorphism if@,{/ are onto .
(X, n)n2 = xg” for every X[J[0] and

3- Monomorphism if@,{{/ are onetoone. K7 where g :[0]] - [0]]

4- Isomorphism if@,{// are one to one and (X)g = X° . We note that(€,€) is not
onto . The Isomorphism is called homomorphism because

Automorphism if

@) (X,G,m) ~ (X,.G,m) (G 2m)e=()tot = ()
(e.@em = G 27, = (;)g0g = ()"

That is the following diagram is not commutative:

[01] xZ % - [01]
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Section 2

Certain mixing properties

In this section we study and introduce

several types of mixing properties.
(2-1)Definitions:-[4]

1-Let X[ X .The transformation group
(X,G) is said to be transitive aX and the

point X is said to be transitive und¢iX , G)

provided that iftJ is a non empty open subset

of X then there existd [1G such that
Xt LJU . The transformation groupX,G)

is said to be {point wiseH{point} transitive
provided that (X,G) is transitve at

{every{some} point of X .

2- The transformation groupX, G) is said to

be (regionally) transitive provided that i
and V' are non empty open subsets X,

then there exists tLJG such that
UtnV #¢.
3- Let X1 X . The transformation group

(X, G) is said to be extensively transitive at

X and the pointX is said to be extensively
transitive under(x , G) provided that ifJ

is a non empty open subset X | then there
exists an extensive subsé of G such that
XAOU . The transformation group
(X,G) is said to be {point wise} {point}

extensively  transitive provided that
(X ) G) is  extensively transitive  at
{every{some} Point of X .

4- The transformation grou()X ) G) is said
to be universally transitive provided that if
X, Yy X then there existf L1G such
that Xt =Y . it's clear that , i X, G) is

universally transitive , then it's point wise
transitive .

5- The transformation group X , G) is said
to be extensively (regionally) transitive
provided that ifU andV are non empty
open subsets ofX , then there exists an
extensive subse of G such thatt [] A
impliesUt NV #Z ¢ .

(2-2)Propositions:- [7]

1-If (X ) G) is a point transitive , then it is
(regionally) transitive .

2- If (X,G) is a point wise transitive
then it is (regionally) transitive.

(2-3)Remarks:-

If (X : G) is an extensively transitive
at X , then:-

1- For every open subsdf of X , there
exists an extensive subs& of G such that
UANV Z¢ where U, is a
neighborhood of X)

CtOAOGLUtNV #¢.

~

2- For every neighborhoddlX of X in X ,

there exists an extensive subdatof G
such thatXA [J U . - And consequently we
get the following remark :-

20
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(2-49)Remark:-

If X is an extensively transitive point of a

transformation group(X,G) , then X is

recurrent point undeks .

(2-5)Proposition:- [3]

if (X,G) is a transformation group

X is locally compactT2 and X ] X | then
X is almost periodic undeks if and only if

XG is compact minimal subset X .

Pr oof: -

(:>) Let X be almost periodic under
G , andU be a compact neighborhood of

X , then there exists a compact subKetof

G such that AK=G , where
A={g\xg U} (A is syndetic) , then
XG [ xgKk =UK  which is compact

DEDUK SE is compact . Now
it  yYUXG then  as
yOXxGOUK , thus YGnU #¢

andU arbitrary neighborhood oK => X is
a limit point of

VG = XU yG = xG = yG = xG

minimal .

(D) Suppose that% IS compact
minimal subset ofX , and letU be an open
neighborhood of X . Since XG —UG is
closed , invariant proper subset E and
XG minimal , then XG —UG = @

Then XxG JUG = CF finite subset ofG
such

above

that XG OJUF .

Let A={g DG\xg [JU} | then
OgUG,LudU,hdG,LC xg =uh
thus Xgh™ OU = gh™ 0 A and

g U AF = G = AF = Ais syndetic
—> X almost periodic .

(2-6)Definition:-

Let X[ X . The transformation
group (X, G) is said to be mixing aiX
and the pointX is said to be mixing under
(X , G) provided that iftJ is a non empty

open subset of X , then there exists a
compact subset K of G such that

tUG—-K implies xtUOU The
transformation group(x ) G) is said to be

{point wise} {point} mixing provided that
(X , G) is mixing at {every} {some} point
of X .

(2-7)Proposition:-

The transformation grou;(X,G) is
mixing at the pointX of X if and only if

X(G - K) = X where K is a compact
subset ofG .

Proof: -

If X is a mixing point of a
transformation grou;(X : G) , then for
every open se¥ in X ,

X(G-K)nV #£¢ = xX(G-K)
is dense inX < X(G—K):X.

21
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(2-8)Corollary:-

The transformation group(X,G) is
mixing at the pointX of X if and only if
U, (G-K)= X where K is a compact

subset ofG andU . 1S a neighborhood oX

That is , DUX,DV,
U (G-K)nV Z¢ o
tOG-KLUtnVZg.

Moreover , every point of XG is

mixing .
(2-9)_Proposition:-

If the transformation grou;(X,G) is
point wise mixing , then it is point wise
transitive .

Proof: -

Let(X,G) be a point wise mixing
transformation group and leX [ X andU
is a non empty open subset o . Since
(X,G) is point wise mixing , thenX is
mixing point .
subset K of G such thatt 1G—K
implies Xt JU But t[LJG implies
xt U so (X,G) is point wise

transitive .
(2-10)Proposition:-

If the transformation grou()X,G) is

mixing at X[1 X and X is compact
minimal , thenX is almost periodic undd

Then there exists a compact

Pr oof: -

Letx [J X is mixing point andX is
compact minimal space . Since every mixing
point is transitive point (by
(2-8)proposition) andX is compact minimal

Then X is almost periodic (by
(2-5)proposition) .

(2-11)Definition: [4]

The transformation groupX , G) is said

to be (regionally) mixing provided that \t
andV are non empty open subsets Xf ,

then there exists a compact subket of G
such that [JG — K impliesUt NV # ¢ .

(2-12)Proposition: -

If (X,G) is a point wise mixing , then
it's (regionally) mixing .
Proof:-

Let (X,G) be a point wise mixing and
let U andV are non empty open subsets of
. Since (X,G) is point wise mixing
.Then it's mixing at every point id andV .
That is , there exists a compact subket of

G such thatt JG — K implies Xt L1V
, where X JU . But Xt JUt | for every
tUG-K . soUtnV #¢ . Then

(X,G) is (regionally) mixing .
(2-13)Definition:-

The transformation groupX, G) is said
to be universally mixing provided that if
X,y X , then there exists a compact subset

K of G such that [JG — K implies
Xt=y.

22
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(2-149)Remark:-

If (X,G) is universally mixing , then
% yOX, [,
t, UG-KILU)It, nU 2¢gU nU)t #¢
(WhereUX is a neighborhood oKX and U y

is a neighborhood oy and K is a compact
subset ofG ).

(2-15)Proposition:-

If (X,G) is universally mixing . Then
it's point wise mixing .
Proof:-

Let (X,G) be a universally mixing

and let X[J X and letU be a non empty
open subset of X . Since (X,G) is

universally mixing . Then for every au

there exists a compact subdét of G such
thatt JG — K implies Xt =y . That is ,

xtOU |, for every t UG =K . Then
(X, G) is point wise mixing .
(2-16)Proposition:-

If (X,G) is universally mixing . Ther
it's (regionally) mixing .

Pr oof: -

Let (X,G) be a universally mixing
and let U and V are non empty open
subsets of X . Since (X,G) is universally
mixing . So if X [JU and y OV , then there

exists a compact subsd€ of G such that

tUG-K impliesxt =y . soxt LIV

But Xt JUt , forevery tLJG =K . So

UtnV #¢, foreveryt 1G — K .Then
(X,G) is (regionally) mixing .

(2-17)Definition:-

Let XU X The transformation
group (X,G) is said to be extensively
mixing at X and the pointX is said to be
extensively mixing unde(X,G) provided
that if U is a non empty open subset 2 |

then there exists a compact subket of G

such that there exists an extensive subBet
of G—K implies xA U The
transformation grour(X,G) is said to be
{point wise} {point} extensively mixing
provided that(X , G) is extensively mixing

at {every} {some} point of X .
(2-18)Remarks:-

If (X,G) is an extensively mixing at
X, then:-

1- For every open subs&! of X , there
exists an extensive subséd of G—K
where K is a compact subset &b such that
UANV #¢ where U, is a
neighborhood of X) =
[tOAOG-KLUtnV #¢.

2- For every neighborhoddlX of Xin X,

there exists an extensive subgatof
G — K whereK isa compact subset of

G such thatxA [ UX.

23
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(2-19)Definition:-

The transformation grou;ﬂX,G) is
said to be extensively (regionally) mixing
provided that ifU andV are non empty
open subsets ofX , then there exists a
compact subsel of G such that there
exists an extensive subsé\ of G — K

such thatt [ A impliesUt NV # ¢ .

(2-20)Proposition:-

If the transformation group(X,G)

is a point wise extensively mixing , then it is
extensively (regionally) mixing .

Pr oof: -

Let (X,G) be a point wise
extensively mixing transformation group
and letU andV are non empty open
subsets of X . Take X[1U , then there
exists a compact subs& of G such that
there exists an extensive subsé\ of

G-K implies xAOV . But
XAUOUA . soUANV #¢ . Then

(X , G) is extensively (regionally) mixing.
(2-21)Proposition:-
If (¢,{) is onto and@ is one to

one homomorphism from(X , G, 77)
into (Y, H ,U) and X is universally

mixing underG | thenY is universally
mixing underH .

Pr oof: -

Suppose thaty,, Y, 1Y and since
@ is onto , then there existé, X, [J X
such thatX1¢ =Y . X2¢ =Y, . Since

X is universally mixing , then there exists a
compact subset K of G such that

tG-K Xt=X,. So

Y, =XP=XIP=xAy =y} . But
OG- Ky=Gp—Kiy=H-Ky  and
K(/l is compact in H (becausel/ is
continuous) impliesy, = Y,(t)@ . Then
Y is universally mixing undeH .

implies

(2-22)Proposition:-

If (¢,(/l) is onto homomorphism from
(X,G,ﬂ) into (Y,H,U) and X is
point mixing underG , then X@ is point
mixing underH .

Proof:-
Since X is mixing point , then
X(G—-K)=X and this means that

Y = X =XG-K) ¢ IX(G-K)g-

XPC-K=xqGY-Kh=x¢(H - Ky)
, where K{// is compact subset dfl , and

since  XP(H-Kg)OY, then
X@P(H —K)=Y . ThenX@ is mixing

point .
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(2-23)Corallary:-

If (¢,l//) is onto homomorphism
from (X,G, 1) into (Y,H,0) and

X is point wise mixing , therY is point
wise mixing .

Proof: -
Easy
(2-24)Remark:-

if {( X.,G,, 71}, is a sequence of
topological transformation groups , then

n n
(|_| Xi,HGi,ﬂJ) is a topological
1 1
n
transformation group , Wherﬂ Xi and
1

ﬁGi are finite product of phase spaces
1
Xi and phase
groups G and 7 - - X x - G o - X

| [P6LIS = 115
such that (( X;, X5, Xz, X, ),

(91 G2: Gare- BT = (% B 77, (%, 0) 77, (%:, )
77X, 9n)70)

where  (x ., x,, X;,... x,) O[] X,

1

and (9,,9: G5 9,) O] G, - s
clear that ,ﬂ/ = (77,77,77,...,77) .
——

n-times

(2-25)Definition:-

Let y [ |—n| X . The transformation

i
1

group - X, - G.,/r') is said to be
(|'1| -[16G )
mixing at X and the pointX is said to be
mixing  under 1X MG .7
(] X..[] G.77")
provided that itJ isa nonempty open subset

n
of |‘| Xi , then there exists a compact
1

subset K  of I—“lGi such that
1

n
tO[] G, -K  implies Xt[JU

1
Without losing of generality we can assume
U=U,xU,xU,x..xU_ . The
transformation groupy X, - G,

ID(|'1| . |'1| L 7TY)

is said to be {point wise} {point} mixing

provided that (|‘n| xi,|‘n| Gi’ﬂ/) is
1 1

mixing at {every} {some} point of rnl X, -
1

(2-26)Proposition: -

it {( X,,G,, 1)}, is a sequence
of point wise mixing transformation groups ,

then (1 X. M G. ./r') s point wise
(|'l| 2T G )

mixing transformation group .

Proof:-

Let{( )(i ,Gi : 77)}in:1 be a sequence of

point wise mixing transformation group and
let

25
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U={U,xU,xU,x..xU_ U OT,i=

123,..n} O r| X,
1

UOX .  Let

where

x:(xl,xz,xs,...,xn)Dﬁ X, :

where XiD Xi . Since X [] Xi then
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